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H $6< ),/1'(@A� Y 34;���( �p/.34#P^J�:E)#�,�A<(�[�EQ,�[6A¬E),-,.%<NO;�($(6/���( � 2J-!$ '(),@A� ;  � +�� %0I�;0),� �  % �:EQ#�,
A'(?[�E),�NO;:E)#L/H%'NO;�()¦

G ��E /H7�0+34*-%<(�NO;:E)#L/H%'NO;�(³(+,-/ &QE)A<E)@�A'(95 3);�*���(6,�[634#�,G/H%'/.;:E)#L/H,�06A<0+£¢(+#L/HE)%<*-(+,�34; 5�34;�*�;�#�(E),-,.(6£ @�A<06(���(�NO;�(6A<NO;�(6,t[+3)#�,-/.%'/H;�E)#L/H, Y EQ/.34£¢(+,�£�3)A<0+[6;�A<(6,°^�/HE)#L/�NO;�I§%<A:,-34#L/ �W%<,-34A<06, ����(�A<(+;�*
(6#O&M%'*.34#�(6£�(6#L/�¦ L?# #�(F5�(+;M� 5�E),�5�E)*.A'(+*´��(FA<E³¤¥3)#�[6/.%<34# ��I§34#���(���I ;�#�(F@:EQA<A<(�34; £ �6£�(
��I§;�#�(!5 34;�,.,.% �+*-(!NO;�%j,-34#L/ª��(6,ª34@M«-(]/H, ��£�EQ[+*.3),.[+3)5�%<NO;�(6, ��(6/ª#�34#9%',.34A'0+,+¦ H #95�*-%<#�[6%<5�(2;�#�(
/.7�0+34*-%<(¢[+34£¢5�A �6/H(¢��(]&\*.E)%'/25�34;�&43)%<*���0+[6*.%<*-(�/.34;�/H(6,!A'(+,!06[°7�(+A'A<(6,!��(�A¬E�#:EQ/H;�*.()¦!� AUI 7�(+;�*-(
E)[]/H;�(6A<A'(p34#´#�(�,.E)%'/�5�E),�*.(+#���*.(�[+3)£�5:EV/H%<@�A<(���(p¤¨E��634#´/H3)/HE)A<(6£�(6#O/�,.EQ/H%',-¤¨E)%',HE)#L/.()=4A<Ea/H7�0634*.%'(
NO;:E)#L/.%<NO;�(�E�&)(+[�A I E),.5�(+[]/"��[+A<E),.,-%<NO;�( � ��(�A<E #:EQ/H;�*.( ��AUI 06[°7�(+A'A<(´£�EQ[+*.3),.[+3)5�%<NO;�(Q¦±�t(+A¬E�(+,G/
��%',.[6;�/H0���(+5�;�%<, A<34#��Q/H(+£¢5�,6=O&)34%<*�A'(�5:EQ*HE)��3��\(a��;�[°7:EQ/t��(?�M[°7�*� M��%<#��4(+*6¦ K�3)%<*�5:E)* (]�\(+£¢5�A'(
J �tA¬E4�)�0K = J �a*-3LSLR'K�5�34;�*pA'(+,���0]&4(+A'345�5�(+£¢(+#L/H,$*.06[+(6#O/., � [6(�,-;V«-(6/+¦

=
>?=
>,�@> 	 � /,$6+P �;  /,$ '��
� @ % )1 �2�-!$&�3'*),2�-!  ��" ��� 4?)U2J-! FE
Lª#�345�5 34,-(´Z
/H7�0634*.%'(��tA¬E),-,.%'NM;�(�(]/�/H7�0634*.%'(��?;�E)#L/H%<NO;�(Q¦
� 7�0+3)*.%<(�#�3)#�*-(+A¬EV/H%'&M%',-/H(a(6/�*.(6A¬EQ/.%'&M%<,G/H(ª(]/$*.(+A<EQ/H% &M%'/H0a�40+#�06*HE)A'(CB
�t(+A<E´��34#�#�(�A<(ª/HE)@�A<(+E); ,.;�%'&QE)#L/�Z
Y � ��*-34%'/.( (6/�(6#���(+,.,-34;�,6=±,-( /H*-34;�&4(´[°7:EQNM;�(´¤¥3)%<,ª;�#�(´/.7�0+3)*.%<(!,.;�5�5�34,-0+(¢5�A<;�,a�40+#�06*HE)A'( NO;�(

A¬E 5�*.0+[60+��(6#L/H()¦¯^


ML�:;� /&�8N�#2��O PQ5<�������8N�#2� R$#.� /0���8N�#2�
S�* /T(��
5<� ����%��8����� 
�L�:;� /&�8N0#2�-9&� S �
UV� * /W�YX;Z\[']\� 
ML�:;� /&�8N�#2�3N�#.� /0���8N�#2�'�YX;^\_\`'�
a �
5<� ����%��8����� a �
5<� ����%�����L-(�������(��
��/0���b�YX;^\c\`'� dfe2L * (��8�gR$#.� /0���8N�#2�h9&���1:�e.� 	+,2�?� ≥ X;^\i\c'�

= N�#.� ��� * /2�j9&�h
��lk�UQ�
5�5Q�YX;[\Z\`'�
a �
5<� ����%�����Lh4-L
/2L
(�� 58� a �
5<� ����%�����L-�'L
/2L
(�� 58�b�YX;^�X;Z'� m�m�m�n;��e2L * (��8�h9&���1: * (�9&���on0m�m�m
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G H ,.5�*.%'/$��;�[+34;�*.,�Z�%'#L/H*.3M��;�[]/H%'34# �¢A<E¢£¢0+[+E)#�%<NO;�(�NO;:E)#L/.%<NO;�(CB�5�*.06,.(6#O/HEQ/H%'34# � /H*.E�&4(+*-,a��(6,
( ��(6£�5�A<(+,�5�7LKM,.%'NM;�(+, E);\/°E)#L/2NM;�(�5�34,.,-%<@�A'()¦±�d(+,�#�3)/H%'34#�,�£�EQ/H7�06£�EV/H%<NO;�(6,�#�(�,-34#L/!%'#O/.*.3QU
��;�%'/H(6,�NM;�(�A'34*.,-NO;�(�(+A<A'(+,p,-34#L/J«-;��40+(6,$#�0+[+(6,.,.E)%<*-(+,+¦

=
>?=
>,�@>�G � %�� %* >2�-!)U4 4?- "!"Q@34 � 4
G H #�£�EQ/.7�0+£�EQ/.%<NO;�(+,aZ:#�3)/H%'34# ��I§(+,-5:E)[+(�&4(6[6/H3)*.%<(6A =���( � *HEQ#�¤¥34*.£¢0+(?��(28:34;�*.%<(6*+¦
G H #�5�7LK\,-%<NO;�(¢Z:£�06[�E)#�%<NO;�(�E)#:EQA'KO/H%'NM;�()=6S�E)£�%'A'/.34#�%<(6#�#�(Q¦
G H #�£�06[�E)#�%'NO;�(?NO;:E)#L/H%'NM;�(�Z�5�*.34@�A �+£¢(+, � ��,-/HEQ/H%'34#�#:EQ%<*.(Q='¦ ¦ =�A<(?[634;�*.,�(]/ � � ��(��d%<[6(+#�[6()¦

=
>?=
>,�@> ) � ��� � %* >�0+P >4 +P@A�045 >),/U/ �  >4 E
34#�%<#�,-%<,-/.(?,.;�*�AUI %'£�5�34*-/HE)#�[6(a��(?/H*.E�&)EQ%<A<A'(+*�A<(?[+3);�*.,$E�&4(6[2��(6,a�d% &\*-(+,6¦

� ) � %* >4  >��� %*$6�0+P$&)U48E �t347�(+# J ����8 K =�8:(6KM#�£�E)#�# J 8:(6K � T�K =vD�(6,.,-%¬E)7 J D�(+, � X�K =���E),-&)(+�:EQ#O/ J ��E),H� � K ¦

� ) � %* >4  >��$6� �A/1$6),4 E
G �t*.E)#�,-��(+# J �p���4¡�K =:(6/$5�A';�,p��%$#�[6%<A'(+,ªZ���E �M;�*HE)% J 1�¦¯14�.�'K =P��E)A'A<(6#O/.%<#�( J �J¦ H ¡4S'K ¦
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�ªE)#�,![+(�[°7�E)5�%'/.*.(�%<AJK�EF@ (+E);�[634;�5 ��(�*HE)5�5 (6A<,!��; [+34;�*.,!��(�A<%'[+(6#�[+(Q=�£�E)%<,�E�&4(6[ ;�#�(�5�*.0 U
,.(6#L/°EQ/.%<34#�E);�,-,.%�;�#�5 (6;�5�A<;�,p¤¥34*-£�(6A<A'()¦\��34;�,$E)A'A<34#�,�06/.;���%<(6*p;�#�(�5:E)*G/H%'[+;�A'(ª,.(���0+5�A¬E��+E)#L/ �´;�#�(
��%'£�(6#�,.%'34#

x
¦ � Ad,5I E)�4% /���I ;�#�(�5:E)*-/.%<[6;�A<(ª,.E)#�,$��(+�)*.0���(�A<%'@ (6*-/H0a%<#L/H(6*.#�( Y ,.E)#�,�,.5�%<#P^ ¦

�ªE)#�,�A<(6,?5�*.(6£�% �+*-(+,�,.(6[6/H%'34#�,�34#³,.;�5�5 3),.(¢NM;�(�A<E�5:E)*-/.%<[6;�A<( NO;:EQ#O/.%<NO;�(¢(+,G/ ),45@A/ �> =;! 4N@3�
 >��� )1%*@3�!�  <  �A' ¦:IJ*.06[+%<,-0+£¢(+#L/$[+(6A¬E ,.%'�4#�%�M�(?NM;�(�,-34#�£�34;\&4(+£¢(+#L/$#�I§%<#���;�(+#�[6(�5:E),�A<(?*-(+,-/.(���(
A¬E�#:EQ/H;�*.( Y A<(+,�5:E)*G/H%<[6;�A<(6,a(6#O&M%'*.34#�#�E)#L/H(+,H^]¦�I�E)*ª[+3)#O/.*.( 3)#³E)[+[6(+5�/.( NM;�( 45@A�� >��� )1%*@3�!�  <  �A'
 �  % +P �45-!%  >/U/1 �-!�! +P %('($6),�! �� @ % +P 

F
��06[+*-%'/H(a5:E)*t;�#�(a¤¥34#�[]/H%'34#�0+#�(+*.�)%<(a5�3)/.(+#L/H%'(+A<A'(

V (x)
=

��I E)5�* �+, A¬E9*-(+A<EQ/H%'34#
F (x) = −dV/dx ¦ Y �±EF¤¥3)*.[+(�5 34;\&)EQ#O/´£ �+£¢(���0+5�(+#���*-(���;
/H(+£¢5�,6=j£�E)%<,

#�34;�,$A<E ,.;�5�5 34,-(+*-34#�,a%'#���065 (6#��:E)#L/H(���;�/H(6£�5�,$��E)#�,�[+(�[°7:E)5�%'/H*-(�^ ¦
�±&)(+[ [6(+,�7OKM5�3)/H7��+,.(6,+=�A<E´/.7�0+3)*.%<(�NO;:E)#L/H%'NO;�(!#�3);�,�5�(+*-£�(]/a��(!��06[+*.%'*.(�A I§06/HEQ/$��KM#:E)£¢%<NO;�(���(

A¬E 5�E)*-/.%<[+;�A<(?5:E)*p;�#�(?¤¥34#�[6/.%<34#���I§34#���()¦
�t%<(6#�,���*t5�34;�* �]/H*.(�&QE)A¬EQ@�A<(6,J(+#�5�*HEQ/.%<NO;�()=L[6(+,�7OKM5�3)/H7��+,.(6,�#�06[+(+,-,.% /H(+#L/t��(+,tE)5�5�*-3��\%'£�EQ/.%<34#�,+¦
� A�(6,-/�%<£¢5 34*G/°E)#L/´��(�#�3)/.(+*¢NO;�(9A<( /.(+*.£¢( � "!$&%('*),+.-0/1 � ,-(+*HE (+£¢5�A<3�K)0F£�E)%<, NO;�(�[ I§(+,-/�;�#

/H(6*.£¢(?/H*.3)£�5�(+;�*6=�5�;�%',.NO;�I )U/ � $6- ' ),<=$ �A),�! %7-0�  @A�0;  2�-!)  >4N' -!��@�BDC5 .' �.'( >�0;!-  '7� @A�
"Q@A�0+ '(-! >/ ¦
I�34;�* M��\(+*�A<(6,�%'��0+(6,+=P%<A�5�(+;�/�,5I E)�4%'*$�JI ;�#9EQ/H34£¢(?&M%<@�*.E)#L/ªE);�[+3M(+;�*$��I§;�#9£�EQ/H06*.%<E);�34;F�:EQ#�,

;�#�(?£¢34A'0+[+;�A<()=\,.34;�£�%',pE);\��¤¥34*.[6(+,p��(6,�EV/H34£¢(+,t&)34%<,-%<#�,6¦ � A�5�(+;�/$EQ;�,.,-%d,5I E)�4%<*���I§;�#�06A<(6[6/H*-34# A<%'@�*.(
,.(���065�A¬E ��E)#L/$�:E)#�,�;�#�M:Ad[634#���;�[]/H(6;�* Y (+#�34;�@�A'%¬E)#L/tA<(?,.5�%<#P^ ¦

����� � �� "!$#u�&% ���('��)! ���+*",V���.-0/ �1#1�
	2/ � �3%546/ �1% ���
+<)a+<),+ 7"8:9<;<7>=@?A=
7$0�3�2&9B=�C 4D=�8FEp3<.87�0:9;3<.D8 4HG 3<.84I=�8
"�#�( � @A�!+ '*)1@3��; � @A�!;! 5 (6*.£¢(6/���(?��06[+*-%<*.(?AUI 0]/°EQ/�,.5:EQ/.%¬E)A ��I§;�#�(�5:E)*G/H%<[6;�A<(Q¦:� I§(+,G/�;�#�(ª¤¥34#�[ U

/H%'34# �³&QE)A<(6;�*.,¢[+34£¢5�A'(]�\(+,6¦��\%$A I§(+,-5:E)[6(F(+,G/ ��;�#�(F��%'£�(6#�,.%'34# Y 5:E)*.E)£¢06/H*-0�5�E)*
x ∈ R

^ =�;�#�(
¤¥34#�[]/H%'34#���I 3)#���(�(+,G/2Z

� �
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ψ : x→ ψ(x) ∈ C

�QI (6#�,.(6£ @�A'(���(+, ¤¥34#�[]/H%<3)#�, ��I§34#���(6,¢#�3)/H0 H ¤¥34*.£¢(�;�#  >45"!$6+P �3 >+ '(@ % )1 / +P@A<=" /1 �  [�E)* ,-%
ψ1, ψ2 ∈ H =�E)A<34*-,�A¬E´,.34£¢£�(�(]/ªA<(�5�*-3\��;�%'/$5:E)*$;�#�(2[+34#�,-/°EQ#O/.(![634£�5�A<(]�\(2E)5�5:EQ*-/H%'(+#�#�(+#L/ªEQ;�,.,-%� [+(]/�(6#�,.(6£ @�A'(¢Z

L

,-%
ψ1, ψ2 ∈ H (6/ λ ∈ C

E)A'34*.,
:

ϕ = (ψ1 + ψ2) ∈ H Y � ¦ � ^
φ = λψ1 ∈ H Y � ¦ R4^

DFE)%',$%'Ad,5I E)�4% /���I ;�#F(+,-5:E)[6(�&)(+[6/.34*.%'(+A ;  ;0),<= >�!4?),@A��),�"! �!), Y &43)%<*p5�A';�,�A<34%'#P^ B�[6(+A¬E´(+,G/$A<%<0
E);�¤¨E)%'/�NM;�(2;�#�(�¤¥3)#�[6/.%<34#

ψ
(6,-/���06/.(+*.£¢%<#�0+(?5:E)*�A'(+,�&QE)A<(6;�*.,���(

ψ(x)
5�*-%<,-(+,�(+#�;�#�(�%<# M�#�%'/.0ª��(

&QE)A<(6;�*.,p��(
x
��%�� 0+*-(+#L/H(6,+¦

�ªE)#�,?A<E � @ '?$ '*)1@3� ;! B�),%*$6+ 34#�[634#L&M%<(+#L/���( *-(+5�*-0+,-(+#L/H(6*�;�#�( ¤¥34#�[]/H%<3)#���I 3)#���(
ψ
5�E)*ªA<(

,-KM£ @�34A'( |ψ > (6/�E)5�5�(+A'0 IA .' ¦ �a%<#�,.%d34#�0+[6*.%'*HE 5 3);�*p(+NP¦ Y � ¦ � ^

|ϕ >= |ψ1 > +|ψ2 >,

|φ >= λ|ψ1 > .
� A±#�I§K�E�*-%<(6#F��(2#�34;�&)(�E);��:EQ#�,a[6(6/./.( #�3)/HEQ/H%'34#�=:,.E);�¤�5�(+;�/ �6/H*-(!AUI %'£�E)�)(?NM;�( A I§34#�,.(!¤¨E)% /$��I ;�#�(
¤¥34#�[]/H%'34# �JI 34#���()¦t� I§%<£�E)�4(�/.*HE)��%'/H%'34#�#�(6A<A'( (+,-/�;�#�(�¤¥34#�[6/.%<34#

x → ψ(x)
*-(+5�*-0+,-(+#L/H06(�5:E)*�,-34#

�4*.E)5�7�(Q¦Q�ªE)#�,´A<E9#�3)/°EV/H%<3)#
��(��a%<*.E)[)=j34# %<£�E)�4%<#�(�5�A';�/ GQ/´;�# 5 34%'#L/ ��(�A I§(+,-5:E)[+(�&)(+[]/H34*-%<(+A H =Y NO;�%�(+,G/tAUI ( �M/H*.06£�% /H0���I§;�#�( � �+[°7�(�^]¦��t(6/./.(a%'£�E)�)(�&4(+[]/H34*-%<(6A<A<(�,-;��4�406*.0+(�5:E)*V�a%<*.E)[ Y (]/tA'(+, £�EQ/.7�0]U
£�EQ/H%'[+%<(6#�,°^�E¢��(+,aE�&)EQ#O/HE)�4(6,�[6(+*-/HE)%<#�,+=P£�EQ%<,p#�3)/.*.(�%<£�E)�4%'#:EQ/H%'34#�#�(25 (6*.£¢(6/$5:E),$��(2��0+5:EQ,.,.(6*aA<E
��%'£�(6#�,.%'34#�/H*-34%<,6=:E)A<3)*.,�NO;�( H (6,-/$��(���%<£¢(+#�,.%<3)# %<# M:#�%<(�# K�3)%<* M:�);�*.( Y � ¦ � ^ ¦

+<)a+<) $ 7&% =(' 9<CB=�8 9)' 9 3�2�0 ;<.10 8
K�34%<[6%4��(6;\��(]�\(+£¢5�A'(+,�%<£¢5 3)*-/°EQ#O/.,���(J¤¥34#�[]/H%'34#�,d��I§34#���(6, ��;�#�(���%<£¢(+#�,-%<34#�¦?Lª#�,-(�[+34#L/H(6#L/H( ��(

��34#�#�(+*�%<[6%�A<(6;�*J(]�\5�*-(+,-,.%<3)#�(6/ *-(+5�*-0+,.(6#L/°EQ/.%<34#�¦O�d(6;�*�%<#L/H(6*.5�*-06/°EV/H%<3)# 5�7LK\,-%<NO;�(�(6/�£�EQ/H7�06£�EV/H%<NO;�(
,.(6*HE´��34#�#�0+(�5�A<;�,pA'34%<# ¦

P+*�f S!Tlo-,JsaS�Tlo*cnWZYJRa[aq/.�0214365/.87:96Ra[]o Y�f"R,f�[*R,S<;J^`R
G
S Y�fJc o�bji YJfJR1^eg�c�c`f�oXR,UXfJR f�glo*saR

. : (G,G) → G
WZYJc

Ra[]o TV[X[*g>=,c`Tlo*c@?VR�qA=li Ra[]oCB bdceUXR
∀a, b, c, a.(b.c) = (a.b).c

o*Ra^e^`R�WZY i ce^ED Tlceo<YJf�sa^esaSuRafZo TlkJk R,^`s!c`bJR,fZo*ceo*s�q�fJgVo*s
1
q?VsaU*cGF�TVf�o!h

1.g = g.1 = g, ∀g ∈ G
q R;o<oXR,^$WZYJR�oXgVYdo1s,^`s,S�R,fZo

g ∈ G
TVc o<YJf�c`f>?VR,U [*Ruf�glo*s

g−1
q8=li Ra[]oCB bdc`U*R h

∀g ∈ G, ∃g−1 ∈ G, g.g−1 = g−1.g = 1
v

H f�IVUXgVY�k�RDRa[]o$bdceo:J�5/K�KL.8MONPM)QSR_[*c
∀ g, h ∈ G

q
g.h = h.g

vUT TVf�[V=;R(=aTV[@c`^JRa[]oW,�T�;Jc oXYJR,^�bdR
fJgVo*R,U@^nT ^`gVcdc`f�oXR,UXfJR
k�TVU
^eR�[*cGI�fJR

+ X g.h = g + h Y vH fZ9>[)7�N4J�9L\]9>J^MO5436QS9`_aJ�5/Kb7�_S9`cA9
E
RH[ o\YJf Raf�[*R,SC;�^eR1S YJfJceo�bji Y�fJR ^`gVc:cefZoXR,UXfJR fJgVo*saR

+
q�oXR,^`^eR�WZYJR

(E,+)Ra[]oDYJfdI�U*g�YJk R
=;g�S�S Ydo Tpo*cGe qdR;oDS Y�fJc o
bji YJfJR ^`gVc/R�froXR,UXfJR f�glo*saR
.
h
(C, E) → E

WZYJc/RH[ o
bdcn[ oXU*c@;JYdoXcG?�R\k�TlU_UXTVkJk�g�U]oBu^`Tu^`gVc
+
h
λ. (v + w) = λ.v + λ.w

v
g f6k�TVU*^`R�bji49>[)7�NhJU9�\]9>J�M)5]3iQS9>_:36j>9>_:[*c ^nTu^eg�cjR�fro*RaU*fJR RH[ o<h

(R, E) → E
v
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ψ (x)

ψ1 (x) ψ2 (x)

ψ (x)= ψ2 (x)

ψ1 (x) ψ1 (x)

|ψ  >1

|ψ  >1

x
ψ1 (x)+

φ(x)= λ

|ψ>

H

|ψ  >2

|φ>=|ψ  >+|ψ  >1 2

|φ>=λ|ψ >1

Vision fonction d’ondes Vision vectorielle (Dirac)
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�@>,��> (D>,� �  4 @A�0;  >4 "0/1$6�! >4
�QI @A�!;! #"0/1$6�! ��I %'£�5�;�A<,-%<34#

p ∈ R
(+,-/2Z

ψp(x) =
1√
2π~

exp
(

i
px

~

) Y � ¦ TL^

|p > :
#�3)/HEQ/H%'34# ��( �a%'*HE)[ Y � ¦§XO^

�  ><=$&% 2�-  E A I§%<#L/.0+* �]/ ��;�5�*-06¤¨E)[]/H(6;�*�,-(+*.E2£¢34#L/H*.0�5�A';�, A<34%'#�=LE�&4(6[aA¬E?*-(+A¬EV/H%<3)#¢��($¤¥(6*.£¢(6/H;�*.()=
[6¤j(+N Y � ¦ � ¡4^]¦

�@>,��> (D> ( � $62J-! .'7; � @A�!;! �� $6-!4?4?)1 �
�d( "!$62�-  .' ;�� @A�!;! �� $&-04?45), >� ��(�5�34,.% /H%'34#�£�3�K)(+#�#�(

x0 ∈ R
=t��I %'£�5�;�A<,-%<34# £¢3�K4(6#�#�(

p0 ∈ R
(]/���(�A¬E)*-�4(+;�*

σ ∈ R
(6,-/�Z
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 � ¦¯R G Lª#���(�5�A<E)#�(Q=:E�&4(+[ p > 0
=�&434%'* Y � ¦ TL^]¦

ψx0,p0,σ(x) =
1

(πσ2)1/4
exp

(

i
p0x

~

)

exp

(

−(x− x0)
2

2σ2

) Y � ¦ �)^

|x0, p0, σ > :
#�3)/HEQ/H%'34# ��( �a%<*.E)[ Y � ¦ � ^

�
	���
 � ¦¯T G IjEQNM;�(6/���I 3)#���(2>�EQ;�,.,-%<(+# =�&434%'* Y � ¦ � ^]¦

�  ><=$&% 2�-  >4 E
G A<Ea&)EQA<(+;�*J��;�5�*.06¤¨EQ[6/H(6;�* ,.(+*.E�«-;�,-/H% M:0+(�5�A';�,JA<3)%<#�=Q5 34;�*J��(+, *HE)%',.34#�,J��(�#�34*.£�E)A'%<,HEV/H%<3)#�=�&434%'*( ��(6*.[6%<[+(!R\¦
G �d34*-,.NO;�(FA<E A<E)*.�)(+;�* σ → ∞ =�A'(�5:EQNM;�(6/��JI 34#���(�>�E);�,-,.%<(6# /.(+#�� &)(+*-,�;�#�(�34#���(�5�A¬EQ#�(��I§%<£¢5�;�A',.%'34#

p0

Y � [+3)#���%'/.%<34# ��(�£¢3M��%�M:(6*pE);�,-,.%�A<(?5�*.06¤¨EQ[6/H(6;�*°^ ¦
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� M:#F��(25�34;�&)34%<*���%',-/.%<#��4;�(+*���(!£�E)#�% �+*-(�NO;:EQ#O/.%'/HEQ/H% &4(���(+;M��¤¥3)#�[6/.%<34#�,$��I§34#���(6,a��% � 06*.(6#O/.(+,6=
34#�%<#L/.*.3M��;�%'/�A<(?5�*-3\��;�%'/�,.[+E)A¬EQ%<*.(Q¦
�d( "0%*@ ;!-!)1'�4?+P$6/1$6)1%* H  % < ) '*)1 � ��(9��(6;\� ¤¥34#�[6/H%'34#�,���I 3)#���(+, |ψ1 >

(]/ |ψ2 >
(6,-/�A'(

#�34£!@�*.(?[634£�5�A<(]�\(�#�3)/.0
< ψ1|ψ2 >

��0 M:#�%d5:EQ*��2Z

< ψ1|ψ2 >=

∫

R

ψ1(x)ψ2(x) dx
Y � ¦ ²)^

Y 3 '
ψ1(x)

(6,-/$A<(?#�3)£ @�*.(�[634£�5�A<(]�\(?[634#V«-;��4;�0���(
ψ1(x)

^]¦
��E�#�3)/°EV/H%<3)#F��( ��%<*HEQ[

< ψ1|ψ2 >
5 3);�*ªA<(25�*.3M��;�% /a,-[�E)A<E)%<*-(2¤¨E)% /a[6A¬E)%'*.(6£�(6#O/�%<#L/.(+*-&)(+#�%'*ªA<(6,

��(6;\��&)(+[]/H(+;�*., |ψ1 >
(6/ |ψ2 >

=\£�E)%',�EQ;�,.,-% A<E�#�3Q/°EQ/.%<34#
< ψ1|

NO;�% [634*.*-(+,-5 34#���,�E);�¤¨E)%'/ NO;�(aAUI 3)#
E 5�*.% /�A<(?[634#V«-;��4;�0���(�A<E!¤¥34#�[]/H%<3)#

ψ1(x)
¦

�t34£¢£�(�(+#
�40634£�0]/H*-%<( H ;�[+A<%'��%<(6#�#�(Q=�34#
5�(+;\/ %<#L/H(6*.5�*-06/.(+* A'(�5�*-3\��;�%'/!,.[�EQA¬E)%'*.(
< ψ1|ψ2 >[+3)£�£¢(�A<E�[+3)£�5�34,HEQ#O/.(���; &)(+[]/H(+;�* |ψ2 >

5�*-3V«-(6/.0+( 34*G/H7�34�)34#:E)A'(+£¢(+#L/!,-;�* A'(�&4(6[6/.(+;�* |ψ1 >
¦

K�34%'*�A¬E M:�4;�*.( � ¦§X�¦ � #L/H;�% /H% &4(+£¢(+#L/
< ψ1|ψ2 >

*.(6#�,.(6%<�4#�(���34#�[�,-%dA¬E!¤¥34#�[6/H%'34#
ψ2(x)

(+,-/�5�A';�,p34;
£¢34%<#�,��W[+3)£�5�34,.06( �ª��(�A¬E ¤¥34#�[]/H%<3)#

ψ1(x)
¦

21 1|ψ  >1
|ψ  >1<ψ1

2|ψ  >

(<ψ  |ψ  >) |ψ  >
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 � ¦§X G �\[°7�06£�E´��;�5�*-3\��;�%'/�,.[+E)A¬EQ%<*.(a��(���(+;\��¤¥3)#�[6/.%<34#�,p�JI 34#���(+,6¦
�d(+,$��(+;\��¤¥34#�[6/.%<34#�,p,.34#L/ @ %*'��!@ � @A�!$6/1 >4 ,-%

< ψ1|ψ2 >= 0
¦

�t34£¢£�(�(6# �40+34£¢06/.*.%'( H ;�[+A'%<��%'(+#�#�()= ‖ψ‖2 =< ψ|ψ >
��0NM�#�%'/´A<E �!@ % <= E);
[�EQ*.*.0 ��( A¬E

¤¥34#�[]/H%'34#
ψ
¦ H #�/H(6*.£¢(���(�¤¥3)#�[6/.%<34#�=\[+(6A¬E ��34#�#�(��

‖ψ‖2 =< ψ|ψ >=

∫

R

|ψ(x)|2 dx > 0

�	�@TlU bJs�F�fJceo*c`gVf�q�YJf�7�365�
�. Q M�[OJ�N4_ NhQ 3i9
��9`3iK Q M)QS9>0
< ψ1|ψ2 >∈ C

[*YJU�YJf�Ra[*k�T�=,R"?VR)=;o*g�U*c`R,^
H
bJgVceoE?VsaU*cGF�RaU

^`Ra[DkJUXgVkJUXc`s;o*sH[
[]Y�cG?pTlfZoXRa[ h
� v
< ψ2|ψ1 >= < ψ1|ψ2 > X =;gVS�kJ^`R�fdR =;g�f�� YhI�YJs Y v

� v
< ψ1|λψ + µϕ >= λ < ψ1|ψ > +µ < ψ1|ϕ >

h�^ec`fJsaTVU*ceo*s B�bdUXgVceo*R
� v 〈ψ|ψ〉 ≥ 0

Ti?VR)=\s)I�Tl^`ceo*s []c R,o�[]RaYJ^`R,S�R,fZo
[]c
|ψ〉 = 0

v
g f bdsabdY�c o�bdR X � Y R;o X � Y ^ i TVf�oXce^`c`fJsaTVU*ceo*s�B I�TlY]= ,JR1h

〈λψ + µϕ|φ〉 = λ〈ψ|ϕ〉 + µ〈ϕ|φ〉
v]T\Tlf�[D^`R =,T�[DkJU*sH[]RafZoaqP=;RH[

o*UXgVcn[DkJUXgVkJUXc`s;o*sH[D[]g�f�o"?�s,UXc F�saRa[ =;c��MbdRa[X[]g�Y�[av
��� gVS�S�R

‖ψ‖2 ∈ R
qA=,R;o*o*RusaWZY�TpoXceg�f S�gVfZoXU*RuW�Y�R

|ψ(x)|2 dx
f i T6k�T�[\b i YJf�c oXsVqjR;o�bdg�f4=1WZYJR

ψ(x)
T�^ i YJfJceo*s

bdR��
1/

√̂`gVf4IVYJRaYJU�� v
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(6/$��3)#�[�A¬E #�34*-£�(?[+E)*.*-0 ‖ψ‖2 (+,G/�A<E ,.;�*G¤¨E)[+(�,-34;�,$A¬E [+3);�*.@�(�5 34,-%'/.%'&4( |ψ(x)|2 ¦Lª#���%'/aNM;JI ;�#�&)(+[6/.(+;�*�(6,-/ � @A% <=$&/U),4 � ,.% ‖ψ‖ = 1
=�[)¦ E�¦§��¦

< ψ|ψ >= 1
¦d�t(6A¬E�,-%<�4#�%�M:(2(+#

/H(6*.£¢(�&)(+[]/H34*-%<(+A±NO;�(!A'(�&)(+[]/H(+;�*ª(+,G/ª��(�A<34#��4;�(+;�* � ¦ H #F/.(+*.£¢(���(2¤¥34#�[6/H%'34#�[+(+A<E�,-%<�4#�% M:(�NO;�(!A<E
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� AJ¤¨E);�/�*.(6£�EQ*.NO;�(+*�NO;�I§%<ACK³E���(+,�¤¥34#�[]/H%'34#�,���34#L/�A¬E #�34*-£�(´(6,-/�%<# M�#�%<(Q¦�IjE)*�(]�\(6£�5�A'(´5 34;�*
;�#�(?3)#���(?5�A<E)#�()=

< ψp|ψp >=
∫

R
(1/h)dx = ∞ ¦���(?,-34;�,p(6,.5:E)[6(���(+,p¤¥34#�[]/H%'34#�,�5�34;�*�A'(+,-NM;�(+A<A'(+,A¬E #�34*.£¢(?(+,G/RM�#�%<(?,-(+*HE´#�3)/.0 H �:EQ#�,pA¬E ,-;�%'/.(�(]/$E)5�5�(+A'0?A I  4N"0$6+P ;! H ),/]BQ %('�� ��(6,p¤¥34#�[6/.%<34#�,

��I§34#���(6, Y E)5�5�(+A'0�E);�,.,-%OA I§(+,.5�E)[+(���(6,±¤¥34#�[6/H%'34#�,d��(�[+E)*.*-0 ,-34£¢£�E)@�A<(�^ ¦?�TI§;�#25 34%'#L/d��(�&\;�( 5�7OKM,-%<NO;�(
[+(]/./.( *.(6,-/H*-%<[]/H%<3)#9,.(6*HE�%<£¢5�34*-/HE)#L/H(�5 34;�*a5:E)*-A<(6*a��( A<E�5�*-34@:E)@�%<A<% /H0���( 5�*.0+,-(+#�[6(´��( A¬E¢5:E)*G/H%<[6;�A<(
A<3)*., ��(a,.E!��06/.(+[]/H%<3)#�=O(6/��JI ;�#�5 34%'#L/t��($&M;�(ª£�EQ/H7�06£�EV/H%<NO;�(Q=L[ I§(+,G/�E);�,-,.%�%<£¢5 34*G/°E)#L/ [�EQ*�AUI (6,.5:E)[6(
��( S�%'A<@�(+*G/�E);�,-,.%d#�3)/.0´Z

H = L2 (R)
5�34,., �+��(¢��(+,�5�*-345�*-%<06/.0+,ª/.*��+,�%'#O/.0+*-(+,.,.E)#L/H(6,+=�#�3)/HE)£�£¢(+#L/ª&M%',�� &M%',?A¬E�/H*.E)#�,G¤¥34*.£¢0+( ��(´8:34;�*.%<(6*+=
&43)%<* J �a��²Q��=P���p²)T0K ¦
� �  % +.),+P =�����
	���
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	!��$#�,"� -
.
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1213 54��6�7�����&�8	9�����! #"���:-��"����
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.) BC��
D�6���E
����< -��)+�
	!� =GF ; F�H�H ;JIK�
�#
L"����< M�8�*)>�N)6����
E�< O
����< -�*)+�
	 ∣∣

∣f(x)g(x)
∣
∣
∣ ≤ 1

2
|f(x)|2 +

1
2
|g(x)|2 ;

� �  % +.),+P (QP
�R�
	��*
���
,�����S�6�A�! 5�������C$T���
	U$#�WV5 -�?����)+��	 =GF ;*X H �����Y	(�

.13 -�N)6��/�;

� �  % +.),+P 	[Z\ -�6"��#�6��
0�6�]�U
���$-�8)>�T��"� -�< -)>
��S��	��*
��7$#���_^7�! 5�������\$T���
	U$#���D`W -�?����)+��	 |x0, p0, σ >
���

|x′0, p′0, σ > a
���])>	��G��
b�U
�/��G��
c�6�c
�/����#�N�b -�+;

�  ><=$&% 2�-  >4  ' "!%*@A"!% ) �.'��>4 - '*)U/1 >4 E
G Lª#�E¢5�34;�*

λ ∈ C
=

< ψ1|ψ2 >= < ψ2|ψ1 >

< λψ1|ψ2 >= λ < ψ1|ψ2 >

< ψ1 + ψ2|ψ3 >=< ψ1|ψ3 > + < ψ2|ψ3 >

dfe�g_hUi8gOj < ψ1|ψ2 >=
∫
ψ1(x)ψ2(x) dx =

∫
ψ1(x)ψ2(x) dx = < ψ2|ψ1 >

m&�
��:\m�m�m
�

k *�f�IVsafJs,U Tl^/k gVYJU
Y�f8k�U*gdbdYJceo�[ =,Tl^nTlc`UXRa,JRaU*S�ceo*c`R,f qJg�f6k R,YJo�S�gVfZo*UXR,UD^`Ra[
bdRaYPf6kJUXgVk�U*c`s;oXsa[D[]Y�cG?pTlfZoXRa[ h
� v |〈ψ|ϕ〉|2 ≤ 〈ψ|ψ〉〈ϕ|ϕ〉

hdc`fJs IZTl^`c oXs�bdR]lP= ,'m_TVU]o+n
� v ‖ψ + ϕ‖ ≤ ‖ψ‖ + ‖ϕ‖

h�cefJs)I�TV^eceo*s\o*UXcnTlfhI�YJ^`TVceUXR
� Ra[
bJR,YPf8s I�TV^eceo*s�[*gVfZo"?VsaU*cGF�s,RH[D[]cjR,o�[]RaYJ^eRaS�R,fZo�[]cj^`Ra[�bdR,YPfd?VR)=;o*RaYJUX[
[*gVfZo(=;g�^ec`fJsHTlc`U*RH[ X c v RVv |ψ〉 = λ|ϕ〉 Yoqp@gVc`Usr QJl
t�u.v k�T^I�R �@w k�g�YJU
YJfJR<bds F�fJceo*c`gVf kJUXs)=,c`[*R\bJR *$[]k�T�=;R�bdR\x�ce^@; R,U*oav



�	����� � � � � ��� �Z
���� 	�� � � � � ��� ���������
X̂, P̂ , Ĥ

R �

G �TI E);�/.*.(6,2(6,.5:E)[6(���(7S�%'A<@�(+*G/�NM;�(�AUI 34# *.(6#�[+3)#O/.*.(¢,.34;\&4(+#L/!5 34;�*���0+[+*-%<*-(�;�#�(�5:EQ*-/H%'[+;�A'( �
;�#�(���%<£¢(+#�,-%<34# ,-34#L/

G I�34;�*!��06[+*.%'*.(´;�#�(�5:E)*G/H%<[6;�A<( [634# M:#�0+(���E)#�,�A<(´,.(6�4£�(6#L/ x ∈ [0, L]
=�[ I§(+,G/ AUI (6,.5:E)[6(���(+,

¤¥34#�[]/H%<3)#�,p��(�[�E)*-*.0�,.3)£�£�E)@�A'(
ψ(x)

=:,NI¯EQ#�#O;�A¬E)#L/$(+#���(67�34*.,���;�,.(6�4£¢(+#L/�=:(]/�#�3)/H0´Z
H = L2 ([0, L])

G I�34;�*���06[+*-%<*.(³;�#�(�5:EQ*-/H%'[+;�A'(9[+3)# M:#�06( ,.;�*�;�# [+(6*.[6A<( S1
Y 5:E)*�(]�\(+£¢5�A'( ;�# 06A<(+[]/H*-34#

�:E)#�,!;�# 5�(6/.%'/ M:A�[634#���;�[6/H(6;�* [6%<*.[6;�A¬EQ%<*.(Q=dE)5�5�(+A'0 ! / 2�-!$&�3'*),2�-! ^ =�[ I (6,-/ AUI (6,.5:E)[6(���(6,
¤¥34#�[]/H%<3)#�,?��( [�EQ*.*.0 ,-34£¢£�E)@�A<(!5�0+*-%<3M��%<NO;�(6,

ψ (θ)
=�3 '

θ
(+,G/�A¬E�5�34,.% /H%'34#�E)#��);�A¬E)%'*.(2,.;�*

A¬E M:Ad[6%<*.[6;�A¬EQ%<*.(Q=\(]/$#�3)/H0´Z
H = L2

(
S1
)

+<)a+<)�� � =
7$0 =
5�2�465D;AC�� =�8:9<;<7>= 485I; C
DFEQ/.7�0+£�EQ/H%'NO;�(+£¢(+#L/�=P34#�5�(+;�/�%<#L/H(6*.5�*-06/.(+*aA'(�5�*.3M��;�% /�,.[�EQA¬E)%'*.(�E);�/.*.(+£¢(+#L/2Z:5 3);�* |φ >∈ H&4(6[6/.(+;�* M��\0)=PA I§345�0+*.EQ/H%'34#�#�3)/.0

< φ| Y (+#�#�3)/HEQ/H%'34#���( �a%<*.E)[�^aZ
< φ| : H −→ C

|ψ >−→< φ|ψ >
(+,G/ª;�#�( E)5�5�A'%<[+EQ/H%'34#�NM;�% �¢;�#F&4(6[6/.(+;�*?NO;�(6A<[+3)#�NO;�( |ψ >

A<;�%�EQ,.,.3M[+%'(!;�#F#�34£ @�*-(2[634£¢5�A<( ��( Y A'(
*.06,.;�A /°EQ/t��;�5�*-3\��;�%'/�,.[+E)A¬E)%'*.($E�&4(6[ |φ > ^]¦��t(6/-/H(ª3)5 06*HEQ/.%<34#¢(+,G/pA<%'#�0�E)%'*.(�[�EQ* < φ|λψ1 +µψ2 >=
λ < φ|ψ1 > +µ < φ|ψ2 >

¦JLª#9��% /aEQA<34*-,�NO;�(
< φ| (6,-/?;�#�( � @ % <= /,)U�
� $6),%* ,-;�* H =�34;FE);�,.,-%E)5�5�(+A'0�;�# �A + '? - % ;0- $6/ ¦±� I§(+,-5:E)[6(���(+,2&4(+[]/H(6;�*., ��;:E);\� Y ¤¥34*-£�(6,�A<%<#�0�E)%'*.(+,�,-;�* H ^�(+,-/!#�3)/.0

H∗ =�(]/$E)5�5�(+A'0  >45"0$&+P #;!-!$6/ ¦:�d(a&)(+[6/.(+;�*$��;:EQA < φ| (+,G/$E);�,-,.%dE)5�5 (6A<0 B!%*$ Y �:E)#�,pA<E A<% /./H06*HEQ/.;�*.(5�7LKM,.%'NM;�(�^]¦
Lª#�&M%<(6#O/ ��(�&43)%<*JNO;�( ��5:EQ*-/H%'*J��I§;�#�&)(+[6/.(+;�* |φ >∈ H =L3)#�5�(+;�/ [+3)#�,-/.*.;�%'*.(�;�#�&)(+[]/H(+;�*t��;:EQA#�3)/.0
< φ| ∈ H∗ =L�)*��)[6(�EQ;�5�*-3\��;�%'/�,-[�E)A<E)%<*-()¦ � #L&4(6*.,.(6£�(6#L/�=M;�#�/.7�0+34* �+£¢(�%<£¢5 34*G/°E)#L/ Y A<($�d(+£¢£�(��(?��%<(6,
	Q=M&)34%<* J ����²)�0K 5:EQ�4(aXLT4^ £¢34#L/H*.($NO;�(a/.34;�/t&)(+[]/H(+;�*p��;:E)A�,5I§34@�/.%<(+#L/p��(a[+(]/./.(a¤¨E��+3)#�¦ � A�(+,G/

%<£¢5�34*-/HE)#L/p��(�#�3)/.(+*pNO;�(
,-% |φ >= λ|ψ1 > +µ|ψ2 >,E)A'34*.,
< φ| = λ < ψ1| + µ < ψ2|

�\%�A¬E�#�3)/.%<34# ��(¢&4(+[]/H(6;�* ��;:EQA�&)34;�,25:E)*HEQ%'/�/H*-345 E)@�,-/H*.E)%'/.()=d%'A ,-;�#´/ ��(¢*.(]/H(6#�%<*�NO;�I ;�# &4(6[6/H(6;�*
��;:EQA

< φ| ,.(+*G/ �¢( � (6[6/H;�(+*�A<(?5�*-3\��;�%'/�,-[�E)A<E)%<*-( < φ|ψ > E�&)(+[�;�#�E);�/H*-(?&4(+[]/H(6;�*+¦

����� �  '�� !"�
��
 �\�3% 	�� '�� ��� �
	V� ,��
x̂, p̂, Ĥ

+<) $�),+ �����8.89 0�9;3 .I8
"�# @A" � %*$ '( >- % /H*.E)#�,-¤¥3)*.£¢(�;�#�(³¤¥34#�[6/.%<34# ��I§34#���( Y ;�# &4(6[6/.(+;�*H^�(+# ;�#�(�E);�/.*.(³¤¥34#�[]/H%<3)#

��I§34#���( Y EQ;�/H*-(¢&)(+[6/.(+;�*H^]¦C� I (6,-/ ��34#�[¢;�#�(¢345 06*HEQ/.%<34# �:E)#�,2AUI (6,.5:E)[6(���(+,2¤¥3)#�[6/.%<34#�,���I§34#���(+, H ¦
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 ������������� � �

K�34%'[+%�A<E9��0NM:#�%'/H%'34#
��(6,´/.*.34%', 345�0+*HEV/H(+;�*.,
x̂, p̂, Ĥ

�JI¯E)5�*��+,¢A<(6;�* E)[]/H%'34# ,.;�*´��(6,´¤¥3)#�[6/.%<34#�,6¦ Lª#
��34#�#�(+*.E´5�A<;�,�A'34%<#�A<(6;�*�%<#L/.(+*.5�*.06/HEQ/H%'34#�5�7LKM,.%'NO;�(�(6/p£�EQ/H7�0+£�EQ/H%'NM;�()=M[+(?NO;�%M«-;�,G/H% M:(+*.E A<(+;�*���0NM\U
#�% /H%<3)#�¦

|ψ>

|φ>=Η |ψ>^

�
	���
 � ¦�� G �\[°7�06£�E´��I§;�#�345 06*HEQ/.(+;�*pNO;�%d/.*HE)#�,G¤¥34*.£¢(ªA'(+,p&4(6[6/H(6;�*.,6¦

� " � %*$ '( >- % ;! "Q@345)1'*)1@A�
x̂
E

|φ >= x̂|ψ >
��0NM�#�%d5:E)*

φ(x) = xψ(x), ∀x ∈ R.
Y � ¦¯�4^

� " � %*$ '( >- % ; � ),<="0-0/,4?)1@3�
p̂
E

|φ >= p̂|ψ > ��0NM�#�%�5:E)*
φ(x) = −i~dψ

dx
(x), ∀x ∈ R.

Y � ¦ ¡L^

� " � %*$ '( >- % H $6<=)U/ '(@A�0)1 >� BE@A- � �  %��3)1 &F
Ĥ

E

|φ >= Ĥ|ψ > ��0NM:#�%d5�E)*
Ĥ =

p̂2

2m
+ V (x̂)

��34#�[
φ(x) = − ~

2

2m

d2ψ

dx2
(x) + V (x)ψ(x), ∀x ∈ R.

Lª#���% /�NO;�(2[6(2,-34#L/$��(+, @ " �>%*$ '? - % 4 ;!)DC�� %* >�3'*)1 >/U4 [+E)*�%<A<,t,.34#L/���0NM:#�%'/ � 5:E)*-/.%<*p��(�AUI 345�0]U
*HEV/H%<3)# ��(���0+*-%'&QEQ/H%'34# (6/$��(�£ ;�A'/H%'5�A<%'[�EQ/.%<34#¢5:E)*pA<E!¤¥34#�[]/H%<3)#

x
¦



�	����� � � � � ��� �Z
���� 	�� � � � � ��� ���������
X̂, P̂ , Ĥ

R)T

� �  ><="0/1 4�B�� F E �\;�5�5�34,.3)#�, Y ,HE)#�,$,-(2,-34;�[6%<(+*p��(+,$;�#�%'/.0+,H^tNM;�(
ψ(x) = 〈x|ψ〉 = exp(−x2)

¦
�\% |φ >= x̂|ψ > E)A<34*-, φ(x) = 〈x|φ〉 = x exp(−x2)

¦
�\% |φ >= p̂|ψ > E)A'34*., φ(x) = −i~2x exp (−x2)

¦
�\% |φ >= Ĥ|ψ > (]/ V (x) = gx4 =PE)A'34*., φ(x) = (gx2 − 4~2/(2m))x2 exp(−x2)

¦

+<) $�) $ �F9 �D2�; 0�=
5�2 8FC;9;. ��;<9 2 =�8
Lª#���% /�NO;�(

x̂, p̂, Ĥ
,.3)#O/$��(6,�3)5 06*HEQ/.(+;�*-,$A'%<#�0+E)%<*-(+,���I¯EQ5�*��6,�A<E ��0NM:#�%'/H%'34#�,.;�% &QE)#L/H()¦

B � ! �!)1'(),@A� "$#�3)5 06*HEQ/.(+;�*
T̂
(6,-/$;�# @ " �>%*$ '? - % /,)U�
� $6)1%  ,-%

∀|ψ1 >, |ψ2 >∈ H, ∀λ ∈ C,
EQA<34*-,

T̂ (λ|ψ1 >) = λ
(

T̂ |ψ1 >
)

(]/
T̂ (|ψ1 > +|ψ2 >) = T̂ |ψ1 > +T̂ |ψ2 >

� % @ "!% ) �.'��>4  .' %  ><=$ % 2J-! >4 B��6F
G Lª# [+3)#O&M%'(+#L/�,.34;\&4(+#L/$��(ª£¢(6/-/H*-(ª;�# �W[°7:EQ5 (+E);��a,.;�*�A'(ª,-KM£ @�34A'(ª��I§;�# 345�0+*HEV/H(+;�*+¦�I�E)*-¤¥3)%<,+=
34#�34£¢(6/-/H*.E´[6(6/-/H(�[+34#L&)(+#L/H%'34#FA'34*.,-NM;�(�[6(�,.(+*.E¢[6A¬E)%'*+¦

G �QI§(+#�,-(+£ @�A'(���(+,�345�0+*.EQ/H(6;�*.,�A'%<#�0+E)%<*-(+,�,-;�* H ¤¥3)*.£¢(9;�# (+,.5�E)[+(�&4(6[6/.34*.%'(+A =t#�3)/H0 L(H)
¦

Y &40+*-%�M:(6*°^
G �\% T̂1, T̂1

,-34#L/t��(6;\�¢345�0+*.EQ/H(6;�*., A<%'#�0�E)%'*.(6,+=LE)A'34*.,
T̂1T̂2

Y A<E?[+34£¢5 3),.%'/.%<34#:^�(+,G/�E);�,.,.%PA'%<#�0+E)%<*-()¦
G x̂, p̂, Ĥ

,.34#L/$��(+,�345�0+*.EQ/H(6;�*.,�A'%<#�0+E)%<*-(+,+¦
G �QI§345 06*HEQ/.%<34#¢NO;�%P/H*HEQ#�,-¤¥34*-£�($;�#�&)(+[]/H(+;�*�(+#�A';�%P£ �6£�( Y [)¦ E�¦ � ¦\345�0+*.EQ/H%'34#¢NM;�% #�($¤¨E)%'/ *.%'(+#P^
(6,-/$;�#�(�345�0+*.EQ/H%'34# A<%'#�0�E)%'*.(Q=�E)5�5�(+A'0+(?AUI ),;! >�3'()1'�� E

Î : |φ >∈ H → |φ >∈ H.
G �t(]/./H( 5�*.345�*-%<0]/H0���( A'%<#�0+E)*.% /H0�(+,-/ /.*��6, �W[+3)#O/.*HE)%'�4#:E)#L/.( ��5 3);�* A¬EF/.*HE)#�,-¤¥34*-£�EQ/.%<34# T̂ =C[�EQ*5�34;�*�[+3)#�#:E��'/H*.(�,-34#�E)[]/H%'34#´,.;�* #�I§%<£¢5 34*G/H(pNO;�(6AP&)(+[]/H(+;�*+=�%'A�,.;�#¢/���($[+34#�#:E��</.*.(�,.3)#�E)[]/H%<3)#
,-;�*�;�#�(�@:E),-()¦ Y &)34%<*p5:EQ�4(�T � ^ ¦

G ��(+£�E)*.NO;�3)#�,!NO;�( ψ (x) = 1
1+x

∈ L2 (R)
=±[�EQ* 〈ψ|ψ〉 < ∞ ¦jDFE)%<,2,.% |φ〉 = x̂|ψ〉 =�3)#
E

φ (x) = x
1+x

/∈ L2 (R)
[+E)* 〈φ|φ〉 = ∞ ¦ Lª#���%'/�NO;�( φ #�I¯EQ5�5:E)*G/H%<(6#L/p5:E),pEQ; ;!@A<=$6),�  ;  ;
� ! �!)1'(),@A� ��(2A I§345�0+*HEV/H(+;�*

x̂
¦ ��E´#�3)/.%<34#���(���34£�E)%<#�(���(2��0 M:#�% /H%<3)#�(6,-/a(+,.,-(+#L/H%'(+A'A<(�5 3);�*

¤¨E)%'*.(pA<E?/.7�0+3)*.%<(�£�EQ/H7�0+£�EQ/H%'NM;�(p[+34*-*.(+[]/H(���(+, 345�0+*HEV/H(+;�*., A<%<#�0�E)%'*.(+,6¦ Y K�3)%<* J �a��²Q�0K�[°7:E)5�% /H*-(
K � � � ^ ¦

+<) $�)�� �F9 �D2�; 0�=
5�2 8F;<4�� 3<9;.10 8
=_0 ;<5�0�3A; 4�� 3<9,. 0�8
�ªE)#�,$A¬E ,-;�%'/.()=:34#�;�/.%<A'%<,.(aA¬E #�3)/HEQ/H%'34#�Z

|T̂ψ >= T̂ |ψ >∈ H.
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B � ! �!)1'(),@A� �M%
T̂ : H → H (+,G/�;�#�345�0+*HEV/H(+;�*�A<%'#�0�EQ%<*.(Q=�A I @A" � %*$ '( >- %�$6;�C5@A),�3' ��(

T̂
(+,G/

A I§345�0+*.EQ/H(6;�*pA<%'#�0�E)%'*.(Q=\#�3Q/H0
T̂+ =�&406*.% MPE)#L/�Z

< φ|T̂+ψ >=< T̂φ|ψ >, ∀|φ >, |ψ >∈ H.

� % @ "!% ) �.'��>4  .' %  ><=$ % 2J-! >4
G Y � ^�A<E2*-(+A¬EV/H%<3)#¢[6% U{��(+,-,.;�,���0NM:#�% /t@�%<(+#�A I§345 06*HEQ/.(+;�*�E)�V«-3)%<#L/ (6/���(�¤¨E��634#�;�#�%'NO;�( Y [+(+A<E2#�I§(+,G/5:EQ,$0]&M%<��(6#O/ � 5�*-%<34*-% =\&)34%<* J ����²)��Kd5�E)�4(2RP�4R4^ ¦
G Y � �?^ L?#�E

(

T̂+
)+

= T̂

dfe�g_hUi8gOj < φ|T̂++
ψ >=< T̂+φ|ψ >= < ψ|T̂+φ > = < T̂ψ|φ > =< φ|T̂ ψ >

G Y � �?^ L?#�E
(

T̂1T̂2

)+

= T̂+
2 T̂

+
1

(

T̂1 + T̂2

)+

= T̂+
1 + T̂+

2

(

T̂ n
)+

=
(

T̂+
)n

:
5 34;�*

n ∈ N

,&(��
#&%'��O
< φ|

(

T̂1T̂2

)+
|ψ >=< T̂1T̂2φ|ψ >=< T̂2φ|T̂+

1 ψ >=< φ|T̂+
2 T̂

+
1 ψ >

m

� @6'($ '*),@A��;! B�)1%*$6+ E I�34;�*$;�#�345�0+*.EQ/H(6;�*pA<%'#�0�EQ%<*.(Q=�34#�#�3Q/H(
< φ|T̂ |ψ > 5�34;�*�,.%'�4#�%�M�(+*ªZ

< φ|T̂ |ψ >=< φ|T̂ψ >=< T̂+φ|ψ >

B � ! �!)1'(),@A� �QI§345�0+*HEV/H(+;�*!A<%'#�0�EQ%<*.(
T̂
(6,-/ $6- '?@A$&;�C5@A),�3' 34; �! % < ) '*),2�-! ,.%

T̂ = T̂+ [ I§(+,-/ ���%'*.(?,.%
< φ|T̂ψ >=< T̂φ|ψ >, ∀|φ >, |ψ > .

� % @ "!% ) �.'��

x̂, p̂, Ĥ
���
	�� $#���2����/�
  -�����8
��, -�#���� 5$��'�
)>	�� ��;
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�d(�,.(+#�,�5�7LKM,.%'NO;�(2��(�[6(6/-/H(�5�*.3)5�*.%'06/H0�(6,-/$��34#�#�0�5�A<;�,pA'34%<#�¦
d(e@g-h�i!g����	��
Sj , * #&(V� * #&�1%'��:
���
#&(

φ, ψ ∈ H �
< φ|x+ψ >=< x̂φ|ψ >=

∫

R
xφψ dx =

∫

R
φxψ dx =< φ|x̂ψ > m�
 9&�
	 , * #&(

V (x̂)
m

= �
< φ|p̂+ψ >=< p̂φ|ψ >=

∫
−i~ (dφ/dx)ψ dx = −

∫
i~φ (dψ/dx) dx =< φ|p̂ψ > � *��T* /M�

#&����5��8��L-5<�g@ * (�	h#&58�g9�� ��/0��L
�\(�� ��� * /�,.� (V,.� (����8�
[φψ]+∞

−∞
=
∫ (

dφ/dx
)
ψ dx+

∫
φ (dψ/dx) dx � �
�V58�-@A� ���

N�#2�
[φψ]+∞

−∞
= 0

m

Ĥ+ =
(
p2

2m + V (x)
)+

= p2

2m + V (x) = Ĥ
m

����� � �H/�, 
 �
	2/ � %54 
 � '��)! ��� 
1! ���
	�� 
 �

+<) ��),+ � G ���u5D; 0�9,3<. 4HG���?<3AC;5�0�9;3 .
�QI �>2�- $ '*)1@A� ;! ��+�� %'I ;0),�
�A % ,.5�0+[+% M:(�[+34£¢£¢(+#L/JA I§34#���(pNM;�E)#L/H%<NO;�(

ψ(x, t)
��(�A¬Eª5:E)*G/H%'[+;�A'(

06&)34A<;�(�E);³[634;�*.,���; /H(+£¢5�,6¦ H #�#�3)/HEQ/H%'34#���(7�a%<*.E)[)=�[6(6/-/H(¢0+NO;:EQ/.%<34# ��34#�#�(�A<E�A'34%C��I§06&)34A<;\/H%<3)#
��;�&4(6[6/H(6;�* |ψ(t) >

��E)#�,�A I§(+,-5:E)[+(���( S$%<A<@�(+*G/ H Z

d|ψ(t) >

dt
=

(

−iĤ
~

)

|ψ(t) >
Y � ¦ � SL^

[ I§(+,G/ � ��%'*.(?NO;�(�(+#�#�3)/°EV/H%<3)# ��(?¤¥34#�[6/.%<34#�,p��I 3)#���(+,�Z

i~
∂ψ

∂t
(x, t) = − ~2

2m

∂2ψ

∂2x
(x, t) + V (x)ψ(x, t) : ∀ x, t

�  ><=$&% 2�-  >4
G ��(+£�E)*.NO;�(6*?NO;�(´A I§34#³;�/H%'A<%<,-(!A<E���0+*.% &406( ����*.3)%'/H( � d/dt ,-%J%<AjK9E�;�#�(´,.(+;�A<( &QE)*.%<E)@�A'()= %'[+% t5�34;�*ªA'(2&)(+[6/.(+;�* |ψ(t)〉 = (6/?NO;�( AUI 3)#9;�/H%'A<%',.(�A¬E���06*.% &40+( 5�E)*-/.%<(+A'A<( ∂/∂t ,-%C%<A�KFE�5�A<;�,-%<(6;�*.,&QE)*-%¬E)@�A'(+,6=�%<[6%

(x, t)
5 34;�*pA¬E ¤¥34#�[]/H%<3)#

ψ (x, t)
¦

G �QI§0+NO;:EQ/.%<34#���(¢�M[°7�*� M��%<#��4(+*ª��34#�#�( 5�*-0+[6%<,.06£�(6#L/2A<E�£¢3\��% M:[�EV/H%<3)#F%<#�,-/°EQ#O/HE)#�06( ��( A I§34#���(
� ;�#�%<#�,G/°E)#L/�5�*-0+[+%',+¦��t(6/-/H(¢£�3M��% M:[�EQ/.%<34#F��0+5�(+#�����(´A¬E £�E),.,-(¢��(¢A<E 5:E)*-/.%<[6;�A<( (]/!EQ;�,.,-%
��(6,$¤¥3)*.[+(6,�NM;JI (6A<A<(�,-;�@�%'/ � /H*.E�&4(+*-,�A<E ¤¥34#�[6/.%<34#�5�3)/H(6#L/H%<(6A

V (x)
¦�I�3);�*�[+(6/-/H(�*HE)%',.34#�34#���% /

NO;�(�A I§345�0+*.EQ/H(6;�* SaE)£¢%<A /H34#�%<(+#
Ĥ
(+,-/�A<( � �>�
�>%*$ '? - % ;  #/ � ���A@A/,- '*)1@A� '? < "Q@A%* >/,/, ¦

�QI§0+NO;�%'&QE)A'(+#L/?��(´[6(6/./.( 0+NO;:EQ/.%<34#³��I§06&)34A<;\/H%<3)#�(+#³£�06[�E)#�%<NO;�( [+A<E),.,-%<NO;�( (6,-/�A I§0+NO;:EQ/.%<34#F��(
�$( �p/H3)#�=:34;�5�A<;�,p5�*.0+[6%<,-0+£¢(+#L/$A<(+,�06NM;�EQ/H%'34#�,p��( SaEQ£�%'A'/H3)#���;�£�34;\&4(+£¢(+#L/+¦

G � I§(+,G/ -!�  �>2�-!$ '*),@A��/,)U�
� $6)1%  =�(6/���3)#�[ ,.%JAUI 34#�[634#�#:E �</?AUI 0]&434A';�/H%'34#9��( |ψ1(t) >
(]/���(

|ψ2(t) >
= EQA<34*-,�A<E¢,-34£�£¢( |φ(0) >= |ψ1(0) > +|ψ2(0) >

06&)34A<;�(2[+34£¢£¢(2A<E¢,-34£�£¢(���(+,
0]&434A';�/H%'34#�,?Z |φ(t) >= |ψ1(t) > +|ψ2(t) >

¦�� I§(+,G/�;�#�(25�*.345�*-%<0]/H0ª/H* �+,p¤¥34*G/H()=:%'£�5�34*G/°E)#L/H(
5�34;�*JA<Ea,.;�% /H(pNO;�%:,NI¯E)5�5 (6A<A<(�E);�,.,-% /, "!% )U�!+.),"Q ;  45-!"Q %*"Q@A4?)1'(),@A�<> �a(�£ �+£¢(�A<(�5�*.3M��;�%'/
|φ′(0) >= λ|ψ(0) >

06&)34A<;�( [634£¢£�( |φ2(t) >= λ|ψ(t) >
¦pI�34;�*�[6(+A¬E
34# 5�(+;�/���%'*.(
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NO;�(
λ|ψ(t) >

(6/ |ψ(t) >
34#L/2A'( �W£ �+£¢( [+34£¢5�34*-/.(+£¢(+#L/ �H¦ Y H # /H(+*-£�(6,�£�EQ/.7�0+£�EQ/.%<NO;�(+,6=

AUI 0]&434A';�/H%'34# (+,G/���0NM:#�%'(�,.;�*�A I§(+,-5:E)[6(�5�*.3V«-(6[6/H% ¤°^ ¦
G �TI E)5�* �+,¢A I§0+NO;:EQ/.%<34#
��(F�M[°7�*� M��%<#��4(+*6= /,$ � @A�0+ '(),@A� ;�� @A�!;! +P@A�!45 %��3 45$ �!@ % <= �$&-
+P@A- % 4 ;!-�'( ><="04 Z

‖ψ‖2 (t) =< ψ(t)|ψ(t) >= const
Y � ¦ �4� ^

dfe�g_hUi8gOj

d(< ψ|ψ >)/dt =< dψ/dt|ψ > + < ψ|dψ/dt >=< −iĤψ/~|ψ > + < ψ| − iĤψ/~ >

= (i/~)
(

< ψ|Ĥ+ψ > − < ψ|Ĥψ >
)

= 0

:;� (
Ĥ

�����j� #&� * ��9�� * ��/��;m P �
5<��	 * /���(��35 � ��	+, * (���� /2:��h9�# @D� ���1N0#2�
Ĥ+ = Ĥ

m
�

� �  % +.),+P �Q1 �
	��*
���
S$#�S1���1 �S�����S�6�A�U
���$-�#)>�s��"� -�< -)>
��D�����A"��
	!����
.:-/
< ψ(t)|φ(t) >= cste

;

+<) ��) $ 7&% =(' 9<CB=�8 4HG���?<3 C;5�0:9;3<.D8 4 G]3<.84I=�8���9)' ;��A=�8F=_0 �<C ' 8	�
�t(6/-/H(�,.(+[]/H%'34# ,-( /H*.3);�&4(�,.;�*´A<E95:E)�4( ��(+@ Z l\mOmLn�o-qMqOuvnLw:x�yjs nP�Ou �:y�~\|:��#LzO|\}�sW�O|�qQ���Q�\|\}�q

}Q~��4} � z4~�}Qw:}Q~Mm:qvw:}�y)��
���q4�Q~ � w:�)m � �v~��Oq =J3 ' AUI 3)#�5 (6;�/�&434%'*ª��(+,�E)#�%<£�EQ/H%'34#�,+=�(+# 5�A';�,?��;�/H( �\/.(
*.(65�*.3M��;�% /�[6% U�E)5�*��6,+¦��\;�*¢[+(]/./.(95:E)�4( ��(+@�= 34# 5�(+;\/ E);�,-,.%�[°7:E)#��4(6*�A'(+,¢5:E)*HEQ£ �]/H*.(6,���(�¤¨E��634#
%<#L/.(+*HEQ[6/H% &4(Q¦

�@> 	
> (D>,� � %��>45 >�3'?$ '*)1@3� � � �
� %*$6/, 
S�34*-£�%',�NO;�(+A'NO;�(+,±[�E),�5:EQ*-/H%'[+;�A'%<(6*.,+=6%<AQ(+,-/±%'£�5�34,.,-%<@�A'(j��(�*-0+,.3);���*.( E)#�E)A'KO/H%'NO;�(+£¢(+#L/�A I§0+NO;:EV/H%<3)#

��(��\[°7�*� M��%<#��)(+*+¦ �ªE)#�,![+(6/-/H( ,-(+[6/.%<34# =j#�34;�, 5�*.06,.(+#L/.34#�,´��(+, ,-34A<;\/H%<3)#�,!34@\/H(+#O;�(6,´(+#
*.06,.34A &QE)#L/
#O;�£¢0+*.%'NO;�(+£¢(+#L/$[+(]/./H(�06NM;�EQ/H%'34#�¦

G 5�34;�*���%�� 0+*.(6#L/H(+,�[634#���% /H%<3)#�,�%'#�%'/.%¬E)A'(+, Y ��(6, 5:E)NO;�(6/.,���I 3)#���(+,��LEQ;�,.,-%<(+#�,+=�34; ��(6, 34#���(6,,G/°EQ/.%<34#�#�E)%<*-(+,°^ =
G 5�34;�*���% � 06*.(+#L/.(+,�¤¥3)*.[+(6,t( �\/.(+*-#�(+, Y [°7�34% �¢��;�5�3)/.(+#L/H%'(+AP��($A¬E?¤¥34*.£¢( V (x) = 0

=
V (x) = x2 =

V (x) = x2 + λx4 = V (x) = −x2 + λx4 ^]=
G (]/�[634£¢5:E)*HEQ%<,.3)# E�&)(+[�A I§06&43)A<;�/.%<34#
��I§;�#�(�5:E)*G/H%'[+;�A'( Y 34; #O;:E)�4(���(�5:E)*G/H%'[+;�A'(+,°^![6A¬E),-,.%'NM;�(,-34;�£¢%<,.(�EQ;\��£ �+£¢(+,�¤¥34*-[+(+,6=:06&)34A<;:EQ#O/�E�&4(6[2AUI 06NO;:EQ/H%'34#���(���( �p/H34#�¦
G � A:K�E);�*.E���(6,t[634£�£¢(+#L/HE)%<*-(+, ,.;�* A I§06/HE)A<(6£�(6#O/ ��($A¬E?¤¥34#�[]/H%'34#���I§34#���(���; �2A¬E ;!)U4N"Q >% 4?)1@A� =
(]/�,-;�* / �  &C  .' '*-0�!�  /;>

G H /���(+,$[+34£¢£¢(+#L/°E)%'*.(6,p,.;�*$A¬E´#�0+[6(+,-,.%'/.0!��(�&43)%<* /,$ <��>+P$6�!)U2J-! 2J-!$6�A'*)U2J-! ; $6�!4 / �  >4 E
"!$6+P ;  >4 " �!$&45 >4 ¦

��@ ;
� /1 ��.'*-!;0) � Lª# £�3)#O/.*.(�(]/�[+34£¢£�(6#L/H(���(6,�EQ#�%<£�EQ/H%'34#�,¢#O;�£�06*.%'NM;�(+,���I§;�#�(³5:E)*G/H%<[6;�A<(
[+A<E),.,-%<NO;�(¢(6/�NO;:E)#L/H%'NO;�( Y ,HE ¤¥34#�[6/.%<34# ��I§34#���(�^���;�#�(¢��%'£�(6#�,.%'34#�¦d��E���KM#:E)£¢%<NO;�(¢(+,-/2,.5�0+[6%�M:06(
5:E)*p,-34#�SaE)£¢%<A /H34#�%'(+# Y A I§0+#�(6*.�4%'(ª��(�A¬E 5:EQ*-/H%'[+;�A'(�^ =�NO;�%d(+,G/a��(�A<E!¤¥34*.£¢( Z

H(x, p) =
p2

2m
+ V (x)
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m
(6,-/�A¬E�£�E),.,-( ��(´A¬E�5:EQ*-/H%'[+;�A'()= (6/

V (x)
(+,-/�A'( 5 3Q/H(+#L/.%<(+AjNM;JI (6A<A<( ,-;�@�% /�¦ Y �±E�¤¥34*-[+( (6,-/

F (x) = −dV/dx ^]¦�QI 0]/°EQ/�NO;:E)#L/H%'NM;�(2%'#�%'/.%¬E)A�(+,G/a;�#�5:E)NO;�(]/a��I§34#���( >�E);�,-,.%<(6#���(2A<E)*.�4(6;�*
L
¦�� I§06&)34A<;\/H%<3)#���(2A<E

5:E)*G/H%'[+;�A'(¢[6A¬E),-,.%'NM;�(�(6,-/ 3)@�/H(6#M;�(�(+#�*.06,.34A &)EQ#O/2#O;�£¢0+*.%'NO;�(+£¢(+#L/2A<(+,�0+NO;:EV/H%<3)#�,2��(�£¢34;�&4(6£�(6#L/
��(��$( �p/.34# Y 34; S�E)£¢%<A'/.34#P^ ¦�� I§06&)34A<;\/H%<3)# ��(9A<E�¤¥34#�[]/H%<3)# ��I§34#���(�NO;:EQ#O/.%<NO;�(9(6,-/�34@\/H(+#O;�(F(+#
*.06,.34A &QE)#L/�#M;�£�06*.%<NO;�(6£�(6#L/�AUI 06NO;:EQ/H%'34# ��(2�\[°7�*  \��%<#��4(6*+¦6�aE)#�,�A¬E ,-;�%'/.(?A<(+,p5�E)*HE)£ �6/.*.(6,$,-;�%'&QE)#L/.,
,.3)#O/$[°7�3)%<,.%',?Z

m = 1 :
£�E),.,-(

~ = 1 :
[634#�,G/°E)#L/H(���(�IJA¬EQ#�[ �

L = 1 :
��E)*.�4(6;�*���;�5:E)NO;�(]/a��34#���(!>�E);�,-,.%'(+#

�@> 	
> (D> ( B � ! �!)1'(),@A��;  #/1$ %* >"!%��>45 >�3'($ '*)1@A��;  H -!4?),< )V; $6�!47/ �  >45"0$&+P ;! " � $645 
��34;�,?;�/H%'A<%<,-34#�,$;�#�( *-(+5�*-0+,.(6#L/°EQ/.%<34#���I§;�#³06/HEQ/?NO;:E)#L/.%<NO;�( �:EQ#�,?A I§(+,-5:E)[+( ��( 5�7:E),-( Z /1$ %* &E

"!%��>45 >�3'?$ '*)1@3� ;  H -!4?),< ) ¦��t(6/-/H(�*-(+5�*-0+,-(+#L/°EQ/.%<34#�,.(6*HE�06/H;���%<06(�5:EQ�4( � S4��¦dI±34;�*�A<(´£�3)£�(6#O/
#�34;�,$��34#�#�34#�,$,.E¢��0NM:#�% /H%'34#�NM;�%d(+,-/$%'#O/.;�%'/.%'&)(ª(6/$#:EQ/.;�*.(6A<A'( Z
� I (6,-/�A¬E!¤¥34#�[6/H%'34#³Z

Husψ (x, p) = |〈x, p|ψ〉|2
NO;�%�(+,-/�34@�/H(6#O;�(ª(+#�¤¨E)%<,.E)#L/tA'(�5�*-3\��;�%'/�,.[+E)A¬E)%'*.(�(+#L/.*.(ªAUI 0]/°EQ/ |ψ〉 (]/�;�#�5:E)NO;�(6/���I 3)#���(?>�E);�,-,.%'(+#
|x, p〉 =L(]/�¤¨E)%',HE)#L/�&QE)*.%'(+* (x, p) ¦M�d($5:E)NO;�(6/���I§34#���( |x, p〉 (6,-/�*.(6A¬EQ/.%'&4(6£�(6#L/ ��A<3M[�E)A'%<,-0 �t(+#�5�34,-%'/H%'34#(6/�(6# %'£�5�;�A<,.%'34# (]/���34#�[)=p%'#L/H;�% /H%'&)(+£¢(+#L/�=�[+(³5�*-3\��;�%'/�,.[+E)A¬EQ%<*.(F,.34#���(�A<E 5�*.06,.(+#�[+( ��( AUI 0]/°EQ/
NO;:E)#L/H%'NO;�( �aA<Ea5 3),.%'/.%<34#

(x, p)
��(�A I§(+,-5:E)[+(t��(�5�7:EQ,.()¦ �a;�/.*.(+£¢(+#L/J��%'/�=v,-%�A¬E�¤¥34#�[]/H%<3)#

Husψ (x, p)(+,G/a%'£�5�34*G/°E)#L/H(�EQ;�5�34%<#L/
(x, p)

=�[ I (6,-/�NO;�(!A'(�5�*.3M��;�%'/�,-[�E)A<E)%<*-( 〈x, p|ψ〉 (6,-/a%<£¢5 34*G/°E)#L/p(]/a��34#�[NO;�(�A I§06/°EV/pNO;:E)#L/H%'NM;�( |ψ〉 (6,-/ ��¤¥34*G/H(6£�(6#O/ �ª[634£¢5 34,-0���;�5:E)NO;�(6/���I§34#���( |x, p〉 ¦

�@> 	
> (D> 	 � � @A4?+.),/,/,$ '? - % �!$ % < @3�!),2�-! 
� @6'( >�3'*)1 >/�E

V (x) =
1

2
x2

�QI 0]/°EQ/$[6A¬E),-,.%<NO;�(?%'#�%'/.%¬E)A�(+,G/$(+#
x0 = 8, p0 = 0

¦

B � � $6< ),2�-! ;!$&�047/ �  >45"!$6+P #;  +P@A�(! �A-!%*$ '(),@A� �9B ' F K�34%<* M��4;�*.( Y � ¦ � ^]¦

� @3<=<= >�3'($6)1%* 4
G �d(a5�34%'#O/�@�A'(+;���(�A¬E M:�4;�*-(a��(��LE);�[°7�(a£�34#L/.*.(aA<E�5�34,-%'/H%'34# x(t) ��(aA¬E�5:E)*G/H%<[6;�A<($[+A<E),.,-%<NO;�(Q¦Lª#¢E�*-(+5�*-0+,-(+#L/H0�A¬Ea&QE)A<(6;�*

E
��(�A I§0+#�(6*.�4%'(t/H3Q/°E)A'(p(6/ A¬Ea¤¥34#�[6/H%'34#´0+#�(6*.�4%'(p5 3Q/H(+#L/.%<(+A'A<(

V (x)
¦

G �\;�*aA¬E M:�4;�*-(!��( ��*.34% /H()=�34#�E�*.(+5�*.0+,-(+#L/H0´A'(!£¢3\��;�A<(�[�E)*-*.0!��( A¬E´¤¥34#�[6/.%<34#F��I 3)#���( NO;:E)#MU/.%<NO;�(�Z |ψ(x, t)|2 = NM;�%C,5I§%<#L/H(6*.5�* �6/.( [+34£¢£�(2A¬E���(+#�,-%'/H0 ��( 5�*.3)@:E)@�%'A<%'/.02��( 5�*.06,.(6#�[+(¢��( A<E5:EQ*-/H%'[+;�A'()¦
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� B045 %�� $ '*)1@A�04
� ¦ � AdK�E´;�#�(![634*.*-(+,-5 34#��:E)#�[6(!5:E)*G¤¨E)%'/.(?(+#L/H*-(!A<E¢5�34,.% /H%'34#���(2A<E 5:E)*-/.%<[6;�A<(�[+A<E),.,-%<NO;�(�(6/�[+(6A<A<(
��;�5:E)NO;�(]/$��I 3)#���(�NO;:E)#L/H%'NM;�( � /H3);�/�%<#�,G/°E)#L/+¦

R\¦$�d(�5:E)NO;�(]/��JI 34#���(2�4E)*.��(�,.E´¤¥34*-£�(�>�E);�,-,.%'(+#�#�(�[634#�[+(6#L/H*.06( E);�[634;�*.,$��;�/H(6£�5�,6¦ � Ad#�I­K�E
5:EQ,$��(���%<,.5�(+*-,.%'34#�¦

B � � $6< ),2�-! +./,$&4?4?),2�-! ;!$&�04 / �  >45"!$6+P ;  #" �!$64N �9B ' F(8 " B ' F K�34%'* M:�4;�*-( Y � ¦¯²4^]¦
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� @3<=<= >�3'($6)1%* 4
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G ��E M:�4;�*-(���(��LE);�[°7�(�£¢34#L/H*-(�A'(+,�/.*HEv«-(6[6/H3)%<*.(6,�[+A¬EQ,.,.%'NO;�(+,��:E)#�,$AUI (6,.5:EQ[+(���(�5�7:E),-( (x, p)
¦

G ��E´��(+;\�\% �+£¢(2%'£�E)�)(?£�34#L/.*.(�A I§06&)34A<;�/.%<34#�[6A¬E),-,.%<NO;�( Y ��(!�d%<3);�&M%<A<A'(�^ =\#�3)#F5�A';�,��JI ;�#�5 3)%<#L/�=£�E)%<,a��I ;�#�(´��%<,G/H*.%'@�;�/.%<34#
f (x, p, t)

,.;�*�A I§(+,-5:E)[+(´��(´5�7�E),.(Q=dNM;�%J(+,-/�[°7�3)%<,.%J[634£¢£�( 0]/°E)#L/
;�#�(�¤¥3)#�[6/.%<34#¢>�E);�,-,.%<(6#�#�( �

t = 0
¦4�d(�#�% &4(�EQ;¢��($�)*.%<,j(+,-/ *-(+A<%'0 �ªA I§%<#L/.(+#�,-%'/H0t��(�A¬Ea¤¥34#�[]/H%'34#

f(x, p)
¦P�t(]/./H(���%',-/H*-%<@�;\/H%<3)#�(+,G/�*-0+5:EQ*-/H%'(?,.;�*$5�A';�,.%'(+;�*-,�/H*HE�«-(+[6/.34%<*-(+,6¦

� B045 %�� $ '*)1@A�04
� ¦$��E 5 06*.%'3\��(?��(�[°7�E)NO;�(�/.*HEv«-(6[6/.34%<*-(?(+,-/

T = 2π = 6.28
¦

R\¦$��E ��%<,G/H*-%<@�;�/.%<34# ��(2�d%'34;�&M%<A'A<(a*-(+,G/H(!>�E);�,.,.%'(+#�#�(2EQ;�[634;�*.,���;�/H(6£�5�,+=P[�E)*pA'(+,p/H*.Ev«-(+[]/H34%'*.(6,
34#L/J/.34;�/H(6,�A<Eª£ �6£�(t5 06*.%<3M��(

T = 2π
¦L�t(+A¬E?( ��5�A<%<NO;�(�5�34;�*-NM;�34%:%<A\#�I§K¢E?5:EQ, ��($��%<,.5�(+*-,.%'34#

E�&4(6[2AUI Lª,-[+%<A'A¬EQ/.(+;�* SaE)*-£�3)#�%<NO;�(Q¦

B � � $6< ),2�-! 2�- $6�3'*),2�-  ;!$&�04 / �  >45"!$6+P ;  #" �!$64N �9B ' F(80" B ' F K�34%'* M:�4;�*-( Y � ¦ �L^]¦
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� @3<=<= >�3'($6)1%* 4 � A�,NI¯E)�)%'/���( A¬E
*.(65�*.06,.(6#O/HEQ/H%'34# ��(=S$;�,.%'£�% Y &434%'*�#�3)/H(6,���(�[634;�*.,H^���(
A I§06/HEQ/¢NO;:E)#L/H%'NM;�( |ψ(t)〉 ¦���E�5�*.(+£¢% �6*.(�%<£�E)�4( £¢34#L/H*-(�[6(6/-/H(���%<,G/H*.%'@�;�/.%<34# Husψ(t) (x, p, t)

(+#
/H*-34%<,p��%<£¢(+#�,-%<34#�, B�A¬E ��(6;\�\% �6£�(�%<£�E)�4(�£�3)#O/.*.(�[+(]/./.(�£ �+£¢(?��%',-/H*-%<@�;\/H%<3)#�(+#�#�%'&)(�E);M����(��4*.%',+¦

� B045 %�� $ '*)1@A�04 � A�(+,-/9*.(+£�E)*-NM;�E)@�A<(³��I§34@�,-(+*G&4(+*FNM;�( � [°7:EQNM;�( %<#�,G/°E)#L/�A¬E ��%<,G/H*-%<@�;�/.%<34#
NO;:E)#L/H%'NO;�(

Husψ(t) (x, p, t)
[+34%'#�[+%'��(2E�&)(+[ AUI 0]&434A';�/H%'34#�[6A¬E),-,.%'NM;�(!��( �d%'34;�&M%<A'A<(ª��(!A¬E�£ �+£¢(���%<,WU

/H*-%<@�;\/H%<3)# %<#�% /H%<E)A<(Q¦V�t(+A¬Eª(6,-/ 5�*-345�*.( �ªAUI 3),.[+%'A<A<EQ/H(6;�* S�E)*.£¢34#�%'NO;�()=V(6/�(6,-/ (+#�[634*.(p*-(+A'%<0�EQ;´¤¨EQ%'/CNO;�I§%<A
#�I­K�E´5:E),p��(���%',.5�(+*.,-%<34# ¦
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¤¥34*-£�(?0]&434A';�(�E);�[634;�*-,$��;�/H(6£�5�,+¦PI�3);�*�;�#�(?¤¥34*.£¢(?��;�5 3Q/H(+#L/.%<(+Ad��34#�#�06()=P%<A K E¢��(6,p¤¥34#�[6/.%<34#�,
��I§34#���(6,JNO;:E)#L/H%'NM;�(�5:E)*G/H%<[6;�A<% �+*-(+,+=VE)5�5 (6A<0+(�34#���(6,J,-/HEQ/H%'34#�#:E)%'*.(6,+=v��34#L/JA<E$¤¥34*-£�(�*.(+,G/H(�%'#L&)EQ*.%¬EQ#O/.()¦
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��I§0+#�(+*.�)%<(

E
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p > 0

��(´A¬E¢¤¥34*.£¢(
exp (ipx)
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p < 0
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� @6'( >�3'*)1 >/�E

V (x) =
1
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x2 + 0.02x4
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x0 = 6,p0 = 0
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V (x)
¦
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/.%<34#�,p��(�5�(6/.%'/.(+,pA<3)#��4;�(6;�*.,���I§34#���(�^]¦

R\¦$I±34;�*ªA'(+,a/.(+£¢5�,ª5�A';�,ªA<3)#��4, Y
t > 6

^]= A<(!5�E)NO;�(6/���I§34#���( ,.( ��%',.5�(+*-,.()= (6/?,NI 0]/°E)A'(!,.;�*ª/H34;�/.(
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f(x, p, t)
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f(x, p)
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[+% U���(6,.,-;�,°^ ��(�A I§06/°EV/�NO;:EQ#O/.%<NO;�( |ψ(t)〉 ��E)#�,¢A I§(+,.5�E)[+(���(�5�7:E),-()¦���E 5�*-(+£¢% �6*.(�%<£�E)�4(�£¢34#L/H*-([+(]/./.(ª��%<,G/H*-%<@�;�/.%<34#

Hus (x, p, t)
(6#�/H*-34%<,���%<£¢(+#�,-%<34#�,�BOA¬E2��(+;\�\% �6£�(a%<£�E)�4($£�34#L/.*.(a[6(6/-/H(ª£ �+£¢(

��%',-/H*-%<@�;\/H%<3)# (+#�#�%'&)(�E);\� ��(��4*.%',+¦
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t < 6
=�A<E ��%<,G/H*.%'@�;�/.%<34# *-(+,-/.(�A<3M[�E)A'%<,.06()¦
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6 < t < 18

=�A¬E ��%<,-/.*.%'@�;�/H%'34# ,NI 0]/°E)A'(95 (6; � 5�(+; =�(6/
,NI (6#�*.34;�A<(±«-;�,-NO;�I ��EQ/-/H(6%<#���*-(�;�#�(p[6%<*-[+34#�¤¥06*.(6#�[+(Q¦ H #�,.;�% /H(pA<E�5:E)*G/H%'(�*HE)5�%<��( Y A¬E$/ �6/.(�^j*-(W«-34%'#O/
A<E NM;�(+;�(�(6/$%<#L/.(+*-¤ �6*.(6#O/+¦

T�¦$I±34;�*ªA'(+,a/.(+£¢5�,aA'34#��4,6=
t > 20
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t > 20
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T�¦��\;�*$A'(+,p34,-[+%'A<A¬EV/H%<3)#�,t��( |ψ(x)|2 =�£ �6£�(?*-(+£�E)*.NO;�(�NO;�(�[+% U���(6,.,-;�,+¦6K�34%'* � ¦ T�¦ RM¦¯T�¦
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> (D>�G �  #; @3-
B0/, #"0-!)1'*4 ;  #"Q@6'( >�3'*)1 >/
I�3)/.(+#L/H%'(+AJZ

V (x) = −1

2
x2 + 0.005 x4

�QI 0]/°EQ/$[+A<E),.,-%<NO;�(�%<#�%'/H%<E)AP(+,G/a(6#
x0 = 3, p0 = 0
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t = 0
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t = 0
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(6/$A'(+,�/°EQ@�A<(+E);\� [634A<3)#�#�(���I§;�#�(�5:E)*G/�=:(6/�A'(+,�345�0+*.EQ/H(6;�*.,�(6/$A'(+,p£�EQ/H*-%<[+(6,p��I E);�/H*-(�5:E)*-/+¦



XLS ��� ��� � � �����	��

����� ��� ��� � 
 ������
���� ������
 �
����������� ��������� 	�� 
 ������������� � �
+<) ��)�� � �D;<. �A=(' =
.10 4I= �D; 8 = ��� �
�\% |Vi >, i = 1, 2 . . .

(6/ |Wi >, i = 1, 2 . . .
,.34#L/���(+;\�!@:E),-(+,�3�¦ # ¦V��%�� 0+*.(6#L/H(+,���;!£ �+£¢( (+,.5�E)[+(

H =�(6/�,.% |φ >∈ H (+,G/ª;�#�&4(+[]/H(6;�*+= ,.(+,�[+34£¢5�34,HE)#L/.(+, φi =< Vi|φ >
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∑
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∑
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=
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562
x̂
��� �<;A8 = 4D= 9 3A8�9 0�9;3<.��
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Y �4¦ ��²4^

H /a5:EQ*$��0NM:#�% /H%'34#���(2AUI 345�0+*.EQ/H(6;�*
x̂
=�&)34%<*�(6N�¦ Y �)¦¯�L^ =P34#9E�Z

(x̂φ)(x) = xφ(x)
NM;�(2AUI 34#�5�(+;�/
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A'(+, @ (6,.34%'#�,t��($A¬E�£�06[�E)#�%<NO;�($NM;�E)#L/H%<NO;�(�(6/�E�&QE)#L/�A<;�%P5:EQ* S$(�E�&M%<,.%'��( ��A¬E M:#���; N � N �+£¢(
,-% �+[6A<(�^]¦ H A<A'(�(+,G/�E);�,.,.%P#�3Q/H0+(

δ(x′−x) Y E)@�;�,.%'&)(+£¢(+#L/ 5�;�%',.NO;�($[+($#�I (6,-/�5:E),�;�#�(�¤¥34#�[]/H%'34#P^]=(]/�A<E *.(6A¬EQ/.%<34#�¤¥34#��:E)£¢(+#L/°E)A'( Y �)¦ �v²)^t,5I§0+[+*-%'/�Z
∫

R

δ(x′ − x)φ(x′)dx′ = φ(x)
Y �)¦ ���4^

G � I§(+,G/�A'(?£�EV/H7�06£�EQ/.%<[6%<(+#��±EQ;�*.(6#O/a�\[°7 �tE)*-/
	2(6# ��¡.�)S J �\[°7 �4� K'NO;�%±E ��34#�#�0?;�#�,-(+#�,$*.%'�434;\U
*-(+;\� ��[6(6/-/H(!#�3)/H%'34#�=:(+#F34@�,.(6*-&QE)#L/ªNO;�(2A¬E´*.(6A¬EQ/.%<34#�(+NP¦ Y �4¦ �v²4^ = £¢34#L/H*-(2NO;�(

< x| (6,-/a;�#�(¤¥34*-£�( A'%<#�0+E)%<*-(!NO;�% � A¬E�¤¥34#�[6/H%'34# |φ > E),.,-3\[6%<( A'( #�34£ @�*-( φ(x)
¦ � AJ(+,G/2��34#�[´[+34*-*.(6[6/���(

��%'*.(�NO;�(
< x| (+,-/�;�#¢&4(+[]/H(6;�*t��;�E)A =OE)5�5:E)*-/.(+#:EQ#O/ �2AUI (6,.5:EQ[+($��;:E)A H∗ £¢(+#L/H%'34#�#�0�5:EQ�4(�R �Y SaE)@�% /H;�(6A<A'(+£¢(+#L/�#�3)/.0 S ′ (R)

^ ¦A�ªE)#�,$[+(]/./H(�/H7�0634*.%'(�£�EQ/.7�0+£�EQ/.%<NO;�()=
< x| (6,-/ªE)5�5�(+A<06(�A¬E;!)U4 '(% )]B0- '(),@A�=;  B�),%*$6+ (6#

x
¦ Y �d(a5�34%<#L/���(�&M;�(a5�7LK\,-%<NO;�(ª(]/�£�EQ/H7�0+£�EQ/H%'NM;�($,-34#L/p��34#�[

E),-,.( 	2,-(+£ @�A<E)@�A'(+,+=�[+(�NO;�%d(+,G/ ��*HE)%',.34#�#�E)@�A<( �G^ ¦
G �d(�¤¨E)%'/�NM;�( x̂ E
;�# ,-5 (6[6/H*-(³[+34#L/H%'#O; (6,-/�06/H*-34%'/.(+£¢(+#L/�*.(6A<%'0�E); ¤¨E)%'/ NO;�( A<(6, &4(+[]/H(6;�*.,5�*-345�*-(+,�EQ,.,.3M[+%'0+,�#�(a,-34#L/�5:E),���(+, &4(6[6/H(6;�*.,p��( H ¦ H #�(N� (6/��JI¯E)5�*��+,�A¬E�5�*.345�*.%<0]/H0$5:E)�4($X��4=34#�,NI¯EQ/-/H(6#�� �´[6(?NO;�(���(+,p&4(6[6/.(+;�*-,�5�*-345�*-(+,��:E)#�, H E)%'(+#L/p��(6,�&QE)A'(+;�*-,p5�*.3)5�*.(6,�E),.,-3\[6%<0+(6,��%',.[6*��6/.(+,6¦

�@>�G
> (D>,� �  >/1$ '*)1@3� ;  �  % <= .'*-!%* � ��"Q@345)1'*)1@A�
Lª#FE Z

∀|ψ1〉, |ψ2〉, < ψ1|ψ2 >=

∫

ψ1(x)ψ2(x) dx =

∫

< ψ1|x >< x|ψ2 > dx

��34#�[

Î =

∫

|x >< x| dx

NO;�%�(+,-/$A<E *.(+A<EQ/H%'34# ��(?¤¥(+*-£�(]/H;�*-(?�:E)#�,$A¬E @�E),.(�5�34,.% /H%<3)#�¦
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 ������
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����������� ��������� 	�� 
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�a@�;�,.%'&)(+£¢(+#L/�=�34# ��%'*HE�NO;�( |x >, x ∈ R
¤¥34*-£�( ;�#�(�@:E),.(���(�AUI (6,.5:E)[6( H ��% /H( B!$645 ;! 

"Q@A4?) '*),@A� =C5�34;�* A¬E %* "0%��>45 >�3'($ '*),@A�  >� "Q@345)1'*)1@A� ¦ Y ��/./.(+#L/H%'34#�=J[6(�#�I§(+,G/�;�#�(�@:E),.(�E); ,.(6#�,
5�*-0+[+%',���;�/.(+*-£�(Q=�[�E)* |x〉 /∈ H ^]¦�a%'#�,.%dA<E *.(+A<EQ/H%'34# (+NP¦ Y �4¦ �v²4^t,NI %'#L/H(+*-5�*��]/H(�5:E)*�E)#�E)A<34�)%<(?E�&4(6[2(6NP¦ Y �4¦ �+XO^t(+#���%<,.E)#L/$NM;�(¢Z

φ(x)
�����]�< "��
1������� -	��G�c$-� :-��"������#
 |φ > $5 -	!�c�< 4� 
���

(|x >)x
;

�a(�£ �6£�(�34# E9��I ;�#�(�5:E)*-/
< x|φ >=

∫
< x|x′ >< x′|φ > dx′

(6/´(+NP¦ Y �4¦ ���L^�Z
φ(x) =

∫
δ(x′ − x)φ(x′)dx′

¦6��34#�[�5:E)*�%<��(+#L/H% M:[�EQ/.%<34#�Z

< x|x′ >= δ(x′ − x)

� �  % +.),+P � 1 �
	��*
���
S�����S�����
	L�����#�A/�"�
�)>
��DP

x̂ =

∫ +∞

−∞
x |x >< x|dx

+<)���)�� ��9$=
7$0�2 = 4I=@C2G 3A9 �D2 ; 0 =
562
p̂
� � �D;A8 = 4 G]9 ' 985DCB8�9;3<.��

Lª# [°7�(+*-[°7�(9;�#�(�¤¥34#�[]/H%'34#
φp(x)

&4(6[6/.(+;�* 5�*-345�*-(���(�A I§345�0+*HEV/H(+;�*
p̂
=�(]/���(�&QE)A<(6;�*¢5�*.345�*.(

E),-,.3M[+%<06(
p ∈ R

¦ � I§(+,G/��´��%<*-(�/.(+A',�NO;�(¢Z
p̂|φp >= p|φp >

E�&4(6[
φp (x) = 〈x|φp〉

¦A�TI E)5�* �+, Y �4¦ ¡L^]=
[+(6A¬E?��34#�#�( −i~dφ(x)/dx = pφ(x)

=4,-34%'/
φ(x) = C. exp (ipx/~)

¦L��E�[634#�,G/°E)#L/H(
C
(6,-/�E)*-@�%'/.*HE)%'*.(

Y []¤ *.(+£�E)*-NM;�( [+% U���(6,.,.;�,°^]¦�Lª#�[°7�34%<,-%'/
C = 1/

√
2π~

��( ¤¨E��+3)#�E�5�34;�&43)%<*a06[+*-%<*.(!,.%<£¢5�A'(+£¢(+#L/aA<E
*.(6A¬EQ/.%<34# ��(�¤¥(6*.£¢(6/.;�*.(?[6% U���(+,.,-34;�,6=�(6NP¦ Y �4¦ ��¡L^]¦
�d(�,-5 (6[6/H*-(���(

p̂
(+,G/���34#�[¢[+34#�,-/H% /H;�0´5:EQ*�A'(+,?&QE)A<(6;�*.,�5�*-345�*-(+,

p ∈ R
E�&4(6[�&4(6[6/.(+;�*25�*.345�*.(

E),-,.3M[+%<0�#�3)/.0 |p >
��34#�#�0�5:E)*¢A¬E�¤¥34#�[6/.%<34# E)5�5�(+A'0+( @3�!;  "0/,$6�  Y 3)# ;�/H%'A<%',.( ��34*-0+#:E�&QE)#L/�A<E

*.(6A¬EQ/.%<34# Y �4¦ �v²4^.^$Z
φp(x) =< x|p >=

1√
2π~

exp

(
ipx

~

)

Lª#
*.(+£�E)*-NM;�(�NO;�(�A<(�,.5�(+[]/H*.( ��(
p̂
(6,-/ [634#L/H%<#O;�=�(6/ NO;�(�A<(+,2¤¥34#�[6/.%<34#�,

φp
34#L/!;�#�( #�34*-£�(

%<# M:#�%<( Y [�E)*
< p|p >=

∫

R

1
(2π~)

dx = ∞ ^]¦ � 34;�/�[+34£¢£¢(?A<(+,$06/HEQ/H, |x〉 =�A'(+,�¤¥34#�[]/H%<3)#�,�5�*.345�*.(+, φp#�(�,.3)#O/$��3)#�[�5:E),���(+,�&4(6[6/.(+;�*-,���(�AUI (6,.5:E)[6(2��( S$%<A'@ (6*-/ H = L2 (R)
¦

�@>�G
> 	D>,� � %*$6�!4 � @ % <��  #;  � @A-!% )1 >% 8! .'7%* >/1$ '*)1@3��;! �  % <  '(-!%*  � ),<="0-0/,4?)1@A�
"$/.%<A<%',.34#�,

(|p >, p ∈ R)
[+34£¢£¢(a;�#�(�@:EQ,.(?��( H Y �t3)£�£¢(ª(]�\5�A'%<NO;�0?5�A';�,�7:EQ;�/�=�%'A (6,-/�E)@�;�,.%'¤��I E)5�5�(+A'(+*�[+(6A¬E ;�#�( @�E),.(Q=$£�E)%', [ I§(+,-/F[+(65 (6#��:E)#L/9A'(�/H(+*-£�(³;�/.%<A'%<,.0�^]¦p�d(6,�[634£�5�34,.E)#L/H(+,���I§;�#

&4(6[6/.(+;�* |φ > �:E)#�,�[+(]/./.(�@�E),.(�,.34#L/$��34#�[ < p|φ > =:(]/$34#�E

< p|φ >=

∫

< p|x >< x|φ > dx =
1√
2π~

∫

e−i
px
~ φ(x) dx = φ̃(p)

£¢34#L/H*HEQ#O/2NO;�(�A'(+,�[+34£¢5�34,HE)#L/.(+,
< p|φ >

,-34#L/ A¬E ¤¥34#�[]/H%'34# '?% $&�04 � @A% <��  ;  � @A- % )1 %
φ̃(p)��(2A¬E ¤¥34#�[6/.%<34#���I§34#���(

φ(x)
Y E�&)(+[ A'(�[63\( #¢[+%<(6#L/

~
(6#95�A<;�,�NO;�%�(+,-/�«-;�,-/.(!;�#�¤¨E)[6/.(+;�*���I 06[°7�(+A'A<(Q=

5:E)*�*HE)5�5 34*G/ ��A¬E���0NM:#�%'/H%'34#�£�EQ/.7�0+£�EQ/H%'NO;�(���(aA<E�/H*.E)#�,G¤¥34*.£¢0���(ª8:34;�*-%<(+*H^]¦ Lª#���% /�E);�,.,.%�NO;�(ªA<E
@:E),-( |p > (6,-/ /,$ B!$645 ;  � @A-!% )1 %>8 (6/$NO;�(

φ̃(p)
(+,G/aA<E %  "!%�� 4N �A'($ '*)1@A�� >� )U<="0-!/U4?)1@A� ¦



�	���A������� � � � � 	�� ��� � � ��� � 
 ��� X �

��E¢*-(+A¬EV/H%<3)#���(�8:34;�*.%'(+*�%'#L&4(+*-,.(¢Z

φ(x) =
1√
2π~

∫

ei
px
~ φ̃(p) dp

,5I§0+[6*.% /�(6#�#�3)/°EQ/.%<34# ��( ��%<*HEQ[ Z

< x|φ >=

∫

< x|p >< p|φ > dp

(6/$£¢34#L/H*-(?��34#�[�NO;�(�A I§34#�E A¬E *.(6A¬EQ/.%<34#���(�¤¥(6*.£¢(6/.;�*.(��:E)#�,$A<E @:E),-(2��I§%<£¢5�;�A',.%'34#9Z

Î =

∫ +∞

−∞
|p >< p| dp Y �)¦ ��¡4^

�  ><=$&% 2�-  >4 E
G ��EQ#�,�A'(�[°7�3)% � C = 1/

√
2π~

��(�A¬E�[634#�,G/°E)#L/H(�[+% U���(6,.,.;�,+=t[6(6/-/H(F*-(+A<EQ/H%'34# ��(�¤¥(+*-£�(]/H;�*-(
E);�*HE)% /p(+;�;�#�¤¨E)[6/.(+;�*�,.;�5�5�A<06£�(6#L/°E)%'*.()¦

�@>�G
> 	D> ( � "!" /,)U+P$ '*),@A�!4 ;  #/1$ %* >/1$ '*)1@3��;! �  % <  '(-!%* 
��I§;�#�(�5:E)*-/

< φ|φ >=

∫

< φ|x >< x|φ > dx =

∫

|φ(x)|2 dx
��I E);�/H*-(�5:E)*-/�Z

< φ|φ >=

∫

< φ|p >< p|φ > dp =

∫ ∣
∣
∣φ̃(p)

∣
∣
∣

2

dp

��34#�[
< φ|φ >=

∫
∣
∣
∣φ̃(p)

∣
∣
∣

2

dp =
∫
|φ(x)|2 dx NM;�%d(+,-/$A<E %* >/1$ '*)1@3� ;  � $&% +P �&$6/ ¦

Lª#FE
< p|p̂|φ >= p < p|φ >

��34#�[¢Z
(

p̂φ̃
)

(p) = p φ̃(p)

E)%'#�,.%$A I§345�0+*HEV/H(+;�*
p̂
E)�4%'/¢[634£�£¢(�;�#�(9��06*.% &)EV/H%<3)# �:E)#�,�A¬E @:E),-(9��(F5�34,-%'/H%'34# Y &434%'*���0NM:#�% /H%'34#

Y �)¦¯¡L^-^]=�(]/$[+34£¢£�(a;�#�(�£ ;�A'/.%<5�A'%<[+EQ/H%'34#´�:E)#�,�A¬E @:EQ,.(���I§%<£¢5�;�A<,-%<34# ¦
� �  % +.),+P �[Z\ -�6"��#�6��
3���W
����U
�/�����	��G��
,�< c%'�
	("��*)+�
	 $T���
	U$#�2$-� �! 5�������K$T���
	U$#� `W -�?����)+��	 ��	 
����
�U
�/�����	��b -�*)+�
	 )>1��U�#� ��)+�
	9P

ψ̃x0,p0,σ(p) =< p|x0, p0, σ >
;
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� �  % +.),+P E £¢34#L/H*.(6*pNO;�(�A I§34#�5 (6;�/$0+[+*-%<*-(

p̂ =

∫

p|p >< p|dp

� �  % +.),+P OJ[+*-%<*-(�AUI 06NM;�EQ/H%'34# �JI 0]&434A';�/H%'34# ��( �\[°7�*  \��%'#��4(6*�(6# *.(65�*.06,.(6#O/HEQ/H%'34#
��I§%<£¢5�;�A',.%'34#�=
5�34;�*pA¬E ¤¥34#�[6/H%'34#

φ̃(p, t)
¦

+<)���)�� ��9$=
7$0�2 = 4I=@C2G 3A9 �D2 ; 0 =
562
Ĥ

� �<;A8 = 4D=�8 �_0 ; 0 8 8j0 ; 0:9;3<.8.I;<9;2�=�8
�QI ( ��5�*.(+,-,.%'34#�(]��E)[]/H(���(�AUI 3)5 06*HEQ/.(+;�*

Ĥ = p̂2

2m
+V (x̂)

��0+5�(+#�����;�5�3)/H(6#L/H%<(6A
V (x)

[+3)#�,.%'��0+*-0)¦
�\;�5�5�34,-34#�,ªNO;�I§;�#�( 3)#���( |φE >∈ H Y #�3)#F#O;�A<A'(�^�&406*.%�M�(!A I§0+NO;:EV/H%<3)#9E)5�5�(+A'0+( �>2�-!$ '*),@A� ;! 

��+�� %'I ;0),�
�A % 4N'($ '*)1@A�0� $6)1%* Z

Ĥ|φE >= E |φE >
Y �4¦¯R)SL^

��E�&QE)A<(6;�*�5�*.3)5�*.(
E ∈ R

(+,G/ E)5�5 (6A<0+( �>�! %��A), ;  |φE >
Y [�E)*

E
E�A<E���%'£�(6#�,.%'34#³��I§;�#�(

0+#�(+*.�)%<(�^ ¦
��E);�¤��:E)#�,?��(+,?[+E),?5:E)*G/H%<[6;�A<%'(+*-, Y ��;�,�����(+,?,GK\£¢06/.*.%'(+,°^ =�%<A�(+,G/�%<£¢5 34,-,.%'@�A<(���( /H*-34;�&)(+*�E)#:EVU

A'KO/.%<NO;�(+£¢(+#L/$A I§(]�\5�*-(+,-,.%<3)#F��(6,�¤¥34#�[]/H%'34#�,�5�*.3)5�*.(6,
φE(x)

¦JLª#���34% /�;\/H%<A'%<,-(+*p��(6,�£¢06/.7�3\��(+,$��I¯EQ5\U
5�*-3��\%'£�EQ/.%<34#���0+[6*.%'/.(+,��:E)#�,$A'(?[°7:E)5�% /H*-( � ¦
�t(+,$[�E),�5:EQ*-/H%'[+;�A'%<(6*., � ;�#�(���%'£�(6#�,.%'34# ,.34#L/$5:E)*p( �\(+£¢5�A<(´Z
G V (x) = 0

Z:5�3)/H(6#L/H%<(6A�#O;�A =:[Q¦¯E\¦ ��¦:5�E),���(?¤¥34*.[6(?(]�M/H06*.%<(6;�*.(Q=P��34#�[ "!$&%('*)U+.-!/1 /,)]B!%* ¦
G V (x) = 1

2
kx2 Z "Q@ '? �A'*), >/Q2�- $6; %*$ '*),2�-! =M[)¦ E�¦§��¦\¤¥34*-[+( F (x) = −dV/dx = −kx A<%'#�0�E)%'*.(Y ��%'/.(�H $&% <=@A�!)U2�-  ^]¦

G IJA<;�,t�406#�0+*.E)A<(6£�(6#O/ V (x) = ax2 + bx+ c
5�E)*t£¢34*.[6(�E);M� ¦\�d(a[+E),t��(a5 3)/.(+#L/H%'(+A',�[634#�,-/HE)#L/H,

5:EQ*p£�34*-[+(+E);\��(6,-/�/H* �+,�06/.;���%<0�(6#�A'%<[+(6#�[+(Q¦

�@>�G
> �
>,� DN�3'( %*"0%��.'($ '*)1@A� " ��� 45)U2�-  FE @A�!;! #4N'($ '*)1@A�0� $6)1%* 
�aA'34*.,�E);�[+3);�*.,���;�/H(6£�5�,6=:A I§34#���( |φ(t) >

0]&434A';�(�[+34£¢£�( Z

d|φ(t) >

dt
=

(

−iĤ
~

)

|φ(t) >= −iE
~
|φ(t) >

��34#L/$A¬E ,-34A<;\/H%<3)# (+,-/$( ��5�A<%<[6%'/.(+£¢(+#L/�Z

|φ(t) >= exp

(

−iEt
~

)

|φ(0) >
Y �4¦ R �v^

[ I§(+,G/ � ��%'*.(
φ(x, t) = exp

(

−iEt
~

)

φ(x, 0).
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 ��� XO²

�a;\/H*.(6£�(6#L/?��%'/+=PA I§(+#L&4(6A<345�5�( ��(2A I§34#���(2#�( [°7:EQ#��4( 5:EQ, Y % ¦ ( |φ(x, t)| (6,-/?[634#�,-/HE)#L/�E);9[634;�*-,ª��;/H(6£�5�,°^]=L,-(+;�A'(p,HE�5�7:E),-(�[+34£¢5�A<( �\($[°7�E)#��4( �ª&M%'/H(6,.,-($[634#�,G/°E)#L/H( Y ��0+5�(+#��:EQ#O/���(
E
^ ¦ Lª#´��%'/ E)A'34*.,

NO;�( |φ(t) >
(6,-/$;�#�( @A�0;  4N'?$ '*)1@3�!� $6),%* 34; -0� �.'($ ' 4 '($ '*)1@A�0� $6)1%  ¦:��(+£�E)*-NM;�(+,�Z
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Vk(x) = 1√
L
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ik 2πx
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< x|p̂|Vk >= −i~dVk
dx
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individuels

(Doubles fentes de Young)

Série de détecteurs

(A) Avant la détection:
Propagation de l’onde quantique d’un atome, 
décrite par l’équation de Schrodinger.
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(B) après la détection:

La particule est ensuite localisée en x. 
Un détecteur apercoit la particule à la position x (Hasard total !)

Détection de la particule en x
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� Â I ,/G
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〈x̂〉 =

∫
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∫
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〈p̂〉 =

∫

pP (p)dp =

∫

p
∣
∣
∣ψ̃x0,p0,σ(p)

∣
∣
∣

2

dp = p0

∆x = 1√
2
σ

∆p = 1√
2
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~

σ

)
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~
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∣
∣
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Ĥ = p̂2

2m
+ V (x̂) 9

d 〈x̂〉
dt

=
1

m
〈p̂〉

d 〈p̂〉
dt

= −
〈
dV

dx
(x̂)

〉
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! ,/L7(a&��+�2,/(,�
�2(`= I P2G�, @ �ED7G�( q̂ � @ p̂ ^�=!L	,
[q̂, p̂] = i~ Î � !�� � ���
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�2&9&�� e � �����32 � ?��>=!L * �W� � .�0 �
 � =!D�G I &+D7(@�
� I G�P��2?9(�?+=/L7(A(�D�GR&-, @ $7P2=!G�?��*�C, @ $7P��C, @ ? � D
� ���2(H= I P2G�, @ �2D�G�(A&9?+L7P2,/?+G��2( L�=!L�;=/G�L7PE( e * �W� � .�0&�%$�, I ? @ G�� � � � �%� � D7G`&-, @ $7P2=!G�?��+�
�E(,�7?+( @ G�?
�7D @ ?+=!L7( e *1� �%$ ��� 0 ^�=!D * � � � V 03�


��54 ���6)*)*�$#7%8���9� ���$�:�<;=�,)>#<��#7�$�

t�u byi |(z_|Sb s V
^8�=b s �

< x0, p0, σ|x0, p0, σ >=
1

(πσ2)1/2

∫

dx exp
(
− (x− x0)

2 /σ2
)

=
1

(π)1/2

∫

dX exp
(
−X2

)
= 1

� �j�2( @ D7L
�H?9L @ P��!G�,/&�� < ,/D�(�(�?
�2L7L���^7T!=/?+G6� � � � � �#! � �



����� � ��	¤	�	�������� 	�� � �¦����� �¦	 � � �~� � � V
t�u byi |(z_|Sb : V
^8�=b���� � P2G�?�%�=/L7('&+, G��E&-, @ ?+=!L

< x|x̂|φ >= x < x|φ >
� mAL , �2L � &E� @

〈x|
∫
x′ |x′ >< x′|dx′ |φ〉 =

∫
x′ δ(x′ − x)〈x′|φ〉 = x 〈x|φ〉 �� ���\,�G � D
� e D7L�� @ �2&9&���P��2G�? @ D�G���L��j�2( @ I ,/( �2=/G�G���� @ � �C, @ $7P��C, @ ? � D
�����2L @ �2,/G |x〉 /∈ H � � �F=!D @ ?+&�C, @ $7P��\, @ ? � D
�l, I7I G�= I G�?9P\�E( @ &�� @ $7PE=!GKU����	( I ��� @ G�,/&��m� � �V?��7P��\�E( @ ���F?9L @ G�= �7D7?9G��l&�� I G�=:����� @ �ED7G

P̂x = ”
∫ x

−∞ |x〉〈x|dx” � @ ���VP��EG�?+G��+�
�+_O,�¡2=/L P � D�?9T�,/&��EL @ � x̂ =
∫ +∞
−∞ x dPx

�
t�u byi |(z_|Sb���V
^8�=b�� 8 =/L ,

ψ̃x0,p0,σ(p) =< p|x0, p0, σ >=

∫

dx < p|x >< x|x0, p0, σ >

=
1√
2π~

1

(πσ2)1/4

∫

dx exp

(

i
(p0 − p) x

~

)

exp

(

−(x− x0)
2

2σ2

)

=

√
σ

~
√
π

exp
(

i
x0p0

~

)

exp
(

−ix0p

~

)

exp

(

−(p− p0)
2

2(~/σ)2

)

� !�� V ���

=�% &��F?9L @ P��!G�,/&�� < ,/D7(�(�?��EL7L
�Z(��#�[,�&��2D�&�� I ,/GX&+, _M=!G��UD7&
� � � � � � � � ���C,/G � D
�EGX&-,	(�?
�C?9&-,/G�? @ P)�
�&��j�k` I G��2(�(�?+=/LQ=�� @ �EL�D
� I =/D7G ψ̃x0,p0,σ(p)
, T����	���2&+&
�)�
�

ψx0,p0,σ(x)
^E�>?+(�� I ,/G @ _O,�� @ �2D7G@�
� I $�,�(���2=/L7( @ ,/L @ �

t�u byi |(z_|Sb 5 V
^8�=b r �
!�� � ,/G @ ,/L @ �
� 〈A〉 (t) = 〈ψ(t)|Â(t)|ψ(t)〉 = 〈ψ|Û(−t)Â(t)Û(t)|ψ〉 ,[T���� Û(t) = exp

(

−iĤt/~
) �

mAL��7P2G�?9T�� �EL
t = 0 e d〈A〉(t)

dt
= 〈ψ| iĤ

~
Â− Â iĤ

~

	 dÂ
dt
|ψ〉 �7=!L7L�,�L @ &
�RG�P2(�D7& @ , @ (�=/D
$�,/? @ P��

� � � =!D7G Â = Ĥ
(�D I7I =/(�P'?9L
�7P I �EL
��,/L @ �7D @ ��� I (�^1���E&-, �7=!L7L�� d〈H〉

dt
= 0 � D7?,�>=!L @ G��	&+,�E=!L7(��EG�T�, @ ?+=!L��
�H&��VP2L��2G��/?��+�>= f��2L7L��X,/D��E=!D7G�(,�7D @ ��� I (��

V ��mAL ,
d 〈x̂〉 /dt = 1

i~

〈[

x̂, Ĥ
]〉

= 1
i~2m

〈[x̂, p̂2]〉 = 1
m
〈p̂〉 =�% &+,\�
�EG�L7? U2G��ZP���,�&+? @ PCD @ ?+&9?+(��

D7L�� G��2&-, @ ?+=/L �
� &+, I ,���� � � � � ! �\������� d 〈p̂〉 /dt = 1
i~

〈[

p̂, Ĥ
]〉

= 1
i~
〈[p̂, V (x̂)]〉 =

−
〈
dV
dx

(x̂)
〉 �

t�u byi |(z_|Sb p�� V
^8�=b r$p I =!D�G |φ >∈ H ^/=!L_,
< x| [q̂, p̂] |φ >=< x|q̂p̂− p̂q̂|φ >= x

(
−i~dφ

dx

)
−

(

−i~d(xφ)
dx

)

= i~φ(x) = i~ < x|Î|φ >
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� � � ����
������������ ����� � ��������� ��� � � ����� � � �
� �� � � ����! � "$#�#�%

& ,/L7( ��� @�@ ���
�2DO`�? U���� I ,/G @ ?�� @ =!D:��=!D�G�(+�2=/L7(�,��EG�P����Z&+,#�
�2(��2G�? I @ ?+=!L����VD7L
� I ,�G @ ?
�2D7&
�U?+(�=!&+P���^� D7L
���7?����2L�(�?+=/L � � @ (�,/L7(�( I ?9L � ^ =/L �7P T��E&+= I7I �>&��F,/( I ��� @ ,/&��!P��7G�? � D
��^P� @ =!L �>=!L @ G��	�2L I ,/G @ ? l�2D�&+?��EG &��FD @ ?+&9? @ P+���U&-, @ $7PE=!G�?
�*�
�2(@�!G�=!D I �E( � @ G�,[T��2G�(R&-,\G�P2(�=!&+D @ ?+=!L\�7DQ( I ��� @ G��	�
�U&���mA(��E?+&+&+, @ �ED7G$�,/G��C=/L7? � D
�m�

' ��
 ( � %8�,)*)�),+,%.-6%8���9� ���$� �/)0+,)*-6%8�$' )>�
x̂, p̂, Ĥ

#7�21 1 �43/+$��+,)5-76
%8�$' )>�

2.0�/10S/
Ĥ 8 H�L:9P7
N 9SN � F 7
;1L �O9<;hFO? �1L �:=8; L � 9<N FON&T Q��

s©q_p=q_pJq_p [¤v<;>=�x@?BADCFEHGI?�J¦vwx(�	;	KLG�C\zM;G{"}NKME�=.?B;	=.A8�>ADCFEHGI?

� �FP � D7, @ ?9=!L ���VPET/=!&+D @ ?+=!L\�
� � �%$�G6¢ �7?+L
���2G � !��'! ��� �7=!L7L
�X&-,��C= �7?PO
�[, @ ?+=!L	?+L7( @ ,/L @ ,/L7P�� d|φ >
/dt

�
�$&��VP @ , @ � D7,/L @ ? � D
�m�RQ @ ,/L @ �7=!L7L7PdD7L�P @ , @ ?+L7? @ ?-,�& |φ(0) >
�`&��V?+L7( @ ,/L @

t = 0
^ L�=!D7(e,/&+&9=!L7(fT/=!?+G

� D��V?+&P�E( @ I =!(�(�?
�7&��-� � ,[T!=/?+G`&��j�k` I G��2(�(�?+=!L �
�H&��VP @ , @ |φ(t) >
, I GNU2(`D7L
� �7D7G�P��SO�L7?
� t ���VPET/=!&+D @ ?+=/LP�

� �



��� ����� ��� ������� � � ��� � ������� � �	�	��� ��� � ����� �	��
 � ��
�
������ � ��
 ����� ��
�� 	����&� ���

$ ?B;>=.?&zdx CIx
� D I7I =!(�=!L7( � D
�U&��F= I PEG�, @ �2D7G Ĥ L
� �7P I �2L
��� I ,/(@��D @ ��� I ( � ���UL
�U(��2G�,�? @ I ,/( &
�)�2,/( (��F?9&fl,[T�,/? @ ���2(,_M=!G����2(,�7P I �2L���,/L @ ��D @ ��� I ( � �� �FP T!=!&9D @ ?9=!L ���VD7L'P @ , @ �E( @ �7=!L7L�P I ,�G e

|φ(t) >= Û(t) |φ(0) > ��� �'! �
=�% &��V= I PEG�, @ �2D7G Û(t)

^e, I7I �2&9P =.?B;>=,A8�>ADC E GI? (�D�Gi&+,���D7G�P�� t ^ =!D ;>=�xH?BADC E GI? J¦vwx(�	;	KLG©�C\zM;G{N� =!D\�EL
�2=/G�� ;>=�xH?BADC E GI?�JIE CF?BAJ{	� KMADC\zM;G{ J.A8{�� K E CFE�� =�� �E( @ }

Û(t) = exp

(

−iĤt
~

)

=
∞∑

n=0

1

n!

(

−iĤt
~

)n

�n� � � �

� &+,U(�P2G�?��H(��EG @ �
� �7P O�L7? @ ?+=!LC�_&-,UL�= @ ?9=!L����a�b` I =!L��2L @ ?
�2&+&
�+���V= I PEG�, @ �2D7G � �

�
	���
����/���������! #"%$�&('*)+& |φ(t) > ,�- � " ,/.0- " �2103 �4'5) - � "6����78&(9�:<;8 <=�7>"?�8@�&! BA d|φ(t) > /dt = dÛ
dt |φ(0) >=

(

−iĤ/~
)

Û(t)|φ(0) >=
(

−iĤ/~
)

|φ(t) > �
s©q_p=q_pJq�s � =�x@?BADCFEHGI?5� G
{
z CFAJzM?BEC�

3 x'WT{
zMC\zM;2{

bL = I PEG�, @ �2D7GH&9?+L7P2,/?+G�� Ô �E( @ G
{
z CFAJzM?RE (�?$?+& �E=!L7(��2GkT��Z&+,lL�=!G������
� @ =!D7(�&��E(�T���� @ �2D7G�(�^���j�2( @ �	�7?9G��

∀|ψ >,
(�? |ψ′ >= Ô|ψ >,,/&+=!G�(

< ψ′|ψ′ >=< ψ|ψ > .

$ ?R;>=.? z_x CIx�� E C ?RE�� AD?&¨ G.E��
D � �VP � D7?9T�,/&
�2L @ �EL �/P2=��>P @ G�?�� �2D
�E&+?
�7?��EL7L
�Y(�=!L @ &��E( @ G�,/L7(�_M=/G��C, @ ?9=!L7('=/G @ $�=��!=!L�,�&��2( � I ,�G�b`���� I &��2(`&
�2(cG�= @ , @ ?+=!L7( � � D7?��2=!L�(��2GkT��EL @ &-,U&9=!L
�!D
�ED7G�(,�
�E(cT���� @ �ED7G�(��
D �/E � ­ =!L @ G��2G � D
� Ô �E( @ D7L7? @ ,/?9G��R(�?�� @ (��ED7&������EL @ &
� I G�= �7D7? @ (��2,/&-,/?9G��	� �2G��>? @ ?��EL 〈.|.〉 �E( @�E=!L7(��EG�T/P I ,/Gc&�� ,m� @ ?9=!L �
� Ô e

∀|ψ〉, |φ〉, 〈ψ|φ〉 = 〈Ôψ|Ôφ〉
� 	 � 
���� ��FG�H) � " 1 " , & 1 -  <& 1 - � "6��� 〈ψ + φ|ψ + φ〉 = 〈ψ|ψ〉 + 〈φ|φ〉 + 2< (〈ψ|φ〉) I 78���8� - � �
〈ψ + iφ|ψ + iφ〉 = 〈ψ|ψ〉 + 〈φ|φ〉 − 2= (〈ψ|φ〉) & � 78���+:JA

〈ψ|φ〉 = < (〈ψ|φ〉) + i= (〈ψ|φ〉) =

=
1

2
(〈ψ + φ|ψ + φ〉 + (i− 1)〈ψ|ψ〉 + (i− 1)〈φ|φ〉 − i〈ψ + iφ|ψ + iφ〉)



� �'��� ��� ��� ��� � ��� ����� 	�� 
 � 
 	�� � ������������

X̂, P̂ , Ĥ

��	������ � � ��� ������������
 � �
� & �2� &�78&! #�8"��! <&�&����8 <& ,<, "6��� 78& 〈ψ|φ〉 �+& .0- " � "?� � &! #��&!�8"? '5)+& 78& , �8 <��7>)8" � , , : - 1 - "? <& , 78& 1 - . �� 
	J&
〈ϕ|ϕ〉 � FG )8� � & 1 �8 <�57>)8" � & , � :4��� , &! #����� -  103 - : � "6���H78& Ô � FG� 78�47>)8" � '5)+& 〈ψ|φ〉 & , � - ) ,<, "
:4��� , &! #��� ��

D 
aL = I P2G�, @ �ED7Gc&+?9L7P[,�?+G�� Ô �2( @ D7L�? @ ,�?+G�� (�?�� @ (��2D�&������2L @ (�? e
Ô+Ô = Id

⇔ Ô+ = Ô−1

� 	 � 
���� �
� 3 - �8 �� , 1 - 78&! #�8"��! <&��8 <���8 #"6� � � I Ô & , � )8�8" � - "? <& , " & � , &!) 1 &�	J&!� � ∀|ψ〉, |φ〉, 〈ψ|φ〉 =
〈Ôψ|Ôφ〉 = 〈ψ|Ô+Ôφ〉 I(, "G& � , &!) 1 &�	J&!� � Ô+Ô = Id ��� &!� &�� & �  <&�	�� 1 - :4&! |ψ〉, |φ〉 � -  1 & ,
��&4: � &!)8 , 7 3 )8�+&�� -�, &�� ��

D � � I G�= I ,���, @ �2D7G Û(t)
� � � �n� � � � �2( @ D7L	= I P2G�, @ �ED7G`D7L7? @ ,/?+G���^O� @ &��V=!Ll,

Û+(t) = Û−1(t) = Û(−t)

� 	 � 
���� � � � &�� & � ��� - 78���
� � � � ���! #"%$�� &!� &4' �����"��� � � '*)+& 1 &!�8 <�57>)8" � , : - 1 - "? <& &!� �  <& 78&!)"�
��&4: � &!)8 , I & , � :4��� , &! #��� - ) :4��)8 , 78& 103 �!��� 1 ) � "6��� I 	 - " , ���#� &!) �B1 &  <&4: - 1 :!) 1 &! G7>"? <&4: � &�	J&!� � A

Û+(t) = exp
(

−iĤt/~
)+

= exp
(

iĤ+t/~
)

= exp
(

iĤt/~
)

= exp
(

−iĤ(−t)/~
)

= Û(−t)

Û+(t)Û (t) = Û(−t)Û(t) = exp
(

iĤt/~
)

exp
(

−iĤt/~
)

= Id

D%$'& EH?)(+*,( E � ) & � e G�� @ G�=/D�T��EGa&��a� � � � !�� � ! � � I ,/G @ ?+G6�
� � � � � ZOZ � �
-
.,/0.,/1.#" [ E32>?B; GI=NE0J54�6y�	;	K GIC7*M;98 JIEC�:6 CFADC ��¨�GIA18 C *n¨�GIE�� J.A18	� KME�C EC� =(�

� �2(_= I P2G�, @ �2D�G�(	���VPET/=!&+D @ ?+=!L Û(t)
�7P I �2L��
�2L @ �7D I ,/G�,m�IU @ G�� �2=!L @ ?9L�D t ∈ R

� ��&+( _M=!G����2L @�7=!L���D�L\�EL7(����*�7&�� ���V= I P2G�, @ �ED7G�(`D7L7? @ ,/?9G��E(�^�T/P2G�?<O ,/L @ &��E( V I G�= I G�?+P @ P2(`(�D7?9T�,/L @ �E( e
Û(t1)Û(t2) = Û(t1 + t2) :

&+=/?E�
� �2=�� I =!(�? @ ?9=!L ��� � V �
Û(0) = Id :

P2&9P����2L @ L
�ED @ G�� ��� � � �
(

Û(t)
)−1

= Û(−t) :
?+L�T��EG�(�� �n� � � �

� =/D7G,���2&+,]=!L\��? @ � D��V?+&9(._M=!G����2L @ D7L 2>?R;	GI=NE0JIE�[;*ME ��� ��?����2L7(�?+=!L ! ���V= I P2G�, @ �2D�G�(`D7L7? @ ,/?9G��2(��� � @ �2G����=<<�/G�=!D I ��>)�2( @ &9?+P],�DO` V I G�= I G�?9P @ PE(�^�� @ &
� @ �EG����?< � ?��*�
���7?
���EL7(�?9=!L !@>UT�?
�2L @ �7D_O,/? @ � D��F?9&+(6�7P I �EL
�
�EL @ �2=/L @ ?+L�D
�����EL @ ���VD7L I ,/G�,m�IU @ G�� e t �& ,/L7(a&��+�2,/( I G�PE(��EL @ ���j�2( @ &
�+�!G�=/D I �+� �FP T!=!&9D @ ?9=!L���,/L7(`&�� @ ��� I (��A L �7? @ � D�� Û(t)
�E( @ D7L 6 KB6�� EC8 C J,GD2>?B; GI=NE � ���j�2( @ ?��E?^D7L = I PEG�, @ �2D7GHD7L�? @ ,�?+G�� � � @ � D
�

Ĥ
�E( @ &�� 296C8E6@?RA CFEHG.?�J.GF2>?B;	G.=NE � � �a�E( @ D7Lh= I P2G�, @ �ED7G ,�D @ =ml�,��:��=!?9L @ � � � �E( @ G�=!?+(,�b` I G��2(�(�?9=!L7(P � D7?jT�,/&��EL @ �2(`(�D�?9T�,/L @ �E( �>=!L @ G��2L @ &-,UG��2&-, @ ?+=/L �2L @ G���&
�2(,�
�EDO`V�



� . ����� ��� ������� � � ��� � ������� � �	�	��� ��� � ����� �	��
 � ��
�
������ � ��
 ����� ��
�� 	����&� ���

� �E&-, @ ?+=!L#�EL @ G���P2&9P����2L @ ���VD7L �!G�=!D I �k� ! �7?����2L7(�?+=!L
Û(t)

� @ (�=!L�!P2L7PEG�, @ �2D7G
Ĥ e

Û(t) = exp

(

−iĤt
~

)

�n� � ���

dÛ

dt
=

(

−iĤ
~

)

Û(t) �n� � ���

d|ψ(t) >

dt
=

(

−iĤt
~

)

|ψ(t) > : ∀|ψ〉 ��� �F. �

� ,UL7= @ ?9=!L ���-�!G�=/D I � I �ED @ I ,�G�, 	 @ G��bD7L I �2Dl,��7( @ G�,/? @ � =!DZ?9L�D @ ?9&��a?��2? ^ �\,/?9( L�=!D7(�G��2L
�E=!L @ G��blG�=/L7(1��� ,�D @ G��2( �k`O��� I &��E(1�C=!?9L7( (�?�� I &��E( �
�,�!G�=!D I �E( �7,/L7($&-,R(�D�? @ �m^�� @ ��� @�@ �aL�= @ ?9=!L>, O7L�,/&������EL @D7L
� �b` @ G6�����H?�� I =!G @ ,/L
���@�2L �CP��[,/L7? � D
� � D7,/L @ ? � D
�m�

$'& E@?)(+*,( E �����������	� �
�����
)
������������������������������� � � � �
!�� ­ =/L @ G��EG � D
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� I &-,/L R
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���EL7(�?9=!L V � � �*�/G�=!D I �)���)�C, @ G�?����E(@�E( @ L7= @ P SO(3)
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�2(,��� ' D7&��EG I =!D�Ga( I P��2?<O��2G`D7L
�HG�= @ , @ ?+=!L � �
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^g&
� �7P T��2&9= I7I �����2L @ &+?
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� � &��a�b` I =!L��2L @ ?
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� � Û(t)�2( @ e

Û(t) = Î − iĤ

~
t + o(t)

=!L��7? @ ��,/L7(,��� �2,/( � D
� Û(t)
�E( @ D7L
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X̂, P̂ , Ĥ

��	������ � � ��� ������������
 �  
-
.,/0.,/1. � � EHKMADC7*M; 8 J54 *,8 ( EH?FC7* CBG.J.E CFE�� =�����6 8IE@?72 *ME
$'& E@?)(+*,( E /C- � 9:)�����#$ �689:)��("$)Q ��B��� , ">��-���9:)�, " � |ψ〉 ∈ H )@9:6O4!��-M���+ � ��� �+9:)  �=�9:-M" ���B9:) |ψ(t)〉 =
Û (t) |ψ〉 A� � |ψ〉 �����! ��B��� EF689�EF68�T#$�

Ĥ � ��� �����;"$)  �� ���/��� �����B9:)>)F���?68�*�K��6 �?- =� �6O� � � |〈ψ(t)|ψ(0)〉| =
1, ∀t � ���(�+9:)*�?)@����6O���?��"�#$�H��)  �)@��610��B� � #$ ��()>�B� E���6 + A&%"'�)5����� ∆E = 0

A
� )  ��B��� , ">��-���9:)�, ">� E���6;��9:)>��68� )�� ����� E��:� 7 9:68�� �45��)>�(" )  ��B���(���B�����B9:)>)F���?6�� A � 9:)>��68��6 , ">� 9

|〈ψ (0) |ψ(t)〉|2 = 1 − ∆E2

~2
t2 + o(t2)

, " ����� �?)>����6 EF682��3�7��) #���� ��)>� , ">��-	�  ��B��� |ψ(t)〉 �%�+��)�����S -���45��)>�(�*!���) 0$ ,#$�L-	�  ��B�����?)>�?������- |ψ(0)〉
� ��� ��=����/-M" ���39:"$�����,�+��� EF689�EF6O�B ��� ��;9�S��+��6�=:�JS -����2)7�+��" -���45��)>� ��EF682��/-R� #�"$68 ��H�K��6K�$���3 �6O������� , ">� 9

∆t =
~

∆E

� 68��4!��6 , ">��6-, " � ∆t → ∞ ���
∆E → 0

)�A
� �����3��#$��6O)>�B2�6�� 68��-R�����B9:)5���  ���6O�?� ��"J����� 9∆t∆E = ~

������� ��EJE>��-?-�� -R� � ��)�
 ������� � * �
��� ��� � � ��� ���
� ��� � ������� ����� ��� A��L������)>���B9:)
���3E>��)F#J��)>� , " �;)@9:"J�%)�� ��=�9:)�� E��:�;�?)>��689 #�"$�?� #�� 9�E> �6N������"$6��?�3��4LE>��� ���� #$9:)@�-, " �H�������3� 6���-R�����B9:)�#�� �?)@����6O���?��"�#$� )�� ����� E��:�;#$�/-R� 7 9:6O45� � + A&%���)  ���"�#��B �� EF-M"J� !���"$� A
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ψ(x)
D7L��#_M=!L
� @ ?+=!L"���F=/L
�
��^ � @

ψλ(x) = ψ(x − λ)
&+,(��������_M=!L
� @ ?+=/L @ G�,�L7(�&+, @ P�� �
�

λ ∈ R
�2L��2( I ,����m^ �7,/L7($&-,-�7?9G���� @ ?9=!L x � �$=!?9G*O��!D7G�� � #O�'! � � A L��7P O�L7? @ &��V= I PEG�, @ �2D7G ��� @ G�,/L�(�&-, @ ?+=/L

T̂λ
� D7?�� &V��� @ D
� ��� @�@ � @ G�,/L7(S_M=!G��C, @ ?+=!L e

(

T̂λψ
)

(x) = ψ(x− λ) � #O�a �

λψ  =Tλψψ

x x−λ

	�

��� #O�'! D ) G�,/L7(�&-, @ ?+=!L � �FD7L�� _M=/L
� @ ?+=!L����V=!L
�
� �
� λ �

$ ?R;>=.?)*,6 C 6�� E C ?RE�� AD?&¨ G.E��
D%$'& EH?)(+*,( E	' � P2G�?PO��EG � D
��&��E(b= I P2G�, @ �ED7G�( T̂λ _M=!G����2L @ D7L\�!G�=!D I ���_D7L I ,�G�,��!U @ G�� λ ∈ R���V= I P2G�, @ �ED7G�(aD7L7? @ ,/?9G��2(�^ , I7I �2&9P 2>?B;	G.=NE JIE�� ;>= 6@?BADCFEHG.?*��JIE CF?BA18	� KMADC7*M; 8 J.E�� 6 CFA C��
¨�GIA18 C *n¨�GIE�� �EL x �
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D � =/&+D @ ?+=!L e ���j�2( @ �2=������ I =!D�Gb&��FP T!=!&9D @ ?9=!L @ ��� I =!G��E&+&��R=�% p̂ G���� I &+,���� Ĥ � @
T̂λ

G���� I &+,����
Ût
�$!�� �!P2L�P2G�, @ �2D�G ��� ��� �/G�=!D I �+�2( @ &��V= I PEG�, @ �2D7G`,�D @ =ml�,��:��=!?9L @ ?�� I D7&9(�?+=/L

p̂ = −i~ d

dx� �a�E( @ ����?+G�� � D
�H(�?
|ψλ >= T̂λ|ψ0 >,/&9=!G�(

d|ψλ >
dλ

=

(

− ip̂
~

)

|ψλ >
� @ ��=!L
�

T̂λ = exp

(

−i p̂λ
~

)

. � #O�'! ���
� 	 � 
����$� ψλ(x) = ψ(x − λ) I 78���+: < x| ddλ |ψλ >= (dψλ/dλ)(x) = −(dψ/dx)(x − λ) =

−(dψλ/dx)(x) =< x|−i
~
p̂|ψλ > � � &4:!"*& , � �� - "7� ��)8 � ��) � � � - � |x〉 78&��,� -�, &�� � � -  2:4��� , �4'*)+&!� � d|ψλ>

dλ =
(

− ip̂
~

)

|ψλ >� �
< G�, I $7? � D
�����EL @ ^ &+,'G��E&-, @ ?+=!L �
�#��,�(��

(dψλ/dλ)(x) = −(dψλ/dx)(x) � � D�?i�2( @ G��E( I =!LOl(�,��7&�� ���	&+,\_O,����2D7(����k` I G��E(�(�?+=!L <
p̂ = −i~ d

dx

> I =!D7G]&��F= I PEG�, @ �2D7GU?
� I D7&+(�?+=!L � �2( @ ,�(�(��<
�E&-,/?9G��A(�D7G`&-,2O��!D�G�� � #O� # � �

x

λ
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��� #O� # D � �%$7P��C, � �FD7L�� I � @ ? @ � @ G�,/L7(�&-, @ ?+=!LE^ �C=/L @ G�,/L @ &-, G��2&-, @ ?+=/L
(dψλ/dλ)(x) =

−(dψλ/dx)(x)
�EL @ G���&-,XT�,/G�?-, @ ?+=!L#����&+,*_M=!L
� @ ?+=!L � @ (�,��7P2G�?9T!P����

D ! �V?+L @ �EG I G�P @ , @ ?+=/L��
�a&��V?�� I D7&9(�?9=!L	�2=������ �/P2L7PEG�, @ �2D7GM�
�2( @ G�,�L7(�&+, @ ?9=!L7($( I , @ ?-,�&��2(1�E( @ ,�(�(��<
_M=!L���,����2L @ ,/&
��^1� @ T�,/&-,���&����2L �>P��2,/L7? � D��\�E&-,/(�(�? � D
�\�2=������\�EL �CP��[,/L�? � D
� � D�,�L @ ? � D
�m�& � I &+D7(�^g&
� �[,�&��2D�& I G�P��2P��
�2L @ ��D7( @ ?PO
�#���VD7L ���EG @ ,�?+L I =!?+L @ �
�ZT�D
�Z&��j�k` I G��2(�(�?+=/L � I G�?9=!G�?(�D7G I G��2L�,�L @ ���
�h&��F= I P2G�, @ �ED7G\?
� I D7&+(�?+=!L p̂ = −i~d/dx ?+L @ G�=O�7D�? @ � ��UE(Z&��\�7P��7D @ �
� ����%$�, I ? @ G����
$'& E@?)(+*,( E / " � 9:)>��68��6-, " �

< x|T̂λ =< x− λ| � #O�#!�! �
T̂λ|x >= |x+ λ > � #O�#!�# �
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2.0�/10�� � 7��15 Q)N =8N �"F 7
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A L I �ED @ _O,/?9G��)���*�������X,[T����_&+, @ G�,/L7(�&-, @ ?+=!L\�2LS?�� I D7&9(�?+=/LP^����j�2( @ �#�7?+G��)�2=/L7(�?
�7P2G��2GA&��F= I PklG�, @ �2D�G

B̂µ
� D7? @ G�,/L7(�&+, @ �R&+,)_M=!L
� @ ?+=/L � �F=!L��
� �2L	G�� I G�P2(��2L @ , @ ?+=/L\���V?�� I D7&9(�?9=!L e

ψ̃µ(p) = (B̂µψ̃)(p) = ψ̃(p− µ)

� =������
p = mv � �2L �CP��[,/L7? � D
� �2&+,/(�(�? � D
� � ^^&��V= I P2G�, @ �2D�G B̂µ

�2=!L�(�?+( @ �M� �%$�,/L
���EG_&-,'T�? @ �2(�(��
I ,/G D�L
���2=!L�( @ ,�L @ ��� � �E&-, (��F, I7I �2&9&��Q,/D�(�(�?RD�L (N; ; � C . � � �%$�,/L��������2L @ ?+L @ �2G�T�?
�2L @ &+=!G�(#���VD7L
(
�.A18E2>E�� EC8 C J.E ?76 -�6@?BEC8 C7*ME K���A K,* K,6@EC8:e x′ = x + vt

^��7=!L7L�,�L @
dx′/dt = dx/dt+ v

�
$'& E@?)(+*,( E ­ =/L @ G��EG � D
� B̂µ

_M=/G����2L @ D7L��!G�=!D I ��� D7L I ,/G�,m�IU @ G�� µ ∈ R
���V= I P2G�, @ �2D�G�(HD7L7? l@ ,�?+G��E(�^
� @ � D���&��F= I PEG�, @ �2D7G I =!(�? @ ?9=!L (−x̂) �2( @ &��2D�G6�!P2L7PEG�, @ �2D7G e

B̂µ = exp

(

− i(−x̂)µ

~

)

= exp

(
ix̂ µ

~

)

� #O�'! V �

d|ψµ >
dµ

=

(

−i(−x̂)

~

)

|ψµ >

� 6�� G	� 6�� G��.¨ G 4 c =.?76�� EC8 C�'���*	;9* ?�W 2	GI?BE -
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D ! �V= I P2G�, @ �2D�G (−x̂) �2( @ &�� �!PEL7P2G�, @ �ED7G.�
�E( @ G�,/L7(�&-, @ ?+=!L7( �
�E(M_M=!L
� @ ?9=!L7(� �F=!L��
�2(,�2L	?�� I D7&9(�?9=!LP�
D ! �V= I P2G�, @ �2D�G p̂ �2( @ &����!P2L�P2G�, @ �2D�G �
�2( @ G�,/L7(�&+, @ ?9=!L7( �
�2( _M=!L
� @ ?+=/L7(� �F=!L��
�2(,�2L �2( I ,������
D ! �V= I P2G�, @ �2D�G Ĥ �E( @ &�� �!P2L7PEG�, @ �2D7G �
�2( @ G�,�L7(�&+, @ ?9=!L7(��
�2(�_M=!L
� @ ?+=!L�(� �F=!L��
�2(,�2L @ ��� I (��

� � @ P2L7=!L��2P�D7L I �ED],��7( @ G�,�? @ ^!�E( @ D @ ?+&9?+(�P ��,/L7( &��2( _M=!G��XD7&-, @ ?+=!L�( <<�>=O�
�EG�L
�E( >1� @ �!PE=��>P @ G�? � D
�E(�
�E( @ $7P2=!G�?��E( I $�f�(�? � D
�E(��
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� �2L �CP��[,/L7? � D
� �2&-,�(�(�? � D
�+�
� � ,��>?+& @ =!L\&-,U(�? @ D�, @ ?+=/L �2( @ &-,*� ����� e

bL P @ , @ �2( @ D7L I =/?+L @ (x, p)

��,/L7(>&��j�2( I ,���� ��� I $�,/(��m� � ?c&�� I =!?+L @ (x(t), p(t))
PET/=!&+D�� �EL

@ ��� I (�^�?+&;(�, @ ?+(S_O,/? @ &��FP � D�, @ ?9=!L����VPET!=/&+D @ ?+=!L��
� � ,m�C?9& @ =/L e
d

dt

(
x
p

)

=

(
∂H
∂p

−∂H
∂x

)

� �j�2( @ P � D�, @ ?+=!L � D7?M�2( @ &��F,/L�,/&9=��!D
���2&+,/(�(�? � D
���
�Z&��VP � D�, @ ?+=/L"�
� � �%$7G
	 �7?+L����2G�^ I �2G���� @ �
���7?+G��� D
��&-,)_M=!L
� @ ?9=!L �
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Position x

impulsion
p

temps t

généré par p

généré par H
généré par x̂

^

^

������� #O� V D�� P���D
�>P+�
�����! �� @ ?9=!L#�
���6�!P2L7PEG" @ �2D7G#�,�
�$� @ G" /L%�#�& @ ?+=!L��i�' /L������j�$� I  ���� � �
� I $' (��� � � @@ ��� I ���
� ?-�) /?+L @ �2L' /L @ =!L �2=!L%��?���UEG��*�
�$� @ G" /L%�#�& @ ?+=!L����EL ��� I  m����^ (xλ, pλ) = (x0 + λ, p0)

^+ (�9=!G,�
dxλ/dλ = 1

^
� @
dpλ/dλ = 0

^%��=/? @
d

dλ

(
xλ
pλ

)

=

(
∂G
∂p

−∂G
∂x

)

=.-/���+�/P2L7PEG" @ �2D7G �$� @ ��� @�@ �+_10.23�6��24�& )_10!L�� @ 250!L/2�� I D%�5�,230/L G(x, p) = p
�

x

p

������� #O�76 D)8	9  A������:,0.2 9 �$�,�' (;������j�$�,<% ���� �
��<
$% (��� �$�3 (�,�#2 �>= � (x, p)
��;
���$;�� 9,? �@<' 9 ���-� ? ; ?$9  A: � = 9

G(x, p) = p
� � �B�#0.;C:8���$�D: 9  A;%�,�3 A:"250.;%�.��; x �

& �,��������<E0 = 9 �����F: 9  (;%�,�3 A:"250.;%� �$;�2��G< = �5�,250.;P^H���.� ? ; ?�9  A:�� = 9 ���#:��& _10.;
��:,230.; G(x, p) = −x �I
J
KR()(��
�%(/01;K�bJ]015	?u�O,.�#LE���:H��!�%(2$:���rHA0NM]+��/���:,.�r�
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]
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	 � � � ������� � V
' � '  � )	�6%8�$� %8������� -�)51 ������
 '������ )	�$#7%�)*� ���

Ĥ
�,% +��9��� ' %8� ���

9,?��1?$9�� ;�� ��� �  (�5� � ;>:,23; � <��������� 0� � � �,2"!(;' (� ? <%� = �$#' = :�%(25� � � : � ;&! ? ; ?$9  (�%2' )< 0.�,�#2"(%� �*)���9,? �,0 = )�9��+)����  -,�0.; ��.  -��:��0/ ?�1 =  32
:"250.; )��54 �6# 9 	 ) 25;�! �$9 < 0 = 9 = ; � <' 9 :"2'� = � �&)  (;%� = ; <E0A: � ;C:,2 � � 1 = � �"��0.; 1 = � V (x)

� ' ; 9���7  A;��6# �� � �& � � : < 0.�#�,2"(�� � < 0 = 9 = ; <E0(: � ;C:"2 � � 1 =  )%9  A:,2 1 = � V (x) = ax2 + bx + c
� &  (;%�8� � :,: � � � ��:,230.;;%0 = �  A�3�30(;%� 9,? �,0 = )%9�� � � < 9 0�(%�"9: � % � :D;�0 = �D23;C: ?�9�� �,� ��9  = =N; CFEC8 C7*MEHK<;�A ?*� ;98 *>=�GIE �

V (x) =
1

2
kx2

! �@?  - G23�5:,0.;%2 � ;5��0 9,9A� �#<E0.; )  (;C: � �#:B� � � = 2 )C� K�4 ;2��(+*LK KMADCFEHG.?EDIA ?*� ;98 *F=�GIE	'

Ĥ =
p̂2

2m
+

1

2
kx̂2 G #H�I� 6KJ

L�MNL�MPO QSRUT@V*WYXHZ\[^]`_badceTfV$XH_g[<XHhi_gj�kbZlWmRnV*[dhio�c^_p_g[qTsrut+vYhio�cd_
4 2 = ; � <' 9 :"2'� = � � � �w)%? <%�& -,$ (;C:sx = ; �w) 2' � ;%�,250.;�%'� = (%25: = ;��6#' y )< )C�f� 0 9 � �f)%?�9 2 7  A;>: ) / = ;< 0(: � ;>:,2 � � F (x) = −dV/dx % � : � � : 9 0 = 7�� < 9 9�� ) / = ; � < 0.�,2 :"250.; ) / ?:1 = 23�52"( 9A� % ) 25�,0.;�� � ; x = 0

%
 (�50 9 � F (0) = −(dV/dx)(0) = 0 z �,2 )�� <%� = �{� � :#: � <E0(�,25:,230.; ) / ?�1 = 25�32'( 9��|� �#: �#:  y(%� � %D (�30 9 �
(dF/dx)(0) = −(d2V/d2x)(0) < 0

� &  (;%��� � �  (�)� �  )0 = 7��  � ;C: )�� �& <' 9 :"2'� = � � 9A� �#: �  =
7 0(23�,25;' -! �E)�� � � :,: � < 0.�#25:"250.; ) / ?�1 = 23�52"( 9A� % � : 0(; < � = :  (<%< 9 0 . 2" �$9 �& � 0.;C��:"250.; <E0(: � ;C:"2 � �5� � <' 9�,0(; )%?�7�� �30.<%< �  � ;C: �32' )2 : ?^� ; x ' 0 �

V (x) = V (0) + x
dV

dx
(0) +

1

2
x2d

2V

dx2
(0) + o(x2) G #H�I�~}�J

=
1

2
kx2 + o(x2) G #H�I���SJ

� ; < 0.�" (;C: �
k =

d2V

dx2
(0)

� : V (0) = 0 G <' 9 �6#%0(2 .�)C� �F/ ? �6# � �5� �
) / ? ; �$9 !(2 � J��
��0.2 9 O�! = 9�� #H��}H�
A 9 � � :,: � �,25: =  A:,230.; � �#: : 9 9��s�$0 = 9  (;C: � %��$ 9 x�<�(' (�,� � >@: �  )< ?$9  A: = 9A� % � � � <' 9 :"2'� = � � � 0(;>: : � ;Y2

)  (;C� � x)� �  � :,: 9�� < 9 9$� )C� � � = 9 < 0.�,2 :"230(; ) / ?:1 = 23�32'( 9�� � :  -(�� �81 = 2 � �#: �& �<E0(�,25:,230.; )C� <%� = �B(' (�,� �
? ; �$9 !(2 � �
���A�~�P�N���"���������A�F�N� L ���s�i�:� O � R�� �P�y�i� R�� �f���@���0� �HL �@�~� OB� �N��� O ��� �F� ��� O R�� ��� �F�SR�� � O �~��� O �"� � O L ���P�@��� L~� � O �:�
� LPL �A�����:�F� �HL ���~���@�A��� �¢¡�� �!O �P��£-�P�0�3�6� O>�¤� �+�:�F� �HL ������¥ � �¦���¦� ��§ �P� O>� ���+¨~��©ª� § �A�A��� �SR�� ���i�«� OTO>�SR�� �����¦���0� �HL �
��� O\� �0��� O ��� �F� ��� O �~��� O �"� � OQL �:�i�d��� L3� � O �B� O¬��� ���:�F� �HL �^���s¥ � �^�P� §�§\��� � �0� ­ �~�d� ��§ �P� OF� ���5®~�C¥Y� � �F� �!OF��¯P§ �L ���0� §u¯P� �0��� LHL ���N� �SOTO ��� � �P� § ���P��� �!R�� � R�� ��� �0�!R�� �°� O>�g� �~� L~� � O �$����� � ���^���P�0�N�*�"� ��§+L �:� � ���3�P�°�~��� O ��� O �A� �F� ���OF�~� �6��� � ���
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k x1_ 2

x

V(x)
2

0

approximation
harmonique

������� #H��} D�� <%< 9 0 . 2" ) A:,230.;�#' 9  G0.;%2 1 = � < 9 9$� )�� �3 <E0.�#25:,230.; ) / ?�1 = 25�32'( 9�� � :  -(%� � �

� 0 = 9 � � � 9  (23�#0.;%��% K 4 A =.=,?B; & * � ADC7*M; 8�DIA ?*� ;98 *>=�GIE�E�� C CF?���� G�C7*LKME����IE C - ;98,JIA � EC8 CFA K EEC8 =°D�� ��*>=�G.E �
! � � ?�1 =  A:,230.;%� )C�  G0 = 7-�  � ;C:B�$�3 (�,�#2 1 = � �,0.;C:

dx/dt =
∂H

∂p
=

p

m
, dp/dt = −∂H

∂x
= −kx.

� �3� � �+�#0.;C:D�323; ?  (2 9�� � � ; � � � 7  9 23 -(%� � � (x, p)
%C�  9 � � �5� � �+��2 ;�/N (<%<' 9  (25�,� � ;C: 1 = �  = )C� ! 9#? ��� � 0 = 9� � :,: � 9  (23�#0.;�%%0(; <' 9 � �  = �,�#2 )�� �0/ A =,=.?B; & * � ADC * ;98 K *,8 6@A1*M?BE ) =  G0 = 7-�  � ;C:��

G � � = �d! ? ; ?$9  (� �  � ;>:�%E� � � ?�1 =  A:,230.;�� )��  G0 = 7-�  � ;C:��#0.;C:��523; ?  (2 9A� �D�30 9 � 1 = � � �@?  - G23� :"0.;%2 � ;
� � : 1 =  )%9  P:"2 1 = � � ; (x, p)

J��
!  9#? �#0.� = :,230.; )C� � � � ?�1 =  P:"230(;%�  )0.;C: 9��
1 = � �& <' 9 :"2'� = � �  = ;  )0 = 7��  � ;C: ) /70.�A�$23�5�& A:,230.;5x�& �19#?�1 = � ;�� �

ω =

√

k

m
23; )%? < � ; )  (;C: �5)C� �0/ ? ; �$9 !(2 � � � : 1 = � x(t) = x(0) sin (ωt+ ϕ0) � �#: < = 9��  � ;C: �,25; = �,0�� )  (� � � ! �: ��9  � <i#' 9  G0.;%2 1 = � > 7 2 � ;C: )�� � � :#: � < 9 0.< 9 2 ? : ? �

�  A<%< � �30.;�� ;%0 = �/ = �,�#2 1 = � � � ��: 9  �� � ��:"0.2 9�� � x(t), p(t) )  (;%� �F/ � �,<' -� ��)�� <�#% (� � �#0.;C: )�� �
� �5�325<%� � � G 7 0(2 9 Om! = 9�� ��� � J��
� E�� A ?3=�GIE ' <E0 = 9 = ; < 9 0�(%�'9� � x/<�� = �#2 � = 9 � ) 2" � ;��,230(;%��0 = <%� = �#2 � = 9 � )�� ! 9,? � )�� �52"( �$9 : ? %� � �& � � : � ;���0 9�� 7  (�& -(�� � �

�  9E��.C�  )<�� � % � � � ?:1 =  A:"250.;%� )�� �  .��<� �5���,0.;C:��523; ?  (2 9A� � <' 9 9  (<%< 0 9 :� = . �6#' - G<%� ~E, ~B
�

� 25;%�,2��& )�� ;% - )2 1 = ��) = �6#' y )< )�� �  .��u� �3� � �#:*#' 9  G0.;%2 1 = � % � : �0/N (;' A� � � �<)�� � � :,: � � � ��:"250.; � ��9  
) 2 9�� ��: �  � ;>:+ (<%<%�52"�$ -(%� � < 0 = 9 �$0� G< 9A� ; )%9A� �& B;' A: = 9��^1 =  (;C:"2 1 = �s) = �6#' y )< ? � � ��: 9 0� ) -!.; ? :"2 1 = �
� : � � �$0.;�� � <�: )�� =�D.; CF;98 G ? :  P:"�D�#:" A:"250.;%;' (2 9�� � 1 =  (;C:"2 1 = � � )�� � 0.����23�5�& A:,230.;%� ) = �6#' - G<%�6J��� 0� � �  = : 9A�&��.H�  G<%� � %��$2 :"0.;���� � ��0.; )�� � )C�w7 2'( 9  P:"230(; ) / = ; �,0.�52 )�� � � 0 = 9 � � � �  (2"(%� � �  - E2<%�525: = )�� �:% 0.; < � = : = :,23�523� ��9 �F/! (<�< 9 0 . 2" ) A:"250.; #% 9  G0.;%2 1 = � �$0� � ��)%? � 9 2 : � 2"��20% � :/� � � < � :"2 : � �
7 2"( 9  A:"250.;%� ) = �,0.�52 )�� �,0(;>:  (�50 9 � )%? � 9 2 : � <' 9 = ; ?  - G23�5:,0.;%2 � ; 1 = 2 � � :��& �#0�  � ) /70.����23�3�3 A: � = 9 �
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Ĥ
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	 � � � ������� � }

#' 9  )0(;%2 1 = � 25; )%? < � ; )  (;C:"�:� ! � � =°DI;98.;98	� �#0.;C:/� � � ? :  P:"� �#:" A:"250.;%;' A2 9�� � 1 =  (;C:"2 1 = � � )�� � � �0.�A�$23�5�& A:,230.;����

L�MNL�M0L ��� vYV\jic XChiV*[ Z\j 8 ��� WChio�cd_pa^c vKT@_g]¤XYW�_
� 0 = 9�9,? �,0 = )�9�� � � �,< � ��: 9��f)�� �0/70.�A�$23�5�& A: � = 9B?  9  G0.;%2 1 = � ;%0 = �� (�3�50.;%� � �#�" ����9 )��  � :,: 9��@� ;

?:7 2 )�� ;�� �5)  A;%�f� � �$ (� �#2" G<%� � % = ; � )%?  ) 9 �6# � ! ? ; ?$9  (� �E1 = 2 � �#:f(%2 � ;  )  (<�: ?:�  = . < 9 0-(%�"9: � �< 0.�,� ?�)  (;C: = ; � � �  ? : 9 2 �{) � ;' - G2 1 = � � G � � :,: �  �� �{)%?  ) 9 �6# � � �$9  = :"25�325� ?�� <%� = ���30.25; <E0 = 9�0/ ? : = )��{) = ! 9 0 = < �{)��/9 0(:  A:,230.;`% � :G�:/ = :,23�523� �5� ; ! ? ; ?�9  (��< 0 = 9 :,0 = ��� � ��! 9 0 = < � � )�� � �  ? : 9 2 ��$0(;>:,23; = �:�«J

-
. - . -
.,/ � D.A 8 2>E�� EC8 C J.E * A ?)*MA�(*KME
A ; �,2' )<��32PO � :"0 = : ) /N -( 0 9�) �0/ ��. < 9A� �,�#230.; )�� Ĥ � ; 23;C: 9 0 ) = 23�, (;C: )�� �@�$0 0 9�) 0(;%; ?�� � (Q̂, P̂

)

�" A;%� ) 2" � ;%�#230.; �

Q̂ =
(mω

~

)1/2

q̂ G #Y�'� � J

P̂ =

(
1

m~ω

)1/2

p̂ G #Y�'����J

) 0.;�;' (;C: �
Ĥ =

1

2
~ω
(

P̂ 2 + Q̂2
)

G 0(;  G (25;%�,2 �  y��:"0 9 23� ? �& � � = � � ��0.;%� :  (;C: �  �  (;C: = ; � ) 2' � ;%�,250.; ) / ? ; ��9 !.2 �&� ~ω
J��

A ; 0�(�:"2 � ;C:D<E0 = 9 � � �D;%0 = 7�� �3� � � 7  9 2& y(%� � � �
[

Q̂, P̂
]

=
1

~
[q̂, p̂] = i Î G #H�I��	SJ

� ; = :"25�323�, (;C: �:1 � G � � #-J�% ) 0.;�;' (;C: [Q̂, F (P̂ )
]

= idF (P̂ )

dP̂

% [
F (Q̂), P̂

]

= idF (Q̂)

dQ̂

% 0 = ) 2 9A� ��: �  � ;C:�%0.; 9��  � 9�1 = � 1 = �
[

Ĥ, Q̂
]

= −i~ωP̂ G #H� #�
SJ
[

Ĥ, P̂
]

= i~ωQ̂

! � < 9 0�(%�'9� � �  A25: ) 0.;C� 25;>: �$9P7�� ;�2 9 � � = � �  � ;>: 1 =  A: 9�� 0.< ?�9  A: � = 9 �+ = :"0C ) �#0.23;C:"� � Ĥ, Q̂, P̂ , Î �
� 0 = � 7�� ;%0.;%� )��  G0.;C: 9A�$9 = ; � < 9 0(< 9 2 ? : ? 9��  ) 9A1 =  -(%� �d1 = 2 � � : 1 = � � � �u�$0� � = :" A: � = 9 � )C�
)�� = .
1 = � �'�$0.; 1 = � � )�� � � � 0.< ?$9  A: � = 9 � � �#: = ; � �$0� w(�23;' (25�,0.; �325; ?  A2 9��
)C� � � � 0.< ?$9  A: � = 9 �:� A ; ) 25: 1 = ��0/ � �#<' -� �^7�� ��:,0 9 2 � � � ;�! � ; )%9#? <' 9 � � � 0(< ?�9  A: � = 9 � � � : � :  -(�� � 7 25�ux 7 23� )�� �F/N0(< ?�9  A:,230.; )�� �$0� � = 2:  P:"230(;��

!l/ A KB2 � (,?BE�JIE�
;*ME JIE�K�4 ;2��(+*LK KMADCFEHG.?s;�A ?*� ;98 *F=�GIE � ;�0(: ? O � �#: �0/ � �#<' -� � 7-� ��:"0 9 2 � � � ;�! � ;H2
)%9#? <' 9 � � � 1 =  A: 9A� 0.< ?$9  A: � = 9 �:% �y/ � �#:8x ) 2 9�� <' 9 :"0 = : � � � � �^�$0� f(%23;' A23�,0(;%� �523; ?  (2 9A� �D< 0.�,�#2"(%� � ���
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� / � �#: = ; � �#<' -� �E7-� ��:"0 9 2 � � )C��) 2" � ;%�#230.;*6C% 1 = 2 � � :@� :  -(�� � <' 9 �F/N0(< ?�9  A:,230.; )C� �$0� � = :" A:"250.;��
G 2F� � � = ; ? � ?  � ;C: 1 = � �'�$0.; 1 = � Â ∈ O ��/ ? � 9 2 : Â = αQ̂+ βP̂ + γĤ + δÎ

%� 7�� � α, β, γ, δ ∈ R z � :�,2
Â, B̂ ∈ O  (�50 9 � 1

i

[

Â, B̂
]

∈ O J��
� 0 = � 7-�$9,9 0.;%�B�$2 2 )�� �,�,0 = �D<' -! � 	��C% 1 = � � � � 0.< ?�9  A: � = 9 �D�,0.;C: � � �B! ? ; ?�9  A: � = 9 � ) = ! 9 0 = < �
)��

!42 �
)�� � )%? <%�3 -� �  � ;C:"� )  (;%�D�0/ � �#<' -� �8)C� <C#' (� � G 9 0(:" A:"250.;��$0� G< 9 23� � J����

-
. - . -
. - � = 6@?BADCFEHGI?5� JIE ( ?76@ADC7*M; 8 E@C J54 A18 8 *>D * K A C7* ;98
� 0 = �� (�3�50.;%� 7 0.2 9f1 = /723� � �#: < 9,?:�1?�9  -(�� ��)�� ��0.;%�#2 )%?�9��$9f) /! = : 9A� � 0.< ?$9  A: � = 9 �  A<%<' 9 : � ;% (;C:Ex�0/N (�'!�9�( 9A�s)�� �0/70.�A�$23�5�& A: � = 9u?  9  )0(;%2 1 = �w�

�����	��

���������������������������! �"��#

$��&%'��( � O¬�°� �
�P� O � § £~���\�S� � L �P�N� � � � � O*)�+-,/.�01)32/45.7698:,<;*­ ��� § ��� �¦� �
� OQL �:�i�P�
����� � ��� � �A�	=?>?@5A����l� ��§ �A� O>� ���CB3� � n � �	O¬� ��£~��� L ���g�"� � L �A�0� �F� ���s���l�i� §u§<��� � �F� ���K�©ª���~� � ��� � A � �~� � �A�����^����� ¯ £~�0�B���d� ��§ �A� O>� ��� n �C�P�P�«� OF� �:� � By��� R:� � � � �5D �!O>� �d��� O � L �P�N� � � � � O�)7+-,E.701)F2/45.7698:,<;
Â1, Â2, . . . , Ân

� �3�~� L �P�3�~��� �TO � ­ �:� § ��� �u� �~�^£3� O �^��� A ��� ��R:� � � � ��� �P��� § �P� � Â ∈ A
O � �A�P� � ���:�H�P� §�§ � � �~�

�i� § £ � �3� �!O ���^� � �~�A� � �0�HG��i���JI � � �P� � O �F�A�P� OLK

Â =

n∑

i=1

aiÂi ∈ A, ai ∈ R

� ��� � ­ � ��� � �POTO>�CR�� � ∀ Â, B̂ ∈ A �����:� O 1

i

[

Â, B̂
]

= 1

i

(

ÂB̂ − B̂Â
)

∈ A �M �&NO
-��PQ%	��(�R
S ¥ª� ����� ¯ £3�F� � O¬� �P���0�:� � �P� �!O �P� L ��� O ��� ��§ �P� O>� ��� n � � L ���d��� O �P� §�§\��� � � � � � O �~� O �P��� § �P� �TO ���@£3� O � Âi
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SUT � � D������ ¯ £~�0� O �~� ¥ � � A � � A′
O �:� � � � � � OB�!O � § ��� L~� � OWV � � �:�	X>� R��~� �6�����P� � � O/Y1Z O>��� �¦�5D �!O>� � � �3� £ � [ �A� �0� �:�

ϕ : A → A′
V R��~�>L �P� § � � �S� � ���P� �F� B3�A� A � � A′

Z � �A����� R�� � K
\ � ϕ O � ����� �~�*� LHL � � �P� �F� ���d� � �~�A� � �0� V � � �:� L �0� O �P�0���°��� O �i� § £ � �3� �SO ��� O � � �~��� � �F� O?Z

®�� ϕ L �0� O �P�0���°��� O �i� §u§<��� � � � � � O]K 1

i

[
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Â
)

, ϕ
(

B̂
)]

= ϕ
(

Ĉ
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1 ��}!� � � 1 � � �

� �f � )#$ ~ � ��� �#� }.�0�- �*)�� � } ( (&�!� �*) }!� � �#�f� ( � � �e})~ )��<) � }- }!� ��% & } ( �/� �0& } ( � � ����~ � � � � � ~O~�}!� �}!�/�E��� (*)���� } & � � � � � ��� ) / $�1 � � ~ � ( (�� � L }!� � ~0/�} &#&#( � . �  j}.� � ���f#�} (  ��� � 1 � � % � ���5 ��� 7-�  � � � �A� ~O���
x � � � )/$ � ( � � & } ( ~ �@? }y � ~1�0�!� � � � G %H�I�32KJ�� 4H�r� � � 7-� }!� . ) / $ � ��( ! � � ��� ~a��� x � ��� � ) ����� 1 ��}!� � � � $r� %
��� ~a��� �

En = ~ω

(

n+
1

2

)

, n = 0, 1, 2, . . .

� � �  &4$,( }.�+� (�� �5�#~a~ � %3~0/�}.�0�- �E�r� � ) }!� � ~ � � � 7�� }.� |0 > ) / $ � ��( ! � � ~ �6& ~7� � (�} � %° } � � x8� �  &2
&'$�( }*�9� (A� T & ~1� �:$ ~ �:7!$�� % � ~ &¤� �/�<;�� (��&) }!� � ~ � � � 7�� }!� |n > % ) / $ � �,( ! � � En } 7-� � ~�} &#( ��(�}-( � ~ � � $
Pn = 1

Z
exp (−En/(kBT )) G � � � )��  � ~1�9=: j}.�#� } 7�� � Z �r��� � �e}.�5� �@)C� ��� (  } ~ � � }.� � ���mJ��

4 }!� �{� } � (��|)�� � })~"����~0% ��� )���7 � � � 1 � � �0}!� � 1 � � kT � ~ω
%�~0/�}.�E�� � }>�#� �?&/( ��(�}y( � ~ � � $� $ !�~ � ! � }-(�~ � ) /�}.�+� � � � )#(�� ~ �r� � � 7�� }.� .���. � � � $r� n ≥ 1

% � � (A�r� � ��( } ) ����� ) }!� � ~0/ $ �0}.� � �!� ) }- � � �e})~
n = 0 G � ���  ��� 7��  � � � � � �^! � ~ $ J�� 4 ��� $ � ��( ! � �  � ��� �/� �@(A�r� � �8) �����8�r��� � �e}.�5� � % 〈E〉 ' E0

% � �
� }E� } & }-� � � $ �r} ~a� ( � � 1 � � c(T ) = d 〈E〉 /dT ' 0

�
� ��� ( ~ � ) � }- }!� ��%S� � ~�}8�r� (%(��r�%& �!� ) x T � ΘE = ~ω

k
= 1320K

� � / �r� � ) ���C��~ � �r} � xA� �  &'$ 2
( }*�9� (A� }- w( � }!� � � � �B& ~7� � #�}.�/� � � �  &4$,( }.�+� (�� %>~0/�}-! � �0}.� � ���C� # �,(  � 1 � � ~7� � & �,(  � � ) /�}.�%� � � � )#(A�~ � �D&#(��  � ��(�� � � 7-� }!� . ��. � � � $r� % � �
} ~a� (E� c(T ) > 0

�
� } 1 �#}!� � � ��� }.� � ��� )��r� � � 7�� }!� . ) / $ � ��( ! � �5��.�& ~ � 1 � ��) ���C� 1 � � c(T ) → 0 & ��� ( T � ΘE

�
W�� � ( ~�}��m!�� (�� %H� �C�

E � � } ~'���#~ &/(+$ � � �{) ���/� � �#� � ��.�&#(A�r�E� � ��� }!��} ~ � � � 1 � �|)C� ~a}��r��� ( ( � c(T )
% 7 � � ( �r��� (E�{)��

& # ��� � 1 � ��� �e}.� � � � � 1 � � �
� � & } ( � � ���#~ � �,( %�~ � � # $ � ( 9: �
) / $:1 � � & } ( � � � � �!���r~�} �E� � 1 � � ) ���#� � c(T ) → 3R & ��� ( T � ΘE

�
F ) � � + U + �HGJILK�M E � � ~ � � }!� � Pn = 1

Z
exp (−En/(kBT ))

%� ��� � (���(`1 � � 〈E(x)
〉

=
∑

n≥0 PnE
(x)
n =

kBΘ
2

coth
(

Θ
2T

) � L $:) � � (�� ~�}w�r} & }-� � � $ �r} ~a� ( � � 1 � �  ��~a} � (A�f�

c (T ) = 3R

(
Θ

2T

)2
1

sinh2
(

Θ
2T

) , R = NAkB

� ��� ( }-� ��( ~0/�} ~a~1� (���)C� � � �%� � �r��� ( ( � �ON �  j} (A1 � ��(*1 � �B) / } &#( 9 � ~0/ ��.�&#(A�r��� � �!� ΘE = ~ω
kB

% � �"�/� � ~ � � }!� �
~�} (�� ~�}.� � ��� ω =

√
k
m

%'�#���r� � �m� � � � � )��P( } � )�� � ( k $ ~ �:7!$ G �y/ � � �sx ) � (��  j}.� $�( � }!� ) � ( �r�� � � ~ �
) � }- j}.�5�6J�% �r� � (�� ~ � $ xA�/� �B7 } ~ � � ( Θ $ ~ �:7�$:� � � � � � � � � �%� � � # $ � ( � �Q(�� ~ � ��)C�r�"&#( � &/( � $ � $ �\) / $ ~�} � � � � � � $���{ $ � }.� � 1 � � �B) �� }.� $,( � }!�{x )��r�)&#( � &#( � $ � $ � � } ~O� ( � � 1 � �r� �
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�� %H� � � � } & }y� � � $ � } ~O� ( � � 1 � �  � ~�} � (�� c(T ) ) � ) � }- }!� ��% } 7-� � ΘE = ~ω
k

= 1320K
�

G � � � � � � � � � �`% � �#��� � # ��� ��� % 7 � ~ % %H% ����
C% G ��	 
 � J�J�� � } 1 �#}!� � � ��� }.� � ��� )��r� � � 7�� }!� . ) / $ � �,( ! � �
��.�& ~ � 1 � � ) ���C� 1 � � c(T ) → 0 & ��� ( T � ΘE

�

L�MNL�M�� � TdTdjPhi] ZlXHhiV*[ �<jP_gv RnV+a^_gv o�c^Z*[<XHhPoucd_gv|adc ]�r^Z\RUT � ji_g]ªXHWCV\RnZ��*[ � �
XChio�c^_padZ*[^v ji_���hPa^_*M

MGNOM>N��GNRQ 
 � - X =  � ��U �(T - ! � ' � )�� � � � !\��T - � ���>U ! �jU T ��� ����� X=�YX%� - + ��� � �  T � �.- - � �"!
# � X%� !�V�� - + U �$� � ���� � -wD\�m�$� �(T U =  \� -

 � � � 1 � � ~ �  � ) 9r~ ��)�� ~F/�� � � � ~a~�}*� � � ( #�} (  ��� � 1 � � � � � � � �  & ~ � % � ~ ��� � ( ��� 7-� ;,� (�� �/� � ~ � �+$
& ��� ( )#$ � ( � (�� ~�} ) � ��}- � 1 � �&) � �6#�}- &?$ ~ � �,� ( �� }-!�� $ � � 1 � � ( ~E (~x, t) , ~B (~x, t)

) ) }!� � ~ �&7 � )�� �
� � ~a} 7 � � � � ) � � } � � 1 � � � � - X =  � ��U �&T$-j! � ' � )%� � �$� -4�(T � ! � - X =  � ��U �&T$- � U T X � U � � - & } (
( } &#& � ( � }.� . 7 } ( � }-(�~ �r� ( ~E, ~B

) G � � ~ � � (E�s)#$,( � 7�$�� � & } ( � � � ~a~ �r� J
� � � �6##}- & $ ~ � �,� ( �� }-!�� $ � � 1 � �
� � (  � �/� � ��� � 9: � ) � ��}y � 1 � � } 7-� �  T T���� # � � U T'& T U ! � ! �)( � X - ! � � U # � � �YX N � � (E�A1 � � ~F/��!�
(+$ � ��� ) ~ � �@$:1 �#}.� � ��� �f)C��* } .��<� ~O~0%*��� � � ��~ � ~ �r�8)�� ! (+$ �f)�� ~ � ( ��( � $ � � )#$�&¤� � ) }!� � � �,+ T ! �)( � X
! � � U # � � �YXcU T�! X � � T�!\��T � !  + D\�-� � X � � + � ����� � ( T X%�YU =  \� !\��T - � �.�3U ! ��� - �  T � �(T�! �
� � ��T � �r} ( }-��� $,( � �%$�� & } ( � ��� 7�� ��� � � (f) / ��� )C� ~k ∈ R3 % � � � } & � ~�} ( � � }*� � �!� G )/( � � � � ��� !.}!�C�6# � J��
� �!� �  �!�5� ( ��� �  j} � � � � ��}!� � 1 � � ~a} ) � ��}- � 1 � � G ~ � � $ } � (�� J )�� + �=�+�+� �(T�! � � � ��T � -)V U ! � T ��U & �
/ � � ! �3T��0� U =  �� !CV  T � - + U �$� � ���� ��D\�m�$� �(T U =  \� N

� ��� (¦)/$  } (+(A��( ( } &#&¤� ~a�!� � 2 �#��� ��) / �#� (+$ � �#~ �e}.� ) / $ ~ � �,� ( �� }-!�� $ � � �  � G 7 � � ( �21 }-� � } # & } (���.H�  & ~ � J�%
1 ��/ �#� � ��� )��<& ~�}.� �
) }!� � ~ �s7 � )�� % )C�87-� �,� � � (B) / ��� )�� ~k � � )��A& ��~�} ( � � }.� � ����� � ( �,�#~�} � (�� !�}!���6# � }
& ��� (+��.�&#(A�r��� � �!� G } 7-� � ~x ≡ (x, y, z)

J �
Ex (~x, t) = E cos (ωt− kz)

Ey (~x, t) = −E sin (ωt− kz) G %H� % � J
�43

E ∈ R+ � � ��~0/�}- & ~ � �9� )C� %3�43 ~0/�} .H� z � � � & } ( } ~a~'9r~ � x ~k % � � ~�} �#� (  ��)�� ~k � � � (�� ~ � $�� x ~a}
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��(+$:1 � � ��� � ω )�� ~0/ ��� )C� & } (
k =

∣
∣
∣~k
∣
∣
∣ =

ω

c
.

� � �6#�}- & ~B (~x, t) 1 ��}!� �^x ~7� � � � �^�r�� & ~'9,� �  � � � �+&'$ � � � $<& } (

~B (~x, t) =
1

c

(
~k

k
∧ ~E (~x, t)

)

E

B

k


���
�� %H� 	l� � ( � } )��
)�� �B7-� ��� � � (E� ~k, ~E, ~B � ( � ##�-!�����}!� .-& ��� ( �#� � ��� )��A& ~�}!� � �

� / � � ��x ) � (A�$1 � � ~k, ~E, ~B � � (  � � � �/� � (�} �A� � ( �0�-!�����} ~ �°) � (�� �,� � % � � By (~x, t) = −1
c
Ex, Bx (~x, t) =

1
c
Ey.� } )�� � � � � $
7 � ~7�� � 1 � �s) / $ � ��( ! � � )�� ~0/ ��� )C� & ~�}!� �
�r� �

H =
ε0

2

(
E2(~x, t) + c2B2(~x, t)

)
= ε0E

2 = ε0

(
E2
x + E2

y

)

� � � } )�� � � � � $ ) / �  & �#~ � � �!� �r� � ) ���#� $:�<& } ( ~ �s7�� �,� � � (B)�� � � � � � � �C! �

~P = ε0
~E(~x, t) ∧ ~B(~x, t) =

ε0

c
E2

(
~k

k

)

G N �  } (�1 � �,( ~�} (�� ~�}.� � ��� (A� ~a}.� � 7 � � � � H2 − P 2c2 = 0 � �5� (�� ~0/ $ � �,( ! � �s� ��~F/ �  & ��~ � � ���ªJ��L /�} &#( 9 � � � 2 )��r��� � � ~a} ) � ��}- � 1 � �d)�� ~0/ ��� )���& ~�}!� � % �A� (��,&#(+$ ��� � � � x ~x � .�$ % & } ( �/� � �  �q� !� � T � + U � +  � � U � � ) }.� � ~ �:& ~a}!� (Ex, Ey)
G ��� (Bx, By)

�!���'�I�I�«J��
� � ~a} � } � �"��}*�9� (A� ~a~ �  � � � & � � ���,( x ~a} ) � ��}y � 1 � �d)�� ~0/ � � � � ~a~a}.� � � ( #�} (  �!� � 1 � � ) }!� � ~ �)& ~�}.�

(q (t) , p (t))
� � ��� (�&#(+$ � � �A��( � � �+� �u� � (  �#~�}*� � �!��%��6##� � � � ��� ��� � �#� & � � � � )�� (+$:��$,(�� ��� � % & } ($��.H�  & ~ �~0/ � ( � ! � � � ~x = 0

% � � )#$ �#� � ��� ��� �8���

q (t) =

√
2ε0

ω
Ex (0, t) , p (t) =

√
2ε0Ey (0, t) .

��� � � ���~�F���P�A���A� O � O>� � § � �F�SR:� � § �P� � �	�y� O �:� O q = αEx
� � p = βEy

�A� �:�A� α, β � �3�i�:�~� �PO �����*� dEx/dt = ωEy
�

dEy/dt = −ωEx
� � H = ε0

(
E2

x +E2
y

) � T ���y� dq/dt = (αω/β) p � � dp/dt = − (βω/α) q �`�����:� � ���N� ���
dq/dt = p � � dp/dt = −ω2q � � H = 1

2

(
p2 + ω2q2

) ��
 �A�������:�~�~� α =
√

2ε0/ω
� � β = αω =

√
2ε0
�
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Ex

Ey

Ez

Etat classique
du champ

(un point qui tourne)
rotation


���
�� %H�'� 
 �

� ~O� (E� �!� 7!$�( � � �&1 � � ~0/ ��� }�( � � � ~ �r� (�� ~�}.� � ��� �d)#$ � � � ��� }!� � ~�} ) � ��}- � 1 � �&) / �#� � � � � ~O~�}.� � � (
)��
��(+$:1 � � ��� � ω �

H =
1

2

(
p2 + ω2q2

)

dq

dt
= p (t) =

∂H

∂p
dp

dt
= −ω2q = −∂H

∂q

� ��� ( ~ �  � )�� )��A& � ~�} ( � � }*� � �!��� � ( ����~�} � (��s)#( � � � � %�~a} )/$  } ( �6# �8�r� � � )�� �5� � 1 � � % � ~ � ���H� ) / � �H2
7��,(E�A��( ~ � ( � ~ �
)�� Ex � � Ey �L / �#� & � � � � )C�^7 � �d)�� �#}- � 1 � � %�~ �)( } � �!�#� �  � � � $ ~ � �,� ( �� }-!�� $ � � 1 � � ) }.� � ~ � 7 � )��B�r� � ) ���C�
$�1 � � 7 } ~ � �5�<xA�#� � } �E�A�  w(�~ $��B) / � � � � ~O~�}.� � � (�� #�} (  ��� � 1 � �r� � � ~ � }A�#� � � � � � � � $ )�� 7 } ( � }-(#~ �r� (q, p)
) � � $,(�� � � �r�B� � � � )#$�&¤� � ) }!� � �r� % & ��� ( �6##}-���#� )�� �  � )C�r� mode ≡

(

~k, polarisation = ±1
) �

MGNOM>N��GNOM �  ��T ��U & + � ��U �&T !  + D\�-� � X � � + � �g��� � ( T X=��U =  ��
 � � � 1 ��/ � ~ � / }-! � �E�A�E) / �/� � ��� )�� % � � + D\�-� � X � � + � �g��� � ( T X=��U =  �� ! � ' � )%� � � � � - � ! �

T\� �� � � + � �.- - U =  \� � �P�#�!� 1 ��}!� � � 1 � � G ~0/ ��� )�� ��/ ��.�&#( �  � & } � �#� � }- & ~ � �+� )��&)�� &#( ��(�}-( � ~ � � $
)��@&#(+$ ��� �C� �&) / �#� � & } ( � � ����~ � J�� * } � � �r�-  � ����� � ~ �8�¬�,( ��� �:(��  j} (A1 � ��( �#~1� $�( � � � (��  � � � G �C� %H��}
& }-! � � � �SJ�% & ��� ( ~�}|�r��# $�(�� ��� � � � � �,( � �{)�� ~a} & # ��� � 1 � � % � ~ �r� � � $ � $ �E� } � (A��)�� �r�!� � � )#$�(A��(E1 � �
� � + D\�-� � + � �.- - U =  \� TCV � - � =  \��� � V>�N�����m� � T + � + � ��- - U =  ���� !CV  T � #�� �%� =  �#T ��U =  ���� � �
+ D��-� � X � � + � ����� � ( T X=��U =  \� =  ��T ��U =  ���� G � �E��� � � � � ~a~ �  � � �E� � ~�}��r� (+(�� �+& ��� ) x��r��� � � )/$�(��,(
)�� �
� � & �,(+& � � � � � ��� ��1 ��}!� � � 1 � �r�B)�� ) � � $,(�� � � �r� �r��� ��!�� ( }*� � �!� �+)�� �6#�}- &8$ ~ � �,� ( �� }-!�� $ � � 1 � � J��

� �r� ��.�&'$�( � � ��� �r� �r��� � (  � � �D�0�!�/�Bx � } � ��~F/ ��. � � � � ��� �
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)�� ~0/ $ ~ � ��� ( �!��% 7 � � ( G 2C� 	C� %H% & }-! � ���C��J �

gexprimental − 2

2
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2
= 0.001159652192(74)
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FCasimir ' 10−7N & ��� ( l = 1µm � � � � ('
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� ��� ( �%� � � � � �,( � � �%� �(
 � ( � � %F~0/ � )#$)�<� �  & ~ �*� � � 1 � � �r�-  � ~ �r� & ~a} 1 � �r� � ��� ���r��� ) ���,� ( � � �r� %~ � � �6##}- &�� $ ~ � ��� ( � 1 � �r�C� /�}!�#�5�#~ � � � xm~ � � (�� � (�
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) ����� ~F/ $ � ��( ! � �
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} ~O� (E� FCasimir (l) = −dU
dl
� � � � } ~����#~ � � � 2 )�� �E� �!� � 1 � � � � �+� � 
 � ( � � � � � � � � ���
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x ~�} � � ) � �r} ~ �,�#~3���

 } � � ωc → ∞ % � ��~0/ ��� ��( ����(A7�� $ �E���#� �  � � � 1 � � FCasimir (l)
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~ �  $ �e} ~ �r� �� ( }!� �%& } (�� � ��J �

F ) � � + U + � Q 	 � z�� [5ouk�]�g=` q�[5ouk�` ^0`eb�k f g�h ]�_ f ou^0`�f ]�����f ^0[5oav be[5g(l ]�b�kR^�o be`ev s l�` be[5k;wev
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��f oavevY`�]�^ kR^��ev�
�g=`
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_�� w�g=`�^ h o ` l ] nYoRl�` x ]�f g�k o x ]�`�w�_a`eb�k ^0[5i fYh g=w�kRo x ]8` l.f g�v be`�kRk;` bEf nYouk;w E (l) s be[5i ij` vY[5i ij`
v�]�^�be`ev�ij[rl�`ev���`�gck;`�g(f g�kybe[5i��(k�` l�`evml�`�]�� w�k f k vml�`���[5_ f ^poavrf kRo [5g���[Yvev�oRqr_a`ev
� z � ]�`�_u_a`�`ev�k
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x ]�`�g=be`ev `�g oug�k ^0[rl ]�oavrf g�k9_a` � f�b�k;`�]�^

exp (−ω/ωc) x ]�oF^0`�g(l _�� `����(^0`evev�o [5g l�` E (l)
be[5g�n `�^pt

h�`�g�k�` z?> [5i ij`
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~/mω � � �/� (��  � �5� ) � � �

|0 >= (|x0 = 0, p0 = 0, σ >)
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f�b�kRo [5g l�`ev [ ��w�^�f k;`�]�^0v l�`jkR^Ef g�v�_ f kRo [5g `�g ��[Yv�oukRo [5g
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(
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2
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(
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� ��~F/���� & � ��� G ��� �6#�}!��! �m��� �#~ �  � � �)�#� �A& #�} ���@) }!� � ~�} )#$ � � � � � �!� ) � & } 1 � � � ) / ��� )�� J �

|z >= exp

(

−iPQ
2

)

|Q,P >= D̂(z)|0 > G % � ��
SJ

{ ��� � � � �q(+* 2	@ *%(+*%, @ , 5 � � 5 :�
�(+:�
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z=(Q+iP)/V 2

Q

P D(z)

TQ

BP

0


���
�� % � � %&� 4 �6# $  j} ) � )/$�& ~a}�� �  � �5� )�� z = (Q+ iP ) /
√

2 ∈ C ) }!� � ~0/ �r�+& }�� ��)��-& #�} ��� %
� �C! � � )/(+$<& } ( ~0/ � &'$�( }.� � � ( D̂(z) �
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< x|B̂p0 T̂x0 |0 >= exp

(
i p0x

~

)

< x|T̂x0 |0 >

= exp

(
i p0x

~

)

< x− x0|0 >

= exp

(
i p0x

~

)(
1

πσ2

)1/4

exp

(

− 1

2σ2
(x− x0)

2

)

=< x|x0, p0 >? * 2�6 �0/ 3 /�- @ � �	� � � � *%- 6 / � 5�1 (+* 2
exp

(

− iPQ
2

)

B̂p T̂q = exp
(

iP Q̂− iQP̂
)

= exp
(
za+ − za

)

5 * 6 �0/ 3 /�- 2 *�� 3>2 
 593>2 �0/�(+* h � � � nB1 G 6 /�- CQ2 :=: 3 /�G 6%5 , 2 
 [q̂, p̂] = i~ Id 1 [a, a+] = Id ��

MGNOM>N��&NOM � � � �  ��U �(T !�V  T ���m=  \�=� !�V��&T�! � ( �  - - U$� T
4 � &#& � � ��� �51 � � x ~0/ � � � �e}!� � t = 0

%C~a} 
 �����,� � ��� ) / ��� )��+�r� �6�/� & } 1 � � � ) /���� )�� � }!� ��� � � �
|ψ(0) >= |z0 >

} 7�� � z0 ∈ C
%�})~a� (�� x�~F/ � � � �0}!� � t %�~�} 
 �����,� � ��� ) / ��� )�� �r� � ) / } &#( 9 � G % � ��J �

|ψ(t) >= Û(t) |z0 >

} 7"� � Û(t) = exp
(

−i Ĥt
~

)
� � (P& ��� ( ~0/ � � � � ~O~�}.� � � ( ? } (  ��� � 1 � � %3��� }

Ĥ = ~ω
2

(

P̂ 2 + Q̂2
)

=

~ω
(
a+a+ 1

2
Id
)

= ~ω n̂
%#} 7�� � �

n̂ = a+a +
1

2
=

1

2

(

P̂ 2 + Q̂2
)

� ~O� (E� Û(t) = exp (−in̂ωt) �� �� $ �r}!� � 1 � � �r~�} �E� � 1 � � %)~ �r� & � � �5� � �0�!� ( � � � � ) }!� � ~F/ � �+& }�� �+)��D& #�} ��� } 7"� ��~a} 7 � � �r�E��� }!��!��H2~�} � (�� ω G ) }.� � ~ �
��� � � � � ) � (�� �,��J � � ��� � } ~O~a��� �\7 � � (<1 � � ~�} � � �9�#}.� � ��� �r� � � �  � ~�} � (��%� �  $ �r}!� � 1 � �
1 ��}!� � � 1 � � % � � & � � ��� � x � � � ���#� � �

R̂(θ) = exp (−in̂θ)
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Ĥ

� ���	�"����� ������� 	 �

� � 7 }E �!�5� (��,(B1 � � �-/ �r� � ~F/ ��� X ��� ���� � ! � ��� � � �YU �(T !\��T$- � V � -4��� + � ! � ��D��.- � % ) / �#� }.��!�~ �
θ
% ) }!� � ~ � ��� � � � � ) � (�� �,� � � � }

Û(t) = R̂(ωt) �

� �g����� URX=�YX?M � � }�~a} (�� ~�}.� � ��� �

R̂ (θ) D̂ (z) = D̂
(
e−iθz

)
R̂ (θ) G % � ����J

� � �%� �H(�� ~�}.� � ��� � � � (�� ~ � �
)#$�& ~�}�� ��� � � � � � � ~ � � ( �!�0}.� � ��� � � � � � � �9� � � � 7"� �r} ( � ~O~ �&� � � }!� �E� � 7O( } � �
� � �H$ � }.� � 1 � � �r~a} �E� � 1 � �!� W�� � ( ����� (�� % � � � �

z e−i θ

Q

P

θ

θ

z


���
�� % � � �l� � � �+� � ����� (���� ��� � (�� 1 � ��� � ( ~ �A& ~a}!� z ∈ C
%8��� }

R (θ) D (z) = D(e−iθz)R (θ)
%

�43
R � � �)�#� �<( �.�e}.� � ����% � � D(z)

�#� )#$�& ~�}�� ��� � � � )�� z �
{ ��� � � � �q7�(+/�
 5��=5 
�,9/�, 5 : 2���5
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 (+*M: 3I6 - @93�@��g2 *�� 5�2 7 5 , 3�5 ��5 EkE 5�<=5�i o 6 
 1 7�(+/�
 iP5��g243: �	� � 	�� iP5���	���� �

� �g����� URX=�YX?M

|ψ(t) >= Û(t) |z0 >= exp

(

−i1
2
ωt

)

|z(t) >
f n `eb

z(t) = z0 e
−iωt

ij[5g�kR^Ef g�k x ]�`m_�� w�k f k |ψ(t) >
`ev�k 
 k�[5]�kCij[5ij`�g�k9]�g ��f x ]8`�k�l	� [5g(l�` |z(t) > v�ouk ]�w 
 _�� `�i��(_ f�be`�t

ij`�g�k l�`�_ f ��f ^�kRo b�]�_a` b�_ f5vev�o x ]8` z � ` ��f x ]�`�kFl	� [5g(l�`yvY`�l�w
�(_ f�be`
l�[5g=b�v�]�^\]�g be`�^0b�_a`�l.f g�v\_�� `ev
��f�be`
l�`���d�f5vY` s vrf g�v�vY` l�w � [5^�ij`�^ z�� [5ou^�
 h ]�^0`ev � z��Ys � z�� ��fYh�` " �)s `�k 
 h ]�^e` � " z � � � zZ\[5]�^mbe`�k k�`
^Ef oavY[5g s [5g f �-��`�_u_a`�f ].vev�o3]�g���f x ]�`�k9l	� [5g(l�`��\f ].vev�o `�g s ,<0 (������ 2)8 �B( '). 0!� s ��[5]�(_ ].v �(^eweb�oavYw�ij`�g�kyw�k f k�be[Yd�w�^0`�g�k�l ]jh ^e[5]=��`�l�` _�� [YvYb�ou_u_ f k�`�]�^#" f ^pij[5g�o x ]8`
� z{ ��� � � � �X(+* 2 |ψ(t) >= R̂(ωt)D̂(z0)|0 >= D̂(e−iωtz0) R̂ (ωt) |0 > � ? 
 R̂(θ)|0 >= e−iθ/2e−ia

+a θ|0 > �$ 2 /�- a+a|0 >= 0 1F< (+*%, e−ia+a θ|0 >=
∑

n
1
n! (−ia+a θ)

n |0 >= |0 > � L (+*%, |ψ(t)〉 = e−iωt/2D
(
e−iωtz0

)
|0〉 =

e−iωt/2|z(t)〉 2 7 5 , z(t) = e−iωtz0 �� �
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z=(Q+iP)/sqrt(2)

Q

P
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�� % � �32 ������� ~7�/� � �����#� & }��5� � ���
	��!��� � � |z(t) > � }
� � � z(t) = z(0) e−iωt
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L }!� � � � �+� �
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 }�� ��� & ~7� � �r� �H& ~��,� � G � ���#}!� � ~ � ~�}!����} � � � � ~�} ��� $ � ( � �

� � � � ( ��� &��r� J � ~ �r� � &'$�( }*� � �!� � � � � ( }!� � ~�}.� � ������}.� � ~�	 �r�+& }�� � � �A& ��} ��� �/� � ~ � �%$�� � � ��� � � �E� � ���
� �K}��O� & } � � � } � �5� � ~ �r� � &'$�( }.� � � (E� Q̂, P̂ , Î � }
� � ��~�} (�� ~a}.� � ����� � �r� � � ���e}.� � ��� [Q̂, P̂

]

=

i Î � 
 � ( ��� � � �#� ��� } ��� �
	 �#� � } ~ ��� �#(�� � � � � � � � � � � � � � � ��� � � } &#&�� ~ $�� � � ( � # � � ! ��� � � � !
� ��U - � T # � � ( � �#�!� $�� W � E � $ ~ $�� � � ���5� � ~ �r�!���5� � � � � � �%� � } ~ � � �#(���&�� �/� � 	 $ � ( � (�� �r� � � � � � � �
� � ��} � � ���K~ � � $ } � (�� �

Â = αQ̂+ βP̂ + γÎ ∈ W, (α, β, γ) ∈ R
3

! N ��� } ( �O� ��( �5� � Â � � �)�#�c� &'$�( }*� � � ( }!�/�0� � }�� ��� � � �#" �
� � � �m�%$  \� M ~ �r� � ( � � � � &'$�( }.� � � (E� a, a+, Î � �!�5�A�/� � }!�/� (��&� } ��� � � � � �+� � � ; � � } ~ � � �/(�� �

� } � � }
� � �'� � � �r� � � � � � � � � �r� �H& ~ �#( �r� ! ������� � � � � � �!�5� & } � � � � � &'$�( }*� � � (E� }!�/�E� � })� ��� � � � � z � ~ �} &#& } ( � � � �/� � � �^x ~�	 � � ( � # � � ! � 
 U'� + ��� � � � ) U & X%� " �
� �g����� URX=�YXHM � �r� � &'$�( }*� � � (E� Â ∈ W � ��� � ~ �r� � $ � $�( }.� � � (E� �
	 �/� � ( �!� &#� } &#&�� ~ $ ~ � ( ���  � � ! �
� � � � !�� ��U - � T # � � ( �#�.� $ W � � �r� $ ~ $ ��� �5� � � � � � � ( ��� &�� ! �5� � � ��� ��� � � � &'$�( }*� � � (E� �/� � �0} � (��r� "
� �!�5��� � � � �O� � � �r� � � � �#(/& ~ � �5� $ & } � � � � � � � &#(�� ��}.�5��~*	 �#(�& ��� � � � � � ~a~ � �
	 �#� $ ~ $�� � � �+� � ~�	�} ~ � � �#(��
! �,	 �#� � $ � $�( }.� � � ( " �

Û = exp
(

−iÂ
)

= exp
(

−i
(

αQ̂+ βP̂ + γÎ
))

∈ W,
! % � � %�"

! � } &/( � &#( � $ � $ �5� � � �r� � &4$,( }.� � � (���
 � (�� � � �)�#� � ( ��� &���� � ��� � � � �5�
	 � ~ � � $�( � � � � �
~ � � � ( � ��~ � �
$ ������� $ �:& } � � � � � � } � � � � �Q$ � � � � � � � � � � �r�
&#( � &/( � $ � $ �,� � � ~a} ~a� � � � � & � � � � � �����5� � � � �-�5� � � �
Û1, Û2 ∈ W

} ~O� (E� ~ �:&#( �.�#� � � Û3 = Û2Û1 ∈ W
�)	 � � �dx/� � (�� �r� �
}!� �E� � � � ~a} 
 � (�� � ! % � � % "0" �21
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Û = exp (−iγ + iαβ/2) exp
(

−iαQ̂
)

exp
(

−iβP̂
)

= e−iγ+iαβ/2 B̂−α T̂β

� � � 	 � � � ��(+&/( �,� � ���������r� � ��� �#��� &'$�( }*� � � ( � � � ( }!� � ~�}.� � ���'� � (β,−α)
��}.� � ~*	 � �+& }!� � � �0& ��} ��� ! ~ �

&#(���� � ��( � ��( ��� �r� � �%� � � � �#� �"& ��} ��� � �#~ � � & ~ � � }.� � � � z ���'� �,(+( } � ��� � � & � ( �0}!��� � � � � } � � ��� � � � }.� � ���x ~�} ��� �,� � ��� ! % � � � % "0" �
�������	�
��� � �0/ 3 /�- 5 
 3>2 
 593>2 �0/�(+* h � � � nB1 G 6 /�- CQ2 :=: 3 /�G 6%5 , 2 


[

Q̂, P̂
]

= i Î � | ( 6 
 3>2k<=5 
0*=/ 
�
 5.S (�
0E 6=3�5�1
(+* 2

[

−iαQ̂,−iβP̂
]

= −i αβÎ 5 �

Û = exp
(

−i
(

αQ̂+ βP̂ + γÎ
))

= e−iγ exp
(

−i
(

αQ̂+ βP̂
))

= e−iγeiαβ/2 exp
(

−iαQ̂
)

exp
(

−iβP̂
)

� @ 
0/ A (+*%- 3�5 - ��
�(+/�- 
�
 ��3�5 -;: 2���5����P1 : 5 
0E 5 � � 2 * � <8CQ2�� 
0E 5 
VG 6%5�3�5 -V(+: @ 
 2 � 596 
�- <=5.3>2kS (�
0E 5 h � �
	 � n
S (�
0E 5 * � 6 * � 
�( 6 : 5l<=5 � / 5 <=5l< /IE 5 *%-0/�(+* 	 ��� ( 6 � <8CQ2 �N(�
 <"3>2 3 (+/ <=5 ,F(+Ek:m(�-0/ �0/�(+* J -0/ Û1, Û2 ∈ W
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Û3 = Û2Û1 = e−iγ2 exp
(

−i
(

α2Q̂+ β2P̂
))

e−iγ1 exp
(

−i
(

α1Q̂+ β1P̂
))

= e−iγ1−iγ2 exp (i (α2β1 − α1β2)) exp
(

−i
(

α1Q̂+ β1P̂ + α2Q̂+ β2P̂
))

(�� (+* 2k6 �0/ 3 /�- @ h � � � n�5 �
[(

α2Q̂+ β2P̂
)

,
(

α1Q̂+ β1P̂
)]

= i (α2β1 − α1β2) Î �
L (+*%, Û3 ∈ W 1]2 7 5 ,

α3 = α1 + α2 1 β3 = β1 + β2 5 � γ3 = γ1 + γ2 − (α2β1 − α1β2) �
? *H7 5 
�
 2 3�5 - 5 *%-�:=o �#-0/�G 6%5�<=5 , 5 � � 5:=o 2 - 5 (α2β1 − α1β2)
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	 � � n �
�\CD@93�@ E 5 *�� * 596 ��
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−i
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−αQ̂− βP̂ − γÎ
))
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D̂(z) = exp

(

− iPQ
2

)

exp
(

iP Q̂
)

exp
(

−iQP̂
)

= exp
(
− iPQ
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)
B̂p T̂q
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= exp
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)

= exp
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) ! % � �!2 "
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−|z|2
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)
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)
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Î
)

=





0 0 1
0 0 0
0 0 0



 , ϕ (n̂) =





0 0 0
0 1 0
0 0 0



 .
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Â
))

s `�k�k�[5]�k�w�_aw�ij`�g�k�l ] h ^0[5]=��`
O

`ev�k
k;[5]�k
v�oui��(_a`�ij`�g�k\^0`
�(^ewevY`�g�k�w ��f ^ ]�g=`
i f kR^po be`

3 × 3 zBA [5g�kR^e`�^ x ]�`
�

ϕ
(

exp
(

−iα′Q̂
))

=






1 −iα′
√

2
−1

4
α′2

0 1 −iα′
√

2

0 0 1




 ,

ϕ
(

exp
(

−iβ ′P̂
))

=






1 −β′
√

2
−1

4
β

′2

0 1 β′
√

2

0 0 1




 ,

! % � 2 � "

ϕ (exp (−iθ′n̂)) =





1 0 0
0 e−iθ

′
0

0 0 1



 ,

ϕ
(

exp
(

−iγ′Î
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� YvhP;jD�;@BaJLK � I%?HD�_�=CBED�;
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=jI%F � I%VL_�?CKTBeI%F�JLKTBw?CI%FLo�=@;
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KP; VLF�}�I%?AVLOeK

V t KP;GS6D�?CSPVm?CKP_�?CKwFbI%O`cE_TK�JLK�OeIEJLKTB
dnP
JgfiI%F�JLKTB)� KP;�?CK�FbI%O`cE_dK�JLK"OeIEJLKTB

dnS
JgfiI%F�JLKTB ¤ 8
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KPF2;
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�W(7 � �	�P] t KP;`I�cPBNKP_P}�hTK/J�D�F�BnVLFbK/_dhjo�=jI%F¯J�V�yvK©x�=
UEV�K�KPFY
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UEV2KTBE8
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UEV2KTB
N(E)
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E
� I%Vm_"VLF�hP?CKTSP;
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UEV�K ρsc (E) = dN
dE

8
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En = − ε1
n2

D�}�KTS
ε1 =

me4

2~2 = 13, 6 eV.
W ¤ D�F�B�I%V�cE?A=jKP_l?HDpJLhjoLhPFbhP_dKTBNSTKPFbSTK�J�V�F2=@}�K6D�V

En
UEVL=�KTBP;
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mω
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)1/2
q V / 0
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m~ω

)1/2
p
@
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T̂q B̂p = exp (−iS/~) B̂p T̂qI
	n?HD � ��D%BNK
S
KTBP;�VLFbK�UEV�D�F2;
=@;|hQUEV2K�?6fiI%F^=@F2;(KP_ � _dhP;|KP_6D{oLhTI%OehP;
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UEV�KPOeKPF2;j8+* V�D�F�J�KTBP;
R6STK

UEV2K�?CKTB�I � hP_©D�;(KPVL_dB
T̂q
KP;
B̂p
STI%OQOQVm;|KPF2; #

YL8 ¤ I%=@;�JLKPV�x � I%=@F2;kB
(q1, p1)

KP;
(q2, p2)

8 � F^FbI%;(K

D̂1,2 = exp
(

i(P2 − P1)
(

Q̂−Q1

)

− i(Q2 −Q1)
(

P̂ − P1

))

UEVL=GKTBP; ?6fiI � hP_6D�;|KPVL_`JLh � ?HDLSTKPOeKPF2; J�V � I%=@F2;
1
D�V � I%=@F2;

2
8��«I%VL_{;>_dI%=CB � I%=@F2;@BpSTI%F�BNhTSPVm;
= qdB

1, 2, 3
OeI%F2;
_TKP_�UEV2K

D̂2,3 D̂1,2 = exp(iS/~) D̂1,3KP;¦=@F2;(KP_ � _dhP;|KP_­oLhTI%OehP;
_�=
UEV�KPOeKPF2;
S
8�,�I%=@_ ¥ o�VL_TK"YL8@7 ��8��8l~�FvJLh6J�VL=@_TK�UEV�K � I%VL_

N
� I%=@F2;@B�STI%F�BNhTSPVL;>= qdB

D̂N−1,N . . . D̂2,3D̂1,2 = exp(iS/~) D̂1,N .

� ~&� � ���s�����-� 7�8 ¤ I%=@;`VLFbK�J�¨ F�D�OQ=
UEV2K/B � hTSP= ¥ hTK � D�_^?HD�qrI%FbSP;>=jI%F JLK��lD�OQ=@?A;|I%F SP?HD%BTBP=
UEV2K
H(q, p)

8 ¤ I%=@;�VmF � I%=@F2;
(q0, p0)

JLK ?6fiKTB � DLSTK«JLK � ��D%BNKE8 � I%F2FbKP_ ?6fiK©x � _dKTBTBP=jI%FeJLK ?HD¦qrI%FbSP;
=jI%F
H(q, p)

?A=@Fbh6D�_P=CBNhTKlD�Vn}�I%=CBP=@F�DNoLKlJLK
(q0, p0)

8.,�I%=@_ ¥ o�VL_dK�YL8@7��*8
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(

−iĤ∆t/~
)
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	 E KP; D̂0,1
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��F2;(KP_ � _dhP;ZD�;
=jI%F&#
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0
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Trajectoires de H
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Hus|n〉(x, p) F /�w )R0 y 0 w |x0p0〉
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〈Ĥ〉

)2
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=
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� % w:-;x 0 / V v % - 0 x~|�x~w8/ F /7w + vYv 7 v %�%�) /�w 4 v | y xH78/7w (a, b) → (u, θ) V + I /�w 0 � F x;7:/ (a2 + b2) = u2/ 0
dadb = ududθ V / 0 θ = 0 → π/2
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=
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
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


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


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
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


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(
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(
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∑∞
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∑
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∑
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[A,B]

@ � % y B = i(P2−P1)
(

Q̂−Q1

)

−i(Q2−Q1)
(

P̂ − P1

)

V
A = i(P3−P2)

(

Q̂−Q2

)

−i(Q3−Q2)
(

P̂ − P2

)

V / 0 1
2
[A,B] = − i

2
(P2−P1)(Q3−Q2)+

i
2
(Q2−Q1)(P3−P2) = − i

2

−→
23∧−→12 = −i S/~ K 4 7 v F -;x 0 [^/ +R0 v 7{xH/�|./ 0 S /7w 0 | y w8-�7�9 y + / j y +nj - i7 ) / � F;y % w&|;/7wN- % x 0c) w q, p � @ � % y S/~ = 1

2
(P2Q3 − P1Q3 + P1Q2 −Q2P3 +Q1P3 −Q1P2)

@
� % y*F v %�+

D̂2,3D̂1,2 = e−iS/~ exp (A+B) = e−iS/~ exp
(

i(P3 − P1)Q̂− i(Q3 −Q1)P̂
)

exp (i (−P2Q1 +Q2P1 − P3Q2 +Q3P2))

@ � y 7 y x�|~|;/R-�7{w V
D̂1,3 = exp
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i(P3 − P1)
(

Q̂−Q1

)

− i(Q3 −Q1)
(

P̂ − P1

))

= exp
(

i(P3 − P1)Q̂− i(Q3 −Q1)P̂
)

exp (i (−P3Q1 +Q3P1))

@ � x % y |H/ ' / %10 V D̂2,3D̂1,2 = D̂1,3e
−iS/~ei2S/~ = e+iS/~D̂1,3
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H(q, p) = H(q0, p0) + (q − q0) .

∂H
∂q

+ (p− p0) .
∂H
∂p

+ o(∆q,∆p) V y [^/ + ∆q = q − q0 V
∆p = p− p0

@
� @ Ĥ|q0, p0 >'

(

H(q0, p0) Id+ (q̂ − q0) .
∂H
∂q

+ (p̂− p0) .
∂H
∂p

)

|q0, p0 >
@M� � % y 7:/ '*4 | y +,) q/ 0

p
4 y 7$|;/�w q̂ / 0 p̂ � @



��
��.
 �J �X� ���� � �Z�b�q����� � � � � �E� ?A?��

� @ * x % w�x

Û(∆t)|q0, p0 > = exp
(

−iĤ∆t/~
)

|q0, p0 >

' exp

(

−i
(

H(q, p) Id+ (q̂ − q0) .
∂H

∂q
+ (p̂− p0) .

∂H

∂p

)

∆t/~

)

|q0, p0 >

F v %�+ Û(∆t)|q0, p0 >= exp(−iE∆t/~)D̂0,1|q0, p0 > V y [^/ + q1 − q0 = ∂H
∂p

∆t
/ 0
p1 −

p0 = −∂H
∂q

∆t
w v %10 |;/�w F ),4 | y + / ' / %10 w F - 4 v x %.0 (q0, p0)

4 y 7�| yTF � % y ' x M -�/ + | y w�w{x M -�/ V / 0
E = H(q0, p0)

/�w 0 | I )R% /,7 = x;/ F - 4 v x %10�+ | y w{w�x M -�/ V + v % w8/,7�[ ) / y - + v -�7{w F - 0 / '*4 w @ 
 -�7E| yF -�7 ) / ∆t
x % � % x 0c) w{x ' y |H/ V |H/ 4 y M -�/ 0 FJI v % F /x/�w 0 F v %�+v0 7 y % w{| y 0c) Fzy % w�| I /�w 4 y + / F / 4�j y w8/ V+ v 'T' /�|H/ 4 v x %10t+ | y w{w{x M -�/ @

B @ * | v 7�wL/ % w v '*' y %.0 F /�w F ),4 | y + / ' / %10 w$x % � % x 08) w�x ' y -�� V
Û(t)|q0, p0 >' exp (−iEt/~) ΠN−1

i=0 D̂i,i+1|q0, p0 >= exp (−iEt/~) exp (iS/~) D̂0,M(t)|q0, p0 >

V v�� M(t)
/�� 0�� I ) [�� � - 0	� � % +���
 ��� �;M -�/ @

� @�
 %�

Û(t′)|φ >=

∫ T

0
eiE(t+t′−t′)/~Û(t + t′)|q0p0 >= e−iEt

′/~
∫ T+t′

t′
eiEt/~ Û(t)|q0, p0 >

dt = e−iEt
′/~|φ > V �_+ � % F �H0�� � %YM -�/ eiET/~Û(T )|q0, p0 >= |q0, p0 > V +�
 7 
�� �A7��

∫ T+t′

T

eiEt/~ Û(t)|q0, p0 > dt =

∫ t′

0

eiEt/~ Û(t)|q0, p0 > dt

@
��@�� I 
^4 7 h � +�� i F /����:-�� V ��
 + � % F ��0	� � % � I ),+ 7 �H0 K exp (iS/~) D̂0,M(T )|q0, p0 >= |q0, p0 > V � � S/�� 0���
 �:-�7:9 
C+ / F / ��
t0 7 
 � / +R0 � � 78/ � 
C+R0	� � % � @�
 7 M(T ) = M(0) V F � %�+���� 9 
 - 0 exp (iS/~) = 1 V��� �H0

S = hn, n ∈ N
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 %7
 J =
∫ +∞
−∞

∫ +∞
−∞

1
2π~

dx dp |x, p, σ〉〈x, p, σ| =
∫ +∞
−∞

∫ +∞
−∞

1
2π~

dx dpD(z)|0〉〈0|D+(z)
@?
 7

D(z)|0〉 = exp
(

− |z|2
2

)

exp (za+) exp (−za) |0〉 =

exp
(

− |z|2
2

)

eza
+|0〉 @;
 7 eza+ |0〉 =

∑

n≥0
zna+n

n!
|0〉 =

∑

n≥0
zn
√
n!
|n〉 @

� � %�+
J =

∑

n,n′

∫
dxdp
h

znzn′

√
n!n′!

e−|z|2 |n〉〈n′| @+@ 
A� � FJI - % / 4B
 7 0 dx∧dp
h

= dQ∧dP / 0 ∫
dQdP znzn

′
e−|z|2 =

∫
dρdθ e−ρ

2
ρn+n′

eiθ(n−n
′) = n! δn,n′

/ % + �C�^7 F � %�%�) /�� 4 � ��
A� 78/�� (ρ, θ)
/ 0/�H%10c) = 7 
C0�� � % �8-�7

ρ
4B
 7

4B
 7 0	� /�� @C� � %�+
J =

∑

n≥0 |n〉〈n| = Î
@D� /Z9 
�E � % 4�� -D� )��H) = 
C%.0 / V + / 0:0 /�7:/ ��
C0	� � % F /Z9 /,7 ' / 0 -�7:/Z/�� 0- % /�� �;'*4�� / + � % � ),M -�/ %�+ / F - � / 'T' / F / 
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H(~x, ~p) =
~p2

2m
− e2

4πε0r
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 %q+nj /,7 +nj / � /�[�� � - ' / F / � I /�� 4B
C+ / F / 4�jB
 �:/ F /�� 4 � �;%10 ��K

ΣE = {(~x, ~p)/H(~x, ~p) ≤ E}

 % - 0	����� �:/ %B
C0 -�78/ ��� / ' / %.0�� /�� + �4�A7 F � %�%�) /���� 4�j�) 7 �;M -�/�� K ~p ≡ (p, ϕp, θp)

/ 0
~x ≡ (r, ϕ, θ)

@
* � �A7�� � - 0������ � 
^%10

d~x = r2dr sin θdθdϕ
�

V (E) = V ol (ΣE) =

∫

ΣE

d~xd~p

= (4π)2

∫

E≥ p2

2m
− e2

4πε0r

r2p2 drdp

= (4π)2 e4

3 (4πε0)
2

∫ ∞

0

p2 dp
1

(
p2

2m
− E

)3

= (4π)2 e4

3 (4πε0)
2

(
m3/2π

4
√

2(−E)3/2

)

=
e4m3/2π

12
√

2 (−E)3/2 ε2
0

� % �:- �H0 / FlI 
^4 7 h � ����@ B � � V

N (E) =
V (E)

h3
=

e4m3/2π

12
√

2 (−E)3/2 ε2
0h

3
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 % F ) F - �H0 ��
 F / % � �H08) F / %�� [^/ 
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 ��� �;M -�/ ρsc (E) = dN
dE

= e4m3/2π

8
√

2(−E)5/2ε20h
3
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^��� / � �A7�� M -�/ � /�� %D� [A/ 
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 7 0�� 7 F / � I /�� 4 78/���� � � % Eexact
n = − ε1
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ε1 = me4
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 � � 
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A��� � ' / F - +njB
^4D�H0 7:/ 4 7 )R+,) F / %10 � I )R0 / % F 4 �A-�7 F ),+ 7 � 7:/- % / 4B
 7 0	�H+ - � / F 
^% � � I /�� 4B
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 � FJI - % / 4B
 7 0	�H+ - � / +njB
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UEV2K FJI - % / 4�
 7 0��;+ - � / /�� 0 '8
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^%10 F )R+ 7 �H0�4B
 7�- % / 9-� %�+�0	� � % FlI � % F / ψ(x, y, z)� � [ 
 7 ��
^��� /�� V / 0�0 �A- � �A-�7�� � [ 
�� /R-�7�� + � '*4�� /���/�� @9
 % - 0	����� �:/,7 
*0 �A- � �^-�7�� ��
`% � 0	
C0	� � % F / � � 7 
C+

|ψ > @�
 %q4 ���8/R7 
 
 -���� � K
~X = (x, y, z) ∈ R

3

fN/6B _TIEJ�VL=@;�BNS6D�?HD�=@_TK / %10 7:/ F /,-��q9-� %�+R0	� � % � FJI � % F /v/�� 0	%B
C0 -�78/ ��� / ' / %10 K

< ψ1|ψ2 >=

∫

R3

ψ1( ~X)ψ2( ~X) d ~X

� � �
d ~X = dxdydz

@JD I /�� 0 - % / �;%10c) = 7 
�� / 0 7 �H4�� /r� @ � 0�� I /�� 4B
^+ / F /�� )R0	
C0 �X/�� 0�+ � % � 0	��0 - ) F /��Z9-� %�+ i0	� � % � FJI � % F /�� |ψ > F / % �A7 ' / � %D� / K < ψ|ψ ><∞ V % � 08) K
H = L2

(
R

3
)

fN/�� I B hP_©D�;(KPVL_dBnJ�= �¬hP_dKPF2;>=jKP?@?CKTB F / �B
 �8/ ��� %108� /�� � 4�) 7 
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(x̂ψ) (x, y, z) = xψ(x, y, z)

(p̂xψ) (x, y, z) = −i~∂ψ
∂x

(x, y, z)

/ 08+ @�@H@

 % % � 0 / 
 -���� � K

~̂p = −i~~∇

 [A/ + ~∇ = (∂x, ∂y, ∂z)
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φnx(x) =< x|nx >, nx ∈ N
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L2(R3) = L2(R) ⊗ L2(R) ⊗ L2(R)
@ 6 � -�� = )R%�) 7 
 i

� / ' / %10 V � % 
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L2(Ra+b) = L2(Ra) ⊗ L2(Rb)
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~x′ = R~x
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ψ(~x) → ψ′(~x′)
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Spin Flipper

Amplitude nulle détectée
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−iŜy
~

)

|sθ > $ � 7 � &

R̂y(θ) = exp
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(

−1
2 sin θ/2

1
2 cos θ/2

)

=
−iŜy
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Ŝx
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−iŜx

~

)

|sθ > .G8 d|sθ>
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(
−iŜy
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π
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z
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R̂x(θ) 6= R̂z(−π

2
)R̂y(θ)

� � 
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!$' � # #:#,3 #('�'";6!6�8�L0 � ;$#%! = %"!6�&!6�L)B# � ),!6'O%\0�V:#

|sθ,ϕ >= R̂z (ϕ) R̂y (θ) |+z >

� #('*),#,!6# = %"!#"
|sθ,ϕ >= e−iϕ/2 cos (θ/2) |+z > +eiϕ/2 sin (θ/2) |−z >

� 0 � �������	� 
��$� � � 
 � � � � � � ~S2
i ' � #(' �&!>3 
$#,!@'��4#(0N;6#,VS)+!6%�#

~S2 = Ŝ2
x + Ŝ2

y + Ŝ2
z

� #('*),#,!6# = %"!-3_V:' �/'�� !6�,0_V � ! Hspin
� !$)8#(0N;6#8V�)+!$%"#F!)�a)�/G%"'2)-!20 '>!&3"!@'��4!>3"!$'*)-!2),; "

~S2 =

(
~

2

)2
3

4
Î

J !<#,;6�,% '�)iV�)/�L!6#,V # � ),!6'O%E!$'\0"'>% � 5 #8V:'"3"! 5 ;$'";6#8V0'+!�)+;�!$'��L! � )-!+#:' $ �.7 � �,&�0_V 5 !
0�V 5 !�� ��� 7
# #:'2%�)-!5#('%" � V0' � % '2!6#eV 
 ! � '>!)�M/RV�)+#&! � !)� 2 × 2

�"3_V:' �/'SV � V0�,! |±z >
7

��� 	�� � -�� ���! #" " i '�0N!6%.)?# � ),!6' !2#B'2!4#L;)�,%"'2)iVS) ~S2 ∝ Id
0_V:#�3"!)��V�# 5 %"/Q!6'*)%��3"!K�a��/1;�)+#%!2!

$|� � !6�L)7'2!M� '>!6/Q/Q!�3�!�# � � %"# � � 
 #:!>#X0 '>% � '+#:!2' & " $ �!&['��D#:0W;$#,V�),!6%"# ~S2 !)�L)_!>' 
 V:#%!SV:'*)�0_V�#�#%#�)iV�)%!+#('
�O!�)3 #(' � �%! ~S2|ψ >= λ|ψ >
!6�L) 
 ! � )+!$%"#-0"#%#(0�#,!U!$) |ψ′ >= R̂|ψ >

�jV0'5#(#%� ~S2|ψ′ >= ~S2R̂|ψ >=

R̂~S2|ψ >= λ|ψ′ >
7 i #`)-#:%�) 
 ! � )+!$%"#&3�! Hspin

���4# � )%!>!$'O)�3"! � !$),),!
HDV��)#(' 7
� 0 � �����$�	� 
 
,� � � � � � � � �%� � ��� � � 
 � � � � � ��� Ŝx, Ŝy, Ŝz � 0�0W!6'+#(' � |+x >, |−x >

�V'>!6�

 ! � ),!6%"#&�\0"#&#(0"#L!)�P3"! Ŝx 3"! 
 V2'>!6%�#%�I0"#&#(0"#,!6�P#,!)�L0W! � )%! 
 !6� (+~/2,−~/2)

�F!�)P3"! /$A$/1!�0	#(%"#
Ŝy, Ŝz

7
& ��0�#%!>/Q!6# � !)� 
 ! � )+!$%"#%�&3_V:' �/'SV � V0�,! |±z >

7
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SB1TS � :7RBL9TG8;:G6 HVS HW< 476 @ : = P T�HVSUH @B: 8�R < 6 8WJ L =)S 8�R�����LM: @B:
� =>4 F��

] V j������ �"! ��# �%$'&,#�(*) �+� 'bV �+� 'bV,)%!+#�( � (*) � � '.- � � /_V%0 � # � 1 !2(_V2! �+�
R3

� )Z'.- � �+/�V%0 ��13� �+/"!2(�'5# � � 4 �3�' � �+/ !5( � �6) 1 V%("�_' � / 'bV%(
(x, z)

# 	 '87QV � ( ��� � 'SV,)-!5#�( ��9 ( 9:� V0' �,; /	# ��� (<-4!2&=/ # � ) � 4 � - � '+' ��1 ! �+� 0>)-!5#�(
1�� �+/ !5(�4 �3�@? #:!206!.#
# � /�/	#:�&#�( � 1 #�(�( 9A� ( 9 ),V,) 1�� �+/"!2(�4 �3� '206#�(�4 ���=B

|s >= a|+z > +b|−z >∈ Hspin, a, b ∈ C

i ( 1�9 j ( !C)MV0'+# � � ' �D?%� 0E) �:���
~s ∈ R

3 /_V � ' � � ? V2' �:�3� ��&,#F7 � (�( � � 1�� 'G-D#%H � �E� ? V%H ' � ~̂S 1 V%("�['G- 9 )iV,)
|s > B

~s =
〈

~̂S
〉 ! �3# � $

0%- � �6) � 1 ! �+�"B

~s =







sx = <s|Ŝx|s>
<s|s>

sy = <s|Ŝy|s>
<s|s>

sz = <s|Ŝz|s>
<s|s>

R � �8I ���KJ*LMJ 
 N � ���" �� ��� , ~s  (
 , 
  �� = , �1&�� $ * =���
�� 	���
�������	���� |s〉 O � �!�2 "����&�� 
���� �QP ,/. &@R5PX\�
�&���P ,". &
&�� |s〉 �"&�� �!� , � 
�$ �1& =TS � ��$ � &�P , =" ��1&�� � �����VU�$1� ���" �� ��� , ~s ) � $ * �"&TP�
  "� � , ) ���-
�� , �WU ���  "��� , ) ����� ="�"&
&TPX\X= , ��	����"& ~s = (θ, ϕ, ‖~s‖) U �"&�� , ��$ � =#
��%X  "�H��P���&�
���� �"&

(a, b)
) � $ * =�� 
�� |s〉 ) 
���& $ * �"&TP�
  "� ) �

Y P-���ZP�
 , �

‖~s‖ =
~

2
:
�!� , � ��[\X ="�

z =
a

b
= cotg

(
θ

2

)

e−iϕ ∈ C :
&��
b 6= 0

N * ����� � , P , =�� 
���������^ , 
>PX\ ��	���� ) �  "����� � , ��$%
�������� �"&�� 	����
z = a/b

�"&�� $%
^]`_MaEb�ced�f�g+a�hji%flk%_FkFa�m
n _po�]�qrg6s*t`c ) � ���" �� ��� , ~s U(����� , [9^�� , �ZRvu �Kw S �x $zy 
 ) ���! #� �!� , ��$%
��������|{�� }��" ����
��� ����� , � $%
 ) � , �" �������� ) � ���" �� ��� , ~s U ��� $ * =���
�� 	���
�������	����
�!� , � 
�$ �1& = |s > R O � �!�zPX\�
�&��DP ,/. &TS �
~���� � �e� � ������� V�( # � & � ‖~s‖ = ~

2

(�- � � )@/_V0�@� �3� / � � (_V%(*) � # � V 1 ! �+� 0E)-!5#�(
(θ, ϕ)

1���?�� 0E) �:���
~s
; ( �=1�9 / � ( 1 4 ���^13� 4 � #%)%! � (�)

z = a/b ∈ C
#\� � 'bV � �6)cVe)+) � ( 1��<; 0&V �A� ( �%9 ( 9E� V0' ; ' �"�+9 � � 'C)iV,)

1�� � ? V0' �:��� �z&$#M7 � (�( � ( � 0W�_V%( ��� /_V0�/�%!�#%(�& � '5)-!5/ '+! � ' ��?�� 0E) �:��� /_V ��� ( � 06#�( � ),V%(*) � 0)#%&Z/ ' �>���%;
1 #�(30 |s′ >= (a/b)|+z > +|−z >∈ Hspin

1 #�(�( � ' � &,A:& �
�+9 � � 'C)iV,) |s〉 #
����������� �d;v�(� C 	 # S�:-6FN�NO!$9@84Qh!$'1QG6F'1.GN(*FN�6F8O!$'1.GWM.G#78T'1.2% c !$'1.G6FN/%eWM:hfD.G#F#&.2% 〈 ~̂S

〉

0 W�!$91%(Q2.X#�IK.2%�8eS,!-%
#&32Q2.2%/%O!$9@N/. ��:-# c 3GN�9��,. EJIB!$*�:-N/E E&!$#&%`'1.TQh!-% ϕ = 0 0 '1:-N/%/5H6&. ~s .2%�8`E&!$#&%`'1.YSF')!$# (x, z) >��`.G')!<Q2:-N�N/.2%�SU:-#&E� ')! �&_a6FN/.�;	=&>��DC > 	 # :-*F8�91.G#H8X!$'1:-N/% z = cotg(θ/2) %O!$#&%4Qh!$'1QG6F' 0 .G# %/.XN/3+�
3GNO!$#H8 � ')! �&_a6FN/.�;	=&>��aC >

Z[#&%/6F9@8/. :-# :-*F8�91.G#78('1.YQh!-%`_D3G#&3GNO!$' 0 .G# .+�U.2QG8�6,!$#78(6F#&.TN/:-8O!$8�91:-# !$6F8/:-6FN(EF.Y' IB!E�^. z _aN6�-Q2. � ' IK:-SU3GNO!E�
8/.G6FN R̂z (ϕ) >�



��� ��� ��� � ���'�3� ���������
	z�j��� � � ������� ���|� � ���j� 	 � � �j� �
��� ���
����� � 	 � � �����

s x

s y

s z

s

z

Re(z)

ϕ

θ

Sphère de la direction du spin

Plan complexe z=a/b

(rayon 1/2)

Im(z)


���
�� � #���� q � # H � 0E)-!5#�(��6) 9:� 9 # �%� V%/��"!24 ����� � '5! � ' ��?�� 0E) �E���
~s =

〈

~̂S
〉 � )_' � � 06#�&Z/	#:�8V%(*) � �

(a, b)
1��

'.- 9 ),V,)�4 � V%(*)-!54 ��� |s >= a|+z > +b|−z >
#

θ

θ/2 θ/2

s

1/2 z/2 z

x

z

z|+  >

z|−  >

Espace de spin Espace réel

z1

|s>

θ/2


���
�� � #���� P ! ���3�+� &,#�(*) � V,(�)�4 ���
z = cotg(θ/2)

/	# ��� 'bV"/ � # H � 0>)-!5#�(Y� ) 9E�+9 # ��� V,/�� !24 ��� #
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�������:I � �	�"I �����%���%L��
	
CP 1 = P (C2)

�! #" � -�V0�%�&#�06!bV,)%!+#�( 1 - � ( � �+/���� �+�
! !206! �+/���� �+� 1�� � ?%� 0>) �:�3� �
~s
$�
 /�V � )%! � 1 - � ( � �+/�V%0 �'?�� 0>)-# � ! � ' 1�� 1 !2& � ( �&!+#�( 1��E���^! !50)! Hspin

$ � � ) ��9 ( 9E� V0' � � )\( � � � '+!2&,!5) � /_V2�
V � 0�V2� 1�� � / !2(<# 
 #0!20)! 'bV 0)#%( � ) �+� 0>)-!+#%( ��9 ( 9:� V0' �
1 V%( �/' � 'SV%( � V �%��1�� 'bV"& 9 0�V,( !24 ��� 4 � V%(*)%!24 ��� #� #:!C) H � ( � �+/_V,0 ��?�� 0>)-# � ! � ' !K� �+/_V%0 ��1���� !+'5H �E� ) 4 � V%(*)-!24 ��� $ 1���1 !2& � ("�%!+#%(

n
# & ( ) �E� & �

1�� & � � ��� �%; !+' � � )�!2&=/ #0�%�%!5H ' � 1�� 1 !+� )%!2( �%���:� ' � ?%� 0>) �:�3� |ψ >
13� ?�� 0E) �:��� |ψ′ >= λ|ψ >/	# ��� )-# � )

λ ∈ C
#�qV# ��� 0 � )+) �A� V0!+�&#�( ; #�( V%/�/ � '5' � � ��� ���
� � � � L��G� � � 'G- � ( � � & H ' �@13� � ?�� 0>) �E��� �

/ � #�/ # � )-!5#�(�( � '+� � (*) �+�@�:��� # � !2( �&!�' �
� VM70#�(�4 � V%(*)-!24 ���A1�� |ψ >
; ( #,) 9

[ψ]
;�� �6) B

[ψ] = {|ψ′ >,
) � '+��4 ��� ∃λ ∈ C, |ψ′ >= λ|ψ >} .

� - � ( � � & H ' �@13� � � Vp7:#�("� � � )ZV%/�/ � ' 9 '.- � �+/�V%0 � / � # H � 0>)-!�� 1�� H ;�� ) � � )�( #%) 9
P (H)

#
q V � 06#�( �6) �+� 0E)-!5#�( ;�� ( � Vp7:#�( � �6) � ( � �DV%&,!+'5' � 
 � ( ��1 !5& � ( �%!5#�( 0)#%&Z/ ' �>���A! #�H3) � ( �Z� (��DV2!+�,V,(�)

? V � ! �:�
λ ∈ C

$ ;r� )?'.- � ("� � & H ' � 1�� � � Vp7:#�("� � � ) 1 #�(�0 � ( � � /_V%0 � 1�� 1 !5& � ( �%!5#�(�0)#�&=/ ' � ���
n − 1

;
1 #�(30 13�@1 !2& � ( �&!+#�( � 9:� '5' �

2(n− 1)
; V � �&�%! ( #,) 9

CP (n−1) #� ! H ≡ C2
� � ) � ( � � /_V%0 � 
 1��:��� 9 )iVe)-� ; ! 0)#�&=& � ' � �+/"!2(8$ ; ' � /_V � V ��� V%/�� � / � 9 0 9:1�� (�) V

&,#�(*) �+9 4 ��� 'G- � �+/_V%0 � / � # H � 0>)-!�� � �6) � ( � �+/���� �+� #���- � � )�
 1 ! �+�
CP 1 = P (C2) = S2 # � V%( � � (

/ � #�H '��E& � 
 1��E��� 9 )iV,)%� ; !5' � � )<�&# �3?%� (*)=0)#�&=&$# 1��=1�� � � / � 9 � � (*) �:� 'G- 9>? #:' � )-!5#�( 4 � V%(*)%!24 ��� � ���
0 � )+) � � /���� �+�%; V � �%�%! V%/3/ � ' 9:� �EI�� ; ��� � � ~������ � ��� # � � /���� � � 13� � '+#�0W�<#

SB1"! � LM4XJ*R : #%$ & �('*),+ -/.10VS10324.65 )87 9�R82:5<;=+>0?-/+A@)SB032C. 589 ),+
D . � � 7E0VS10324. 5

FHGJI>G � KMLONQPRLTSUSWVHXZY[X�\^]A\JXZ_W`aVcbed�LOVgf hMhRXid�h�jkYeXZ\kLONali`ahMPRLTSUSWVHXZY[X�\kLON
� !V#�( 0)#%( �%! 1 � � � 1��E��� � #%)nme)-!+#%( � 1 !�o 9:�+� (*) � �pm � )-# ����1 -qm ��� � 1 !�o 9:� � (*)-� ; /rm ���>��� &Z/ ' �

R̂x(α)� )
R̂y(β)

; m0'5# � � � ( ��9 ( 9E� m0' ' �"�+9 � � 'C)nm,) 1�� '�m 0)#�& H"!2(rm0!5�%#�( 13� 0 � � 1��E����� #%)"m,)-!5#�( � 139 / � ( 1�1��'.-4# � 1��+� m ?�� 0C' � 4 ��� '�#�(Y' � �A�sm0!C) B

R̂x(α) R̂y(β) 6= R̂y(β) R̂x(α)

� � '�m � � ) 9E? ! 1�� (*) � �3� 'G- � �3� &Z/"' � 1�� '�m j������+� � # � # i ( 1 !C)�4 ��� ' � � 13�:��� #�/ 9:� m,) �E��� ��( � 06#�&=& � ) � (*)
/rm0��0:m � [

R̂x(α), Ry(β)
]

= R̂x(α)R̂y(β) − R̂y(β) R̂x(α) 6= 0
#

t # � �Am0'+'5#�( � 9 )"m%H '5! � &um2!2(*) � (rm%(*) � ( ���+� 'vm,)%!+#�(,!2&=/	# � )"m%(*) � 4 � !�&,#�(*) � � 4 ��� '�m@( #%( 0)#�&=& �Zw
)nme)-! ? !C) 9�1�� 0 � � � #%)"m,)-!5#�( � � � )8'+! 9:� 
<'vm ( #%(�06#�&Z& � )nm,)%! ? !5) 9�1�� ' �:���z��9 ( 9:� m,) �E��� �E#x � &um � 4 ���:� 4 ���

Ry(β)Rx(α) 6= Rx(α)Ry(β) ⇔ R−1
y (β)R−1

x (α)Ry(β)Rx(α) 6= I
# i ( ? m

1 #�(30@0:m0'20 � ' �E�
R−1
y R−1

x RyRx
# 
 #0! � j��%���+� � # � #

i (�/	#:� � /	# ��� �&!2&=/ '+! j��:��B
A = −iŜxα/~

;
B = −iŜyβ/~

;�� )8� � /�/ #0�%#�( � 4 ��� ' � ��m,( � ' � � 1��
� #,)nm,)%!+#�(*�&#�(*) ) � �6� / � )%!5)%�

α, β � 1
#

i (ym�m0'5# � �
R̂x (α) = exp

(

−iŜxα/~
)

= exp (A) ' 1 + A+
1

2
A2 + o(α2)

� ) 1�� &,A:& � / # ���
R̂y(β)

#
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	�� � 	 � � �����e����� � � �����
	z���A��� � 	��	� 	 �������
	z� ��� �

x

y

z

y

z
R1

R2

x
Ry

Rx


���
�� � # � � � � ) �>��� &=/ ' � &$#%(�) �+� 4 ��� ' � � 1��E����� #,)nm,)%!+#�( � � � ! ? m%(*) � �z( � 06#�&=& � ) � (*)z/rm0� B
R1 =

Rx(
π
2
)Ry(

π
2
) 6= R2 = Ry(

π
2
)Rx(

π
2
)

Rx

Ry

Rx

Ry

−1

−1

Résultat


���
�� � # � � t #�(�0)#�&=& � )"m,)-! ? !C) 9 B
R−1
y R−1

x RyRx 6= I



��� � � � � � � ����� ��� � ��� ��� �
	�� �
����� � ���������

� '5# � �
RyRx =

(

1 +B +
1

2
B2

)(

1 + A +
1

2
A2

)

= 1 + A +B +BA+
1

2
A2 +

1

2
B2 + . . .

R−1
y R−1

x = 1 − A− B +BA+
1

2
A2 +

1

2
B2 + . . .

1 #�(30

R−1
y R−1

x RyRx = . . . = 1 +BA− AB + . . . = 1 + [B,A] + . . .

= Id− αβ

~2

[

Ŝy, Ŝx

]

+ o(α2, β2, αβ)

� � ) ) �@1��:� ( !�� �+�A�+� 'vm,)%!+#�(*!5&Z/	# � )"m%(*) � &$#�(*) �+�A� ( ����� ^�� � [��	��
 ��� ��
�� ��� ������
 ��� � � 
���� � � ����
����

 ��� ����� �����	��� ��� ��� � � ����
 ��� ��� B"!	#%$2�&! �%9 ( 9E� m,) �:���'! 0)(%&Z& � ) � (*) ; m $ ( �'!*$2�&!�9&$29 & � (*) ! 13� ��� ( � / �
0)(%&Z& � ) � (*) ;z� ) �+9 0 # / � (�4 ��� & � (*)p# ! ��- �)! ) 1 m,( !+$5� 0 m 13�+��1��,$ - # (*) �:� / �+9 )nm,) # (�( 13�)! (�/ 9E� m,) �:���'!
m � )	( w m 1.- ( # (*) ! 0)(�&=& �
��9 ( 9E� m,) �:���'! $ #

/ $ �)! ) 1 (�(�0 # &=/0( � )nm,(�) 1�� 0 m $ 0 �1$5�:�*$2�&! 0)(�&=& � )"m,) �E���	!z� (*) �+��$2�&!z��9 ( 9:� me) �:�3�	! # i (�) � ( �3?��=B

[

Ŝx, Ŝy

]

= ŜxŜy − ŜyŜx = i~Ŝz
! � # � $

[

Ŝy, Ŝz

]

= i~Ŝx,
[

Ŝz, Ŝx

]

= i~Ŝy

�������������D'1.[Qh!$'1QG6F'H%/.�� !$9@8 ! c .2QP'1.2%JW�!$8�N�91Q2.2%�S,!$N .+�^.GW+SF'1.a> ŜxŜy−ŜyŜx ≡
(

~

2

)2
(

0 1
1 0

)(
0 −i
i 0

)

−
(

~

2

)2
(

0 −i
i 0

)(
0 1
1 0

)

=
(

~

2

)2
2i

(
1 0
0 −1

)

≡ i~Ŝz
>��`:-W+WM.<9@' #�I f !�S,!-%YEJIB!E�F.<SFN�9 c 9@'13G_a913 0 '1.

N/32%�6F'@8O!$8T.2%/8(91EF.G#H8�91576&. .G# SU.GN�W 6F8O!$#H8 '1.2%T!E�F.2%h>
�2 # ( !	#

R−1
y (β)R−1

x (α)Ry(β)Rx(α) = Id+ i
αβ

~
Ŝz + o(α2, β2, αβ) = Rz (−αβ) + o(α2, β2, αβ)
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	�� � 	 � � �����e����� � � �����
	z���A��� � 	��	� 	 �������
	z� �����
4 �1#�! - # (�) �:� / � �>) ��� ( 11# ! m%(*)"4 ��� m � / � � & #2�E� ( � 1��+�,; $ m ! �1# ) ��1��)! (%/ 9E� m,) # (�( !�!�# ( j ( # ) 9)!'# &%m $2�&! $
R−1
y (β)R−1

x (α)Ry(β)Rx(α)
�)! ) 9 4 �1#C? m $2� (*)6
 � ( �Z� (%)"m,) # (�( # ( j ( # ) 9&!	# &um $5�"1 - � ( m%( ��$2�

(−αβ)m � )	( ���z1�� $ -qm ���
z
#

t (%) �:� 4 ��� (1( � ! m ? (%( ! 9 )"m%H $ # 0 �)! �+9&!+�1$ )nm,) ! / ( ����$ m � (%)"m,) # (�( 1 - � ( ! / # ( 4 � m,(�) # 4 ���,; &%m # !
4 � - # $ !*! (�(*) ? m $ m%H $5�)! m �1!	!'# / ( ���*$ m � (%)"m,) # (�( 1 - � ( (�H - � ) ! ( $ #51��
� (�& 9 0 m%( # 4 ��� 0 $ m !	!'# 4 ��� #

FHGJI>G�� � L[XZYeXZ\kLONQYTV�XZLTVHd=`	�sVgN Y�
�h
~u �

Vah�jkP�LTN
�
Vah

t ( � ! m ? (%( ! 1�9�j ( # m �Z1��&!	! �1! $5�)! (�/ 9:� m,) �E���	! 1���� (,)nm,) # (�( 1�� ! / # ( � ) $2�&!���9 ( 9E� m,) �:���'! m � ) ( �3�
1��&! m �3�&!

x, y, z
#[q $5�1!
��9 ( 9:� m $2� & � (*) ; ! ( # )

~u ∈ R
� ( ?%� 0>) �:�3� 1��"� ( # )"m #2� ��!�# # � 1���$ (�( �����:�3� � $

1 m%( ! � ( �A11#2� � 0E) # (�(�4 ���&$ 0)(%(�4 ��� #
i (�/ ( !+� B

Ŝ~u = ~u.~̂S = uxŜx + uyŜy + uzŜz ≡
~

2
(~u.~σ)

! � # � $
� )

R̂~u (α) = exp

(

−iŜ~u α
~

)

! � # � � $

R̂~u (α)
�&! ) � � � I�J � � L � � � � � ����L � L � � � � � �:I��s� � � � � � ��
 � �

α
�#� L � � � � � � � ��� �

~u
;r� )

Ŝ~u���EL � ��
8JZ� J � � L � � � � � �	��L:L � ����L � L�� � � #
! x � &%m � 4 ���E� 4 �3��$ - � � / �+�&!	!	# (�( 1��

R̂z (θ)
0 #�w 1��)!'!+�1! �)! ) � (�0 m ! /rm � ) # 0 �1$ #2�:� 1�� 0 � )+) � � ( � & �1$5�

m ?�� 0
~u = (0, 0, 1)

/ ( # (*)nm,(�) ?%�:�'! $ -qm ���
z � � ) 1�� &��E& � / ( ���*$5�)! (�/ 9:� me) �:�3�	!

R̂x (θ)
� )
R̂y (θ)

$>#

FHGJI>G�� � jkb����gd�h `gh�� \kh `gh�l d�L[XZYeXZ\kLONal
q ( �3� & #5�:��� 0&(�&=/ �+� ( 1��+� 0 � 4 � # / � 9 0:� 1��%; (�H ! �:� ?%�:� 4 ��� $2�)!��+�&$ m,) # (�( !�1�� 0)(�&=& � )"m,) # (�(�0 #�w

1��&!	!+� !"! � # � $ ; & (�(*) �+� (*)�4 ��� $5�)! ) � ( # !z��9 ( 9:� m,) �E���	! (
Ŝx, Ŝy, Ŝz

) ( � 0&(�&Z& � ) � (�)�/�m !:; &%m # ! $2�:�3�
0)(%&Z& � )nm,) �:�����&! ) � (�0&( �+��� ( 1�� 0 �)! ) � ( # ! (%/ 9E� m,) �:���'! #�� (�&=& �D139�j ( # /rm ��� � � ; 0 �&$ m !	#5� ( #)j�� 4 ���
0 �&! ) � ( # ! (�/ 9E� m,) �:���'! � ( � & � (�) � ( � H�m !+�z1 - � ( � m $2� �EH �+� 1�� � #2� 1��D11# & � ( !	# (�( � ; m%/�/ �)$59:� ��� 
��! ���
� � � � � � ��� ����L � L � � � � ; (1(,) 9:� R ; � ( � & 9:� /rm � $5�)! 0)(%& H # (�m # ! (�( !�$ # ( 9 m #2� �)!D1�� $ m�� ( � & � B

Ŝ~U = UxŜx + UyŜy + UzŜz = ~U
ˆ
.~S ∈ R, ~U = (Ux, Uy, Uz) ∈ R

3

� ) ! � # � $ (1( �1! m !'!+��� � 4 ��� 1
i

[

Ŝ~U , Ŝ~V

]

∈ R #

" � � �������	�$#�% � � ��
 � � ��� ���zP � � � ~U, ~V ∈ R3 U

1

i~

[

Ŝ~U , Ŝ~V

]

= Ŝ~U∧~V
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FHGJI>G
F � d�LOVHf6h `gh � \kh `gh�l d�L[XZYeXZ\kLONal
& (�/ ( ! m,(�) B

~U = α~u, α =
∣
∣
∣~U
∣
∣
∣ , ~u

� ( # )"m #2� �
(�(�/ �E� ) 9 0 �'#2� �

R̂~U = exp

(

− i

~
Ŝ~U

)

= exp

(

− i

~
αŜ~u

)

= R̂~u (α)

4 �1# �)! ) � ( �A� (%)"m,) # (�( 1 - � (ym,( � $2�
α
m � ) ( �3�z1�� $ - m ���

~u
#

� (�m�& � (*) # (�(�( 9 /rm ��� � � ;e� ( �+9&!+�1$ )nm,) ��9 ( 9:� m $ 4 ��� � ( / �+� (�m%(*) $ - �>� / (�( � (�) #2�&$ $2��13�)!Q9&$29 & � (*) !
1 - � ( � m $2� �:H � �z1�� � #5�z1 - (%/ 9E� m,) �:���'!:; (�( (�H3) #5� (*) � ( ��� ( � / ��1�� � #2� # 2 # ( !	#.;�# 0 #G; $2�&! (�/ 9E� m,) �:���'! 1��
� (,)nm,) # (�(

R̂~u (α)
! / ( ����11# o 9E�+� (�) �)!
? m $2�E���	!�1��

~u, α
$�� ( � & � (*)������ � � �MP�� 1�� � #5� 1�� 11# & � ( !	# (�(

� ; ( (%) 9
Rspin

! ( ��� (�0)( � �
Spin (R3)

1 m%( ! $ m $ # ) ) 9E� m,) ���+� $ B

R̂1 R̂2 = R̂3 :
$ ( #�1�� 0)(�&=/0( !	# ) # (�( # (*) �E� ( �

R̂~u (0) = Id :
9&$29 & � (*)�( �E� ) � �

(

R̂~u (α)
)−1

= R̂~u (−α) :
� (%)"m,) # (�( # ( ?��E�	! �

!�$ mA/ �+� & # � �+�z� �)$ me) # (%( !	#2� ( #	���*$ m
0W�1( !+� (1(�( ) �'#5?�# m $2� 4 ��� $ m�0&(�&Z/ ( !'# ) # (�( !+� 0:0 �&!	!'#5?���1�� 1��:���
� (,)nm,) # (�( �&! )g
"(1( �3?%� m ��� ( � 0 �E� )nm # ( �A� (,)nm,) # (�(8$ #


 ( �3��! / 9 0 #����:� $ m � (%)nme) # (%(
R̂~u (α)

; # $ �sm � )
) � ( # ! /rm � m%& �E) � �)!"B $ m 11#2� � 0E) # (�(
(θ, ϕ)

1���$ - m ���
~u
;8� ) $ - m%( � $5�@13� � (,)nm,) # (�(

α
; ( � � (�0)( �+� ~U = α~u ∈ R3 # 
 ( �3� 0 �&$ m (�( 11# )�4 ��� 0%- �)! ) � ( ��� ( � / �


 ) � ( # ! /rm � m%& �E) �+�)! 0&(�(*) # ( � !:; ( ��� ( 

��� � I � � � � � � � � � �G� �Z� ����� � L���� �$� #

FHGJI>G I � h fad�_�lZh�NTX�Y[XZ\kLON `ah�l LOf _ d�Y[XZh�Vgd�l `ghUd�L[XZYeXZ\kLON `aYONglMVaNgh �pYOlZh��
bOd�LOVgf hM`ah�liS Y[X d�\kP�h�l������ ���

t ( � ! m $ $ (�( ! & (�(*) � �:� 4 ��� $5� ��� ( � / � 1��"� (%)"m,) # (�( 1�� ! / # ( ��� � �)! ) #51�� (*) # 4 ��� 
 � ( ��� ( � / �
1�� &%m,) �'# 0 �&! m%/�/ �)$59
��� ( � / �(��� ! ��$ #

� (�( !'#21�9E� (�( !=� ( (�/ 9:� m,) �E��� 1���� (%)"m,) # (�( 1�� ! / # ( ��� � ;Q13� $ my� ( � & ��! � # � � $># � m,( ! $ m Hrm ! �
(|+z〉, |−z〉)

; 0 � ) (�/ 9:� me) �:�3� � ( # )"m #2� ���)! ) � � / � 9)! � (*) 9 /rm �z� ( � &%m,) �'# 0 ��� ( # )nm #5�+�
2 × 2

B

M~u (α) =

(
〈+|R̂|+〉 〈+|R̂|−〉
〈−|R̂|−〉 〈−|R̂|−〉

)

��- �)! ) � ( � &%m,) �'# 0 � 0)(�&=/ $5�>���
2 × 2

1��A1�9 ) �:� & # (rm%(*) � ( ;�� ) � ( # )"m #2� � #
� � ) �)$ $2�&! &ume) �	# 0 �&!:; � ( � & � (*) � ( �%� ( � / � m%/�/ �)$59 � � n _Ma3t�] c�� ] kFd�g6o! #"�h`g�f o8gT_Mc$�%"'&)(+*-,

SU(2) =
{
M ∈Mat2 (C) / det (M) = 1, M+ = M−1

}

! (%( ?�9E�	#	��� �sm%0 # $2� & � (�)�4 ��� 0 � ) � ( !+� & H $2� � ( � & � � ( ��� ( � / � m ?%� 0 $ m�& �1$ ) # / $ # 0 m,) # (�( 1�� &um,) �	# 0 �)! $>#
/ ( ?��:�'!+� & � (�) ; 
 � ( � &%m,) �'# 0 �

M ∈ SU(2)
; (�(8m !	! (�0 #5��� ( (�/ 9:� m,) �E���D1���� (%)"m,) # (�( 1�� ! / # (

R̂/rm �*$ m"&��E& ��� �)$ m,) # (�(�0 # wT1��&!	!+� ! !V? ( #5� / �+�E�3?�� 0 # wT1��&!	! ( �1! $ #
2 # ( !	# $2����� ( � / ��1��&! � (,)nm,) # (�( 1���! / # ( ��� � �>� / �	# & 9 1 m%( ! � ( � Hrm ! � ( � )l�1(�( ( � & 9:� ! - #21�� (*) #	���

m ����� ( � / �@13� &%m,) �	# 0 �)!H��� ! ��$ #
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���
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�� � P � � �� "! R � � � � ��� ��#�����
 
����$� ��� �&%:{ � ��
���N � �

Rspin
S
Ŝ~U

U*������� ~U ∈ R3 U � � � XEP � � #���
 ��� � ��� �"{�� � � � � � � P � � ��� �'# ��
 � � ���)(�� � # � 
 � ����� �
2× 2


�� 
 � ����� ����� � � �*� � ��
 � � � � �J��� � � ��#�����
 � ��� ��� �+# ��
 � � ���,(�� � # � 
 � ����� �
2× 2


�� 
 � �����
����� � � 
���
 � � # � � � ��� ����� � � ��
 ��� �

Ŝ~U
�

!&��� � ��
 � � � � ��� �$� ��� � ��#={)� � 
�� � # ��
 ��� ��� � (�� � # � 
 � ����� �
2× 2


�� 
 � ����� ����� � �.- �.� #�� �$� ��� �&%:{ � �

��ZN � �

su(2)

�� � � � �FP��

SU(2)

�� [ � � � � � 
�� ��� � � �/� � ��
 � � � � ��� � � � # ��
 � � ��� � 
��10������ �

σx, σy, σz
- �.� #�����
 ��� � {�� � � 
�������
�
 � ��� �&%:{ � �

su(2)
�

23�14 �65 ��� O �$� �>P*P � � �	��
 ��� � � XEP � � ����
 � ��� � �WU 
��	
�� � � � � �"� � � � � � �MP���
�� ��� � 
���
 ��� � � 
�� � P � � �� "! U
Rspin

U*� XEP ��� #���
 ��� � ��� � {�� � � � � � � U � � � 
�����
 � [������ � � � �MP�� Y87 R ! S�
�� � # ��
 � � ��� � �
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� - �&! /rm%0 � 13� � # $ H �E� ) 1�� $ m�� (%(�0E) # (�( 1 - (�( 13�%;81�9 0 �	#C? m,(�) $ - 9 )nm,) ! /rm,) # m $<13��$ m /rm � ) # 0 �1$2���)! ) B

Hespace = L2
(
R

3
)

� - �&! /rm,0 �@1��(� # $ H �E� ) 13�+! / # ( ;31�9 0 �	#5? m%(*) $ - 9 )"m,) 1�� ! / # ( �)! ) $5�1#<1��A11# & � ( !	# (�(�P B

Hspin ≡ C
2

2 $ ( �	!*$ - �&! /rm%0 �A1��(� # $ H �E� )D)	(%)nm $<�)! ) $5� / � ( 1��1# )z) � ( ! ( �'#2�&$�B

Htot = Hespace ⊗Hspin

FHGRQ�GTS � h3S Yed � Vgh�l
� 
 ( ��� 4 � ( # $2� / � ( 1�� # ) ) � ( ! ( �	#5�)$VU )	( � ) !	# &=/ $5� & � (*) ; 0 m � # $8�&! )z/ ( !	!'# H $5��1 - � ( ?�# ! m ���E� 4 ��� $ m

/rm � ) # 0 �1$5� ! ( # ) 1 m%( ! � ( 9 )nm,)�4 � m%(*) # 4 ��� 0)(�&=& �

|ψ >= a|x1 > |+z > +b|x2 > |−z >
! � # ��� $

! m ?%� 0 1��)! m%&=/ $ # ) �31��)!
a, b ∈ C

$ ; 4 �1# ) � m 1�� # ) � ( 9 )"m,) (XW $ m / ( !	# ) # (�(
x

�&! )�� �.� � ��� ���(m ?�� 0
$ - 9 )nm,) 1���! / # (<#%��- �&! ) � � m,0E) � & � (*) $2� 0:m ! 
 $ m ! ( � ) #2� 13��$ - m%/�/rm �+�)# $�1���� ) �:� ( wTY
�:�	$ m%0W� ; ������� �
! � # � $ ; (XW |x1 >

�)! ) � ( 9 )nm,) !	# ) ��9^1 m%( ! $5� �sm # ! 0 � m �,!+� / 9:�'#2�:�3�:;\� ) |x2 >
� ( 9 )"m,) !'# ) ��9

1 m,( ! $2� �sm # ! 0 � m � # (�� 9E�	#5�:��� #
� � (�&=& � 1�9 0 �	# )A/rm ��� � PZP ; $5� / � ( 1��1# )�) � ( ! ( �'#2�&$Q1 - �)! /�m%0 �=1���� # $ H �:� )
/ �E� & � ) $ - � ��# ! ) � (�0 �

1 - 9 )"m,)�0)( � �+9)$59)! 4 �1# ! (�(*) ! ��� / � � (rm,(�) ! / ( ��� $2� !+� ( ! 0&(�&Z& � (<#���- �&! ) $2� 0 m !�1�� $ - 9 )nm,)
� 4 ! � # ��� $ ; ( � $ - 9 )"m,) 13� ! / # ( �)! ) 0)( � �+9&$29 m ?%� 0 $ m@/ ( !'# ) # (�( 1�� $ m@/�m � ) # 0 � $2� # ��# (%(�(�H ! �:�6?�� $ m
/rm � ) # 0 �1$5��� (

x1

;��&$ $5� m �3� m $5� ! / # ( |+z >
# ��# (�( $ - (%H !+�E� ?���� (

x2

;��&$ $5� m �3� m $5� ! / # ( |−z >
#

!\[ ( #2�^]O_ $>#
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FHGRQ�G�� � Ngh �aYTl h `gh Htot
hRX P
�gYTS f l fp\kNaLed�\ h�jkl

� �)! 9 )nme) ! |~x >, ~x ∈ R3
; � ( � & � (*) $ m Hrm ! � ! 0)(�(*) # ( ��� $ 1�� / ( !	# ) # (�( 1�� $ - �)! /rm%0 � Hspatial

#
_�� &��E& � $5�)!�1��E����9 )"m,) ! |±z >

� ( � & � (*) � ( � Hrm !+�A1�� $ - �&! /rm%0 �A1�� ! / # ( Hspin
#

_ - m%/ � � !�$ m 139 � ( # ) # (�( 1�� / � ( 13�1# )�) � ( ! ( �'#2�)$G; ? ( #2� ! � # � $ ;�� ( � Hrm !+� 1���$ - �)! /rm%0 � Htot =
Hespace ⊗ Hspin

�)! ) � ( � & 9:� /rm � |~x,+ >= |~x > ⊗|+z >
� ) |~x,− >= |~x > ⊗|−z >

m ?%� 0
$2� /rm � m%&%�>) � � 0)(%(�) # ( �

~x ∈ R3 # 2 � ) �+� & � (*) 1 # ) � ( 9 )nme) ��9 ( 9:� m $<1�� $ m /rm � ) # 0 �1$5� |ψ >∈ Htot

�)! )
0 m � m%0>) 9:�'# ! 9 /�m �*!+�&! 0&(�&Z/ ( ! m%(*) �)! 0&(�&Z/ $2�>���&!@B
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 � $ - � ( 13� $ - m � ) �+�,; / �1# ! 4 ��� � ( �
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Ĥ =
1

2m

(

~̂p− q ~A(~̂x, t)
)2

− ~Me. ~B + qU(~̂x, t)
1�� , � � 7

m:�*&=�
~Me =

q

m
~S

1�� , � � 7

� �:�	�i��� ���]$^��/,+.&.+;"#5A&)( 7#58&)(:/,+; �$ @ V B! NG P�58/ ~̂p ∧ ~A = −i~ rot( ~A) − ~A ∧ ~̂p @#"X1�08R< �$	/,7#587cG B
�

$ � � � �&%;, � �
' � mB� ( "!/ & 1�� , � P 7 � ��� �)(*$ $ & � # " &=� � & / &
2 �U� & $.�\� 4%$rm �	# (*2 � & _ # " m�� � m)2 ! $ m $ # / ##� & 21(*2 " & $ m �	#�w
� # !
� & , � �`� 4%$rm � # (*2 � & _ # " m�� & !
� $#2#& � 4:$�m � # (*2 �'� (*2 � &z4%$ # m $#2#& � � "	#*� $ " &Am !'! &)( ( 2rm � $ " & $ $ & )
& � 4%$ #'��� � "'##��$ m(� (*2�� � # (*2 ��� (*2 � & �'� $#2 �)$ &F� �+" ()2<&
2 � ` � ( "'# & " & $ m � # � # !)� & , 1 / $ !%m^�
& � &
2 � m)2 �
� & !Q�#" (�� $+*
/ & !,� ` � ( "	# 4:$;& ! m:�)&F� $��`� 4:$�m � # (*2 � & _ #." m����\4%$ # 2#& ! (*2 �6")�)! ( $ $ ! 4%$#& � m)2 ! $ &
�:m �#" & � & $ m � ` � ( "	# &
4:$�m)2 � # 4%$#& � & ! �?`�m /2� ! 7 ,

' � & � & "�/ &61�� , � � 7 & !)� �+",*)!�! & / � $ m�� $ &�- $�� & a5�#" & !	!	# (*2 � $ / ( / &
2 � / m)()2 �=�	# 4%$#& ��� $#2 � #�� 0 $ &
/ m)(*2 �Y� # 4:$;& &
2 /1� �:m)2 # 4%$#& � $ m !	!	# 4%$#&^0��&(*2 !	##���
" (*2 ! $#2;& � m "
� # �9$ $ &�� $ m !	!'# 4%$#& � & �?`�m " (*&

q! $ " $#2#& ( " � #*� &[� # " �9$ $ m # " & � & " m:! (*2
r
, � &D�&(*$ " m-2 � �&( "!" & !%� (*2 � m)2 � & !)�

I = qv/(2πr)
�-& � $ m

! $ " �sm��9& � $ � #�� 0 $ & / m)(*2 �=� # 4%$#&E� ")�F� & !)� ~S = πr2.~u
1
~u
& !)� $#2a�*&F� � &9$ " 2 ( "!/ m $ $;2 ##� m # " & 7 ,


 m " m # $ $ &
$ "'! $ & / ( / &
2 � ( " � ##� m $ & !
� ~L = m~v ∧~r = mvr~u
, 2 $ ( "'! $ & / ( / &92 � / m)(*2 �Y� # 4%$#&

& !)� 0
~Mclass = I. ~S =

qv

2πr
πr2.~u =

qv

2
r.~u =

q

2m
~L

4%$ # & !)� �)( /1� m " m�� $ &.-�1�� , � � 7 / # ! - � m ")�%$ &��sm�� � &
$ "
1/2

, � m � ( "�/ &�1/� , � P 7 m � (*2�� $�� m:� m)2 � m-(*&
� & � ()2#2#& " $#2;&�( "	# ( # 2#&Bm-$ / m)2�4%$#& � &,�9&1�sm�� � &9$ "

1/2
� � m !D� � ##� &
2 � - �#"	# ( "	# ,

FHGfe�G�� � VHX d�h�l faYOd XZ\ P�Vajkh�l `ah l fp\kN
1/2

�C� � " m)2 !%� &92 � ,10 � � ,

 (*$ " $#2;& � m ")� # �
$ $ &"4%$#& $ �)(*2�4%$#& � & !%�1# 2

1/2
� � & / m !'! &

m
� � &2�?`�m " (*&

q
� $ &�2am / # $#� ()2 # &92

& !
� ! & / � $ m�� $ &�-�1�� , � � 7 0
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−iĤt/~
)

|s(0) >= a(t)|+z > +b(t)|−z >
PH(?LN5?> a(t) = a(0)e−iEt/~ P b(t) = b(0)e+iEt/~ P�58/

E = − gµB
2
B V &; �7#"

sz(t) =
< s(t)|Ŝz|s(t) >
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Ŝ~U

)

= ~

2
σ~U

& �
4%$#&

ϕ : Rspin → su(2)
&LI � $#2 E I H*/WH*"%� ` E I / & �'� 
 K ( * � " &�I � & � E & , 6 H $ "

R̂ ∈ Rspin
�

H 2 

ϕ
(

R̂
)

= ϕ
(

exp
(
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 Rayon lumineux
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Ê(~a,~b) = Â(~a) B̂(~b)
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I *#c (`]# N2	� � & � � "o&�� � � � � � � �B�c�_2�* �'Z7" �% '& & _,� " �% ;& ? Z _P[�� ��&/Z & Z7" 2^]-['[ Z,G _7� (��A( Z [�& Z  �F � � � _T1~*c& & &
|ψ1 > ⊗|ψ2 >

(�� _T1~*c& & & |ψ2 > ⊗|ψ1 >
? ] � (���&�] � &�� +�] "�GHZ  &eZ [b]# _ Z  .* &eZ7� ��(���+%��[M*c& & &'[ ? 2 � Z [�� � �

_�1D*!+vu &  �F#�9(���[)(.� � ��*�_,�!+c& � ]# H[B2 & [b[�� �'&eZ & Z  & 2	� � J � �[<
&�1~���.2	* �bZ �% �+!� " ]# ;& � �H� � �$( &  H[	_ &  & & � � � ? +vu & � � �N2 &eZ7� �H(n1~*�_,�!+c& � ]# H[8��[E&9( &  H[ �  *c& & &C(��

_ &L! ] ��" �8( Z &�� W *�o Q§S�� + k oC� Q ��m V ? �%&) H]�&�*!�N�

|ψ1 > ∧|ψ2 >=
1√
2

(|ψ1 > ⊗|ψ2 > −|ψ2 > ⊗|ψ1 >)
\DO_<~«;a

] � &�] � &��8+�] "HGHZ  &/Z [']� =_ Z  .* &eZ7� �N\ Z <D��<H[ � 2�� � 2^]-[ Z & Z ]# qa�(��8&���_v[B*c& & &'[ &  ;& Z [E- " *c& �'Z � � ��<
&���[ & � & � ��[B+�] "�GHZ  &eZ [b]# H[�[b]# ;&@(P]# �+ Z  ;&>� � ( Z &>��[!<
&���[�- "�G F-_,� # ∧ %�[%1 & 2�2���_v_7��_,� l ��p P m Q o V  �o k � Q§V m@� <K&�1~��[�2 & +%�B(���[�*%& & &�[�� � &  '& Z � � �B(�*%+ �'Z`4/&  ;&(�� � �r*�_,�%+%& � ]# H[C+�]# ;& Z �! ;&8(H]# .+�_,��[ 4 �!+%&�� � � [9(���_ & ! ] ��" ��\GO_<D«'ac< � 1D��[�& �  ©��[�2 & +!� 4 �!+c&�] �bZ ��_ ? � � Z

��[E&S_,�82 � ]_( � Z &B�c�/&�* �'Z � � � (���[B��[�2 & +!��[�( �  �*�_,�%+%& � ]# \q] � _T1 &  ;& Z y [E- " *c& �'Z [�*5a ? �%&) H]�&�*
Htotal = He ∧He = Â (He ⊗He)

� V + W�����m V/SA0
6 _7� !q& +%&�� � �

1/
√

2
��[E&R28] � � _ &  H] ��"x& _ Z [ & & Z ]# J( &  H[�_,��+ & [�] M |ψ1 >, |ψ2 >

[']# ;& ] � &>uH]#Fe]# & � �
�c&@ P] ��"o& _ Z [�*�[!< C� �� g �%&

‖|ψ1 > ∧|ψ2 >‖2 =
1

2
(2 < ψ1|ψ1 >< ψ2|ψ2 >) = 1

<
6 <C &

(|ψ1 > ∧|ψ2 >) = − (|ψ2 > ∧|ψ1 >)
6 � ]# P[�*!� � �% �+!�0(��	_T1 &  '& Z y [�- " *c& �bZ �9� �5" 0�� * / "����;2#��� � �!" - " 0 8�"'�)������2C" �	��� � / " A � A "

*������ 6 0 ���)�;��6 0 " <�C� �� g �c&

|ψ > ∧|ψ >=
1√
2

(|ψ > ⊗|ψ > −|ψ > ⊗|ψ >) = 0

��[�& _,� 4 �%+%&�� � �  � _ �c&0 ��N2�� � &H(P]# �+N2 & [0(�*!+ �'Z7� � �  *%& & &32.u'-�[ Z � � ��< � 1D��[�&HY V^l � Q * U;Q]l�V
P � V  U Y m S5Q p/* PRV �CWtm Y Q ! ] ��" � _,*C�% ¬ , � O�28] � � �c�_2H_ Z � � � � _ & [E& � � +%& � � �0(���[ & &'] " �[<

6 � �c&�&>� &  ;& Z y [E- " *c& �'Z �	[�� � � � 7%&�� & �  Z74 � & � (��h_ &L! ]# �+c& Z ]# 6(�1a]� �(��9(���[B(�� � ��2 &�� & Z + � _7��[!<
2 Z _7��[�(�� � �$2 &�� & Z + � _,��[ ]# ;&�_,� "o|%" �A*c& & & (��\[�2 Z  ? ( Z [']� H[ |+ >∈ Hspin

? �%& ( &  H[ (���[�*c& & &'[
[�2 & & Zv& _�( Z g * � �% '&'[ ? |ϕ1 >, |ϕ2 >∈ Hspatial

28]e[']# H[9�
|ψ1 >= |ϕ1 > ⊗|+ >

|ψ2 >= |ϕ2 > ⊗|+ >
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|ψ1 > ∧|ψ2 >= (|ϕ1 > ∧|ϕ2 >) ⊗ (|+ >1 ⊗|+ >2)k ]�&>� � (H]# �+�� � ��_ & 2 &�� & Z �p[�2 & & Z & _7����[�& &  ;& Z [�- " *%& �'Z � � � ? & _v] � [�� � �{_ & 2 &�� & Z � [�2 Z  ���[E&
[E- " *%& �'Z � � ��<
& & ! ]# �+c& Z ]� �(n1a]# .(��K\q[�2 Z  H] �bZ ��_v_,�5a ��[�&)(�*%�� Z 2 &�� �

ψ(~x1, ~x2) = (< x1|⊗ < x2|) (|ψ1 > ∧|ψ2 >)

=
1√
2

(< x1|ϕ1 > ⊗ < x2|ϕ2 > − < x1|ϕ2 > ⊗ < x2|ϕ1 >) ⊗ (|+ >1 ⊗|+ >2)

=
1√
2

(ϕ1 (~x1)ϕ2 (~x2) − ϕ2 (~x1)ϕ1 (~x2)) ⊗ (|+ >1 ⊗|+ >2)

� � Z�4 * �'Z �t�9(H]# �+N�
ψ(~x2, ~x1) = −ψ(~x1, ~x2)

6 2 ZK& � +�]# ;& �'&eZ,� �`_,��[A(�� � �=2 &�� & Z + � _,��[�]# ;&B(���[B*c& & &'[)(.�`[�2 Z  �( Zdg * � �% ;&�[ ? ��_v_7��[A2	� � 4 �! ;& | & � �
( &  H[�_,� " |!" �A*%& & &�[�2 & & Z & _�<�; � �! H]� H[T_T1~���_� " 2H_,��(.��[�(�� � �$*�_,�%+%& � ]# H[�(.�S_T1 & &�] " � (�1Du�*�_ Z � " ?
� � Z [b]# ;&9( &  H[h_�1f] ��GHZ & & _,� [�2 & & Z & _,� |S >∈ Hspatial

? �c&h]# ;&0(���[9*%& & &�[8(.� [�2 Z  P[8( Zdg * � �! ;&�[ ?
( Z [']# P[ |+ >

? |− >∈ Hspin8 _v] � [ |ψ1 >= |S > ⊗|+ >
? |ψ2 >= |S > ⊗|− >

? �c&

|ψ1 > ∧|ψ2 >= (|S >1 ⊗|S >2) ⊗
1√
2

(|+ >1 ⊗|− >2 −|− >1 ⊗|+ >2)

= (|S >1 ⊗|S >2) ⊗ (|+ > ∧|− >)

� �c&�&>� ! ] Z [�+ Z ? _ & 2 &�� & Z � [�2 & & Zv& _,�©��[�& [�- " *c& �bZ � � � ? & _d] � [=� � � _ & 2 &�� & Z �{[�2 Z  ��[�& &  ;& Z y
[E- " *%& �'Z � � ��<

6 C� �2 &[� & Z + � _ Z � � ? (�� � ��2 &�� & Z + � _,��[ & - &  '& _,� "o|%" �B*c& & & (���[�2 Z  ?  ��@2�� � 4 �% ;& | & � � & � "o|%" �
�% �( � ] Z &

~x
? + &�� (�1 & 2 � 7�[@+ Z y (���[b[ � [ ?

ψ(~x, ~x) = −ψ(~x, ~x)
(H]� �+

ψ (~x, ~x) = 0

� �62 �bZ  �+ Z 2	�=(�1~���_+�_ � [ Z ]� & F Z &N(H]# .+�+�] "$" � �  .� � *!2 � _v[ Z ]# ? GHZ �! O� � 1 Z _A ��*[!1 & F Z ['[���2 & [
(�1 �  �� ! ] � +!� (^2 � ]#2 � � " �! ;&62 &�� _,� � \ Z _J �1 - & 2 & [=(��©2 &�� & Z + � _,��� � Z & �'&  H[ " �%&w_ &E! ] � +!� ?
+�] "K" �	_7�82�uH]�&']# �& ��&  P[ " �%&\_ & ! ] � +!�8*�_,�!+c& � ] "x& F# �*%& Z � � �5ac<

6 � �c&�&>�82 � ]#2 �bZ *c&>* &�& � ['[ Z (.��[A+�]� H[�*%� � �! �+%��[�] G [�� ��4/&�G _7��[�& � 7�[A+�_ &eZ7� �% �2.u'-�[ Z � � �9( � [']-_ Z (��
�c&@2.u'-�[ Z � � � " ]-_7*!+ � _ &eZ7� �[< C _v_7�C�c�_2H_ Z � � �N�
6 _,��[ � 7!F-_7��[9(�� � � " 2H_ Z ['[ & F#�N(���[3 Z`4 � & � � (�1D*! �� � F Z �$*�_,�%+%& � ]# Z � � �K(���[ & &�] " ��[ ] � " ]-_7* y
+ � _7��[%<

6 _,� � � " 2H_ Z ['[ & F#��(.��[:*%& & &�[:*�_,�%+%& � ]# Z � � ��[:( &  P[�_,��[�[']-_ Z (���[H+ �bZ [E& & _d_ Z  P[!< � � � � " 2H_ Z [b[ & F#�
��[E&�(�_�1f] �bZ F Z  ��J(���[B2 � ]#2 �'Z *c&>*�[ Z [']-_ &  ;&>��[�] � +�]# �( � +%& �'Z +%��[)(��9+!��[ "o& &>* �'Zv& � ��<

6 _ & & &eZ _v_,� ? �%& _,��[�2 � ]#2 �bZ *%&�*�[�(���[�*%&�] Z _,��[�#¤ &eZ  ���[ G _ &  �+vu���[�% ? ] M _7��[�*�_,�%+%& � ]# H[T[']# ;& ['] � " Z [
($+%�%&�&>�P# � *!2 � _d[ Z ]# �%v<
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6 � �c&�&>�p[ Z & � & & Z ]�  n1~��[�&�2 & [ � *�[�� �E4 *!� & � � *�_7�!+c& � ]� H[!<�&���[$2 &�� & Z + � _,��[N� � Z [b]# ;&x] G [�� ��4 *%��[
[�� � _7� " �! ;&S['] � [\_ &9! ] ��" � &  ;& Z [�- " *c& �bZ � � �`[']� '& & 2�2	��_7*!��[)(.��[ ��V � + Q p�* S <
� 
 " � - *'2'��"'�!�#" A ��� ��2C" 6 0 " � � 0 � "'� / "�� - ��2��;��� 0 / "'� ��"%� - ���

1/2 ��� � 0 �5" A � "'� ?
�;��"�2��

3/2 � 5/2 � 7/2 � . . . � � ��� � �5"���� "'2 A �����&� 3
8 Z  H[ Z &'] � &���[�_7��[02 &�� & Z + � _,��[9*�_,* " �% ;& &eZ7� ��[0(�� _ &6"x& & Z 7 � ��\§� � &[� � [ ? *�_7�!+%& � ]# P[ ?  �� � & �'Z  H]-[ ?
_7�!2.&']# H[ ? �%& &  '& Z,"o& & Z 7 � �)<`<`< a�[b]# ;&�(���[ � � ��" Z ]# P[!< � 1~��[�& & � ['[ Z _,� + & [M(���[� �� � & � ]� H[ ? 2 � ]�&']# H[ ?
(���[J H]£- & � �� � +�_7* &eZ7� ��[ ? (���[ & &�] " ��[B�c& " ]-_,*%+ � _7��[B(�� [�2 Z  �(�� "oZzy �% '& Z � � +�] "$" �h_7�0 P]�- & �
(�1Du�*�_ Z � " � ? ] � _T1 & &'] " �J(�1Du�*�_ Z � " �.<
� �c&�&>�@+�] ��� ��[�2^]# �( &  .+!� & 2.2���_,*!� S!l Q *�s S o£W.o Q§S o Q ��m V [�� c � [�& Z �t�@�! �&�u�*�] �bZ �)� � &  ;& Z � � � � ��_ &1y
& Z74�Z [E&>��</� &eZ [ Z _ "o&  �� � � & +%& � ��_d_,� " �% '& �  ��)�c�_2H_ Z + & & Z ]# o[ Z," 2H_,�A(.�J+!�c&�&��@+�] ��� ��[�2^]# �( &  �+!�[<

6 &��N2 �'Z  �+ Z 2��:(n1~���.+�_ � [ Z ]# (�� ; & � _ Z 2^] � � _,��[9 �� � & � ]# P[3�c&32 � ]�&']# H[9�c�_2H_ Z � � � _ & [�& � � +c& � � �
(���[J H]£- & � �� � +�_7* &eZ7� ��[%< C _d_,�8�c�_2H_ Z � � � & � ['[ Z _ & & &eZ _d_,�C�c&J+%� � & &eZ  ���[@2 � ]#2 �'Z *c&>*�[@(���[J*c&�] Z _,��[
(: �� � & � ]# H[!<

� u��Eu#"6u! �CW��£o Q§U m Y V/S�PXVrS!l Q * SNV *�o Q]V � � Y V/S
	 p S p�* S
� ]# H[ Z (�* � ]# H[`_7��+ & [8(���(�� � � 2 Z ]# H[

π0
\§� � Z [']# ;&9(���[82 &�� & Z + � _,��[	[ &  H[`[�2 Z  ? ] � (���[�2 Z  0 ac<

&�1~���_2�* �'Z �% �+!� " ]# ;& � �A� � �B( &  H[�_ &  & & � � � ? +vu & � � �)2 &eZ7� �A(��B2 Z ]# H[���[E& ( &  H[ �  N*%& & & (��\_ &P! ] ��" �
( Z &>� S�� + k o4� Q ��m V ? �%&) H][&>*!�N�

|ψ1 > ∨|ψ2 >=
1√
2

(|ψ1 > ⊗|ψ2 > +|ψ2 > ⊗|ψ1 >)
\DO_< O�a

] � ( &  H[A&�] � &>�9+�] "�GHZ  &eZ [b]# w_ Z  �* &/Z,� �:\ Z <D��<P[ � 2	� � 28]-[ Z & Z ]# qa (��8&>��_d[B*%& & &�[\[�- " *%& �bZ � � ��[!<
&���[ & � & � ��[B+�] "�GHZ  &eZ [b]# H[�[b]# ;&@(P]# �+ Z  ;&>� � ( Z &>��[!< &�1~��[�2 & +!�9&�]�& & _���[E&) H]�&>*N�

Htotal = Hπ0 ∨ Hπ0 = Ŝ (Hπ0 ⊗Hπ0)

� V + W�����m V/S
6 2 Z _,��[K(.� � �{2 &�� & Z + � _,��[ ]# ;&w_,� " |!" ��*c& & &K(�� [�2 Z  ? ( Z [']� H[ |+ >∈ Hspin

? _ & ! ]# �+c& Z ]� 
(�1f]# �(.�0(.��[)(�� � �=2 &�� & Z + � _,��[A��[�&S[E- " *%& �'Z � � �$�

ψ(~x2, ~x1) = ψ(~x1, ~x2)

ln_R �1 - & 2 & [J(���2 � ]#2 �bZ *c&>*H(n1~���.+�_ � [ Z ]# ©+�] "$" �0( &  H[�_,�H+ & [C(���[ ! � ��"oZ ]# H[%< 8 � +�]# ;& ��&eZ7� � ?
Z _���[�& # !q&54 ] ��&�G _,��%C� � �H(�� � ��2 &�� & Z + � _7��[\['] Z �! ;&@( &  H[S_,� " |!" �8*%& & & ? ] � & � " |!" �9�! �( � ] Z &
~x
< � ��_ &�&[" 7% �� & � 2�u.*! H] " 7! .�0(.� U p�* PXV * S W_o Q p�* PXV�	 p S%V ( G6& [b[��C&�� " 2�* ��& & � � �$\ 4 ] Z7�
� ] � � [B(��92�u;-�[ Z � � �[< 2 & & & Z [E& Z � � � (N+!�h[ � c��%& ? ) I 9 &@� +e,1. ac<

6 � �c&�&>�h[ Z & � & & Z ]# = �1D��[�&@2 & [ � *�[�� ��4 *!� & � �62 Z ]# H[!<
&���[82 &�� & Z + � _,��[J� � Z [']# ;&h] G [�� �E4 *!��[�[�� � _7� " �! ;&h['] � [`_ &.! ] ��" ��[E- " *c& �'Z � � ��[']# ;& & 2�2	��_7*!��[
(���[ 	 p S p/* S <
� 
 " � - *'2'��"'�!�#" A ���)�;2#" 6 0 " � � 0 �<"'� / "'� - ��2��;��� 0 / "'� �5" � - ���

0 ��� � 0 "�� ����"'2
�
1 �

2, 3, . . . � � ��� � �5"�� 1 ���=��� ��3
� 1D��[E&�_,�N+ & [3( � 2�uH][&�]# ? (���[HF-_ � ]# H[ ? �%& & � & � ��[02 &�� & Z + � _7��[9(�� � & � F#��<7<`< ? (.��[H2 &�� & Z + � _,��[
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 ��
�� ¬ + ¬
+�] " 2^]-[�*!��[ ? +�] "K" � _,��[ " *�[']� H[

K, π
? _7��[ & &�] " ��[3�%& " ]-_7*!+ � _,��[0(��o[�2 Z  ^�! ;& Z � � +�] "$" �

He4
<

� �c&�&>�@+�] ��� ��[�2^]# �( &  .+!� & 2.2���_,*!� S!l Q *�s S o£W.o Q§S o Q ��m V [�� c � [�& Z �t�@�! �&�u�*�] �bZ �)� � &  ;& Z � � � � ��_ &1y
& Z74�Z [E&>��<

6~i) - W Q§S5U#V Wtm Y W S!V � +�]� '& Z �% '& �  ^F �'&  �(^ H] "�G�� �K(���2�uP]�&�]# P[=\
n ' 1020 a0� � Z ]# ;&�&�] � [\ Z (�* & _,� " �% '&va�( &  H[ _7� " |!" �@*c& & &�� � &  ;& Z � � � ? +�] ��� ��[�2^]# �( &  ;&6( �  " ]/(��J(�1f]# �(.�C*�_7�!+%& � ] y

"o& F# �*c& Z � � �82 � *%+ Z [%< � ��_ & ��[�&)2^]-['[ Z,G _7�8+ &�� _7�82�uH]�&']# ���[�& �  G ]e[']# �<

w�: Q : F y{U RIA?�#BERSNHA } > N?<?�#FMRIU#BEA � z�BEDT<?�#��RIBEA
k ] � [ 2 � *�[��! ;&�]# P[@_,� ! ] ��"x& _ Z [ " �Z28] � � (.*!+ �bZ,� ��_T1~*c& & &R� � &  ;& Z � � � (��

N
! � ��" Z ]# H[E] �

N
G ]e[']# H[%<

k ]�&']# H[
π
�  p]#2�* ��& &�� � � � � Z 2	� ��" � &>�h_7��[

N
*%& & &�[%<); &�� ���.� " 2P_,�928] � �

N = 3
�

π (|ψ1 > ⊗|ψ2 > ⊗|ψ3 >) = (|ψ2 > ⊗|ψ1 > ⊗|ψ3 >)

1|ψ  >

|ψ  >

|ψ  > |ψ  >

|ψ  >1|ψ  >

2 3

2 3

/103254 O_< O 6=i@ ��92	� ��" � & & & Z ]� 
π
(.�9& � ] Z [A*%& & &�[ ? (��h[ Z F� & & � � �

σ(π) = (−1)
<

ln_@- &
N !

!q&KJ ]# H[�(���2�� ��" � &�� �
N

*%& & &�[!<;&���[w]#2	* �'& &>� � � [
π
+�] ��� ��[�28]� �( &  ;&�[ ! ] ��" �! ;&w_7�

� ��p�m l�V©S�� + k oC� Q ��m V
SN

\ 4 ] Z,� ) $ & + . ac<
& & S!Q � *XW.o�m@� V$P � m�* V�l�V � + mXo£W_o Q p�*  H]�&�*!�

σ(π)
? 4e& � &

(+1)
] �

(−1)
[���_d]# :� � �\_,�� H] "�G�� �

(��9+ � ] Z [�� " �! ;&�[B��[�&)2 &eZ7� ] � Z," 2 &eZ,� ( &  H[\_7�8( Z & F ��&�"$" �@(��9+�] ��� ��[�2^]# �( &  .+!��\]�tF � � � O_< O#ac<
" W S{PXV/S j�p S p�* S i) *c& & &�(��

N
j�p S p�* S ��[�& ! ] � +!* " �! ;& �  .�©+�] "�GPZ  &eZ [']# _ Z  �* &eZ7� � \ Z <~�[<

[ � 2�� � 2^]-[ Z & Z ]� qa�(��8&�] � &>��[I_7��[A2	� ��" � & & & Z ]# P[A28]-[b[ Z7G _,��[ ? (��h_ &L! ] ��" �:�

|ψ1 > ∨|ψ2 > ∨ . . . |ψN >=
1√
N !

(
∑

π∈SN

π (|ψ1 > ⊗|ψ2 > ⊗ . . .⊗ |ψN >)

)

; &�� ���.� " 2P_,�928] � �
N = 2

? ]# � �%& � ] � 4 �K\GO_< O#a ? �%&)28] � �
N = 3

? +%��_ & (H]� � ��N�

|ψ1 > ∨|ψ2 > ∨|ψ3 >=
1√
6

(|ψ1ψ2ψ3 > +|ψ1ψ3ψ2 > +|ψ3ψ2ψ1 > +|ψ2ψ1ψ3 > +|ψ3ψ1ψ2 > +|ψ2ψ3ψ1 >)
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<C � H][&>� & � [b[ Z _�1f]#2	* �'& &>� � � S�� + k oC� Q§S!V m � �

Ŝ =
1√
N !

∑

π∈SN

π

&eZ  H[ Z �
|ψ1 > ∨|ψ2 > ∨ . . . |ψN >= Ŝ (|ψ1 > ⊗|ψ2 > ⊗ . . .⊗ |ψN >)

" W S�PXV/S - V � + Q p�* S i@ *%& & &9(��
N

- V � + Q p�* S ��[�& �  .�K+�] "�GHZ  &eZ [b]# {_ Z  �* &/Z,� �3(��N&�] � &���[h_,��[
2	� ��" � & & & Z ]# P[A28]-[b[ Z7G _,��[ &/g �%+%&�*!�9(��h_,� � � [ Z F# & & � � � ? (��h_ &L! ] ��" �:�

|ψ1 > ∧|ψ2 > ∧ . . . |ψN >=
1√
N !

(
∑

π∈SN

σ(π) π (|ψ1 > ⊗|ψ2 > ⊗ . . .⊗ |ψN >)

)

; &�� ���.� " 2P_,�928] � �
N = 3

? ]# � �%& � ] � 4 �K\GO_<D«'a ? �%&)28] � �
N = 3

? +%��_ & (H]� � ��N�

|ψ1 > ∧|ψ2 > ∧|ψ3 >=
1√
6

(|ψ1ψ2ψ3 > −|ψ1ψ3ψ2 > −|ψ3ψ2ψ1 > −|ψ2ψ1ψ3 > +|ψ3ψ1ψ2 > +|ψ2ψ3ψ1 >)

<C � H][&>� & � [b[ Z _�1f]#2	* �'& &>� � � W *�o Q s S�� + k oC� Q§S!V m � �

Â =
1√
N !

∑

π∈SN

σ(π) π

&eZ  H[ Z �
|ψ1 > ∧|ψ2 > ∧ . . . |ψN >= Â (|ψ1 > ⊗|ψ2 > ⊗ . . .⊗ |ψN >)

� �¨p l � Qqk o k 2 Z
π
��[E& �  ]#2	* �'& &>� � � (��92�� ��" � & & & Z ]# ?

& _d] � [A2^] � � �  �*%& & &B(��
N
G ]-[']# P[0�

π (|ψ1 > ∨|ψ2 > ∨ . . . |ψN >) = + (|ψ1 > ∨|ψ2 > ∨ . . . |ψN >)

�%&)2^] � � �  �*%& & &B(��
N

! � ��"oZ ]# H[8�

π (|ψ1 > ∧|ψ2 > ∧ . . . |ψN >) = σ(π) (|ψ1 > ∧|ψ2 > ∧ . . . |ψN >)

�! 2 &�� & Z + � _ Z � � 28] � � �  .� oC��W * S!l p S5Q o Q p�*�? � � Z ��[E& �  ��r2	� ��" � & & & Z ]# �*%+vu &  �F�� &  ;&*[�� � _,� " �% ;&
(�� � ��2 &�� & Z + � _,��[ ?

σ(π) = −1
<

C� r(�1 & � & � ��[)&>� ��" ��[H�%_,��[@*c& & &'[�(
N
G ]-[b]# H[�[b]# ;&C(���[ 4 �!+%&�� � � [82 � ]�2 � ��[J(���[�]#2	* �'& &>� � � [)(��

& �'&  H[�28]-[ Z & Z ]# H[ ? &54 �!+*_ &�4/& _7� � � 2 � ]#2 � �
(+1)

< C�& _7��[�*c& & &'[ (
N

! � ��"oZ ]# H[ ? [']� '&N(.��[ 4 �%+%&>� � � [
2 � ]#2 � ��[B(���[S]#2	* ��& &>� � � [B(��8& �'&  H[�2^]-[ Z & Z ]# H[ ? &54 �%+ _ &:4/& _7� � � 2 � ]#2 � �

(−1)
<
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� ��� � � ����!#" $�� πŜ = Ŝ
�	�
πÂ = −Â %

πŜ =
1√
N !

∑

π′∈SN

π π′ =
1√
N !

∑

π′′=π π′∈SN

π′′ = Ŝ

��& ��� �'�)(*� �	�+$�,.-/� �0� ���21�� � � �3� 
2� % ��� & �542-/� π′′ = π π′ � �	�6$2� &7-'&/!0,.-/�.8 ��&7�6" $�� π(SN ) = SN �
*9� �;:	� � %

πÂ =
1√
N !

∑

π′∈SN

σ(π′)π π′ =
1√
N !

∑

π′′∈SN

σ(π−1 π′′)π′′ = σ(π)
1√
N !

∑

π′′∈SN

σ(π′′)π′′Ŝ

��& ��� �<$2� &7-'&/!0,=-/�.8 ��&7�>" $��
σ(π−1 π′′) = σ(π−1)σ(π′′) 
 � ���+�2��&/! � ��
2�?1 � ��$2�*�@!A�B�	�

σ(π−1) = σ(π) � �

�  V � U;Q§U#V � ]# P[ Z (.* � ]� H[ �  *�_,�%+%& � ]# �\ ! � ��" Z ]# ta@� � Z 2�� � & | & � �N( &  P[
N

*%& & &9( Z [E& Z  .+%&�[ ? |e1 >
, |e2 >, . . . |eN >

< &�1D��[�2 & +%�3(�� � Z _ G � � & H1
+�] ��� ��[�28]� �( &  ;&)��[E&@(P]# �+9(��9( Z," �! P[ Z ]� 

N
<

¬#< I 1 &�G ] � (:( &  H[ _,� + & [ [ Z," 2H_,�
N = 3

? [ � 2.28]-[b]# H[�� � 1 Z __- & �  :(�� � � Z 7 " �A*�_7�!+c& � ]� =< I ]# . �� �
& _d] � [ �  �� G6& [��9(��h_T1~��[�2 & +%��(N(.� � ��*�_,�!+c& � ]# H[ H2 = H1 ∧ H1

? �c&)(�*!( � Z,� �h[ & ( Z," �! H[ Z ]# �<
� < I ]� � �� � �  .� GH& [��0(�� H2

�%&S[ & ( Z7" �% H[ Z ]# ? 2^] � �
N
� � ��_,+�]� �� � ��<

�.< 9 *! �* ��& _ Z [�� � ? 2^] � �
M

*�_,�%+%& � ]# H[ ? (P]# � �� � �  �� GH& [��3(�� HM
�c&	[ & ( Z," �! H[ Z ]# ? 28] � �

N
�c&

M
� � ��_7+�]# �� � ��[!<

«�<@� |%" �9� � ��[�& Z ]# �28] � � (���[ G ]-[']# P[!<

dNe+C D g  *#FE*� ���+# �! "� g�i&#('���)*�+�� "� � ���\�  "/�'Ri �!#( "�  *'HG3I # )  "� � ���KJ
�  "/�'Ri �!#( "�MLON�P

k ]RQP[R(P]RS*SH]RSP[ +UTUV & 2WT5X J QYV)X 7�[ [AQ�+!+ Z S�+ZV ?�[ &eZ [ Z S�+�]\S�V']RQ*XAS &�G _]T ? + & X�_ & [ *!+ & S Z_^ Q*T ^ Q & S2V Z]^ Q*T
[!1 & 2�2P_ Z_^ Q*T &54/& S2V'V�]RQ`V & Q_�62 & XAV Z +5QH_]T�[A*�_,* [ T5S2V &eZ XAT�[<TUV�(�[)T�[@+�] [ 28]-[�*�[%<

& & V�u�*�]\X Z T & +UV	QaT�_v_]T9T5S & +%+�]RX�( &54 T%+\__T�[.T��_2�*UX Z TUS�+5T�[C\X__T # [ ]/( 7�_]T [�V & S�( & X�(�% aM( & V	TA(aT�[ & S*S�*UT
¬ , � 01y#+-0 <

�)* ! *5XAT5S�+UT)� ���
�����	��� ��b
�%9�*���
 ���"��
 �"� � ��
 �����3c2b
�89�*�����d2eOfhgaijeRg �\k2b�� ' � *�!?9 l��?9���'�, ��m �
� 
+����,^9`n
���������	�
���
�
�^5"��� & 
b9 �%9 
 & '(#Wo

w�: �S: x p��#Am<?B zIBEA } > N?<?�#FMRIU BEA OEU#O � BEDT<?>��nNPBEA
� u/q u#"6u#" r W + W_o Q � � V
s �nmRW���t S

u u & X)vRT;w�__T u V	X Z_^ Q*T$\xTUS e a#0Q*y�%zQ # u u & X [ % u #0{ ]Ry�%|V
+2/3#+}H]h~'S�%�} # 2 V	X & S*vRT %n[ # $KT & QaV+�=]\X\$ ]\V)V'] [ %+� −1/3
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/103254 O o ­ 6 { X & cAT u V�] Z X)T�['}*T;y & XAV Z u QH__T�[ & y*X 7�['Q*S*T u ]-_d_ Z [ Z ]\S & Q � C+� k o

u T�[ ^ Q & X � [=S � Tc� Z [�V	TUS�V ^ Q*T y & X?vRX']RQay T�[#}*T'}*TUQ_�r\
qq
a ]RQ V	Xb] Z [@\

qqq
a n ] M

q
}*w5SP]\V	T Q*S ^ Q & X � n

TUV
q
}aw5SH]\V)T�Q*S & S2V Z y ^ Q & X � o � T;y�uaw5SH] [ 75SaT [ � & y*y T�_v_]T������ p�*�� * � +�� *�o
	 u � T�[AV Q*S !q&eZ VKTc�`y wUX Zzy

[ T5S2V & _ y & ['T5S2V Z 75XAT [ T5S2V u ] [ y*X Z [ & Q�S Z�� T & Q�V>uaw�]RX Z_^ Q*T o

s r � l o5p/*�
 <zS Z Sa} Z_^ Q*T`_ & [ & [b[)T�T5S
MeV/c2

o

��� ���+1�� ,	-/� �	� � &/" $�� 
 � � e �,	-/� �	� � ��� % �
(0.5) � $���� % µ (105)

( �5$ % τ (1777) +1� �	$2� � &'���;,	-/� �	� � ����&/"3$��
νe

� �	$2� � &'��� � $�����&/" $��
νµ

� �	$2� � &'��� ( �5$
ντ 0

� u/q u#"6u! r ��� *�o�� +�� o�� � � �
� u &\^ Q*T y & XAV Z u QP__T & [ & y & X�V Z u QH_]T9% Z [ & vRT�% } � & S�V Z y [ & V Z 7UX)T o ln_=� & }H]RS u ­ & S2V Z]^ Q & X � [ n TZV­ & S2V Zzy __TUyaV�]\SH[ n }*T4+ t +�� +�� 
�
 � ^ QaT _]T5Q*X Z [ & vRT n }*T�� r � � � � k ����� o4��� ��m � p lRl p�
 k � n SH]\V	w�[

&�� T u Q*SaTY� & X)XAT o CZ�`T [ yH__TN�
e+ = e− T�[AVS_ � & S2V Zzy w�_]T u V	X']\S n & QP['[ Z�& y*y T�__w`_]T�y8]-[ Z V)X']RS o

� T [ & X ^ Q*T��9Q*SaT y & XAV Z u QH__T }aT [ & V Z 7UX)T XAT5S u ]RS2V	X & S�V�QaS*T y & XAV Z u QH__T } � & S�V Z y [ & V Z 7UX)T yWT5Q`V
[ � & S*S Z u Z __T5XKTUV }H]RS*SaT5X'}*Th_ � w5S*TUX)v Z T`[']RQP[ ! ]\X [ T�}*T;X & �-]RSaS*T [ T5S2V0�

matiere + antimatiere → energie

� T y*Xb] u T�[b[)QH[ & wUV	w V	X 7�[ Z [ y8]RX�V & S2V & Q }*w5�*Q`V }*To_ � Q*S Z�� T5Xb[ o 8 y*X 7�[ QaS*T Z [ y^]RXAV & S2V;y�u & [AT
} � & S*S Z u Z _ & V Z ]RS [ QaV	Q*T�_v_]T n Z _ T�[�V X)T�[�V	wY}*Th_ & [ & V Z 75XAT u & X'T�_v__T wUV &/Z V'T5S Tc� u w5}*TUS�V }*TN¬�� o
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� u/q u#"6u�� r � 
 j�p�
!p�* 
 � ��� � m � �

� T [b]RS2V }*T�['y & X�V Z u QH_]T�[ ^ Q Z V	X & SH[ [ TZV)V	TUS2VI_]T�[ ! ]RX u T�['w�__w [ T5S2V &eZ XAT�[ o
6 &BT l�r pqo5p/*

γ
n }*T [ & [b[)T

m = 0
n V)X & SH[ [ TZV	_ & ! ]RX u TYw�_]T u V)X'] [ & vRSawUV Z]^ Q*T TUS2V	X)T __T�[ y & X�V Zzy

u QH__T�[ & � & S2V QaS*T u u & X)vRT;w�__T u V	X Z_^ Q*T o
6 + � � mXp�* 
 g n }*T [ & ['[AT

m = 0
n V	X & SH[ [ TZV)V	TUS2VI_ & ! ]RX u T�SjQ u __w &eZ XAT ! ]RXAV)T;T5S2V	XAT _]T�[ ^ Q & X � [ o

6 &BT�[ j�p�
!p�*�
�� � o�� �
W0,W+,W−

}aT [ & [b[)T
m = 80

9 T I 
 u 2 n TUV Z0
}*T [ & ['[AT

m = 91 GeV/c2
n V)X & SP[ [ TUV)V)T5S2V�_ &�! ]RX u T SjQ u __w &eZ XAT !q&/Z �H_]T TUS2V	X)T�__T�[#y & X�V Z u QH__T�[#}aT [ & V Z 75X)T

TZV } � & S2V Z y [ & V Z 75XAT o	� ^ Q & X � [ TZV\__T5y`V�]RSH[�
 o

� � +�� ����m � 
 0
6 &BT�[KS*T5QaV)X Z SH]-[9S*T�[']RS2V�[AT5SH[ Z �H_]T�[ ^ Q*T (�_ & ! ]RX u TzS�Q u __w &/Z X)T !q&eZ �P__T n TZV<S � Z S2V	wUX & v Z ['[AT5S2V<}H]RS u^ Q*TKV)X 7�[ y TUQ o ln_v[FyWT5Q � T5S2V.V)X &�� TUX'[)TUX _ & {>TUX)X)T !q& u Z __T [ T5S2V o ln_�� T5S &

200
y & X

m3 n y*X'] � TUS & S2V} � Q*S X)T�[AV	T�# ! ]e['[ Z __T % }aQ $ Z v $ & S*v o
6 & � Z S2V	TUX & u V Z ]\S vRX & ��Z V & V Z ]RS*SaT�_v_]T;T�[AV & QH['[ Z Q*SaT ! ]RX u T w�_]w [ T5S2V &/Z X)T n [ &eZ [�]RS S*T�[ &/Z Vzy & [�[ Z
_ & V�u*w�]\X Z T ^ Q & S�V Z_^ Q*T [ � & y*yH_ Z_^ Q*T;y^]RQ*X'T�_d__T o 8 QaV)X)T [ T5S2V } Z V n ]RS S*Th[ &eZ V y & [\[ Z�Z _ � & QaS*T
y & XAV Z u QH_]Tz}*T
� & Q*v\T & ['['] u Z w5T ^ Q*Th_ � ]RS & y*yWT�_]T5X &/Z V�_]T � � � s � o£p�* u

� u/q u#"6u/q � � �£o�� � m ��� 
 k � k + � *	o � � � � 
 
co � j ��� 

ln_>� & }H]RS u y TUQ }*T y & X�V Z u QH_]T�[zw�__w [ T5S2V &eZ XAT�[ o 2 Q*X�V�]RQ`V ^ Q*T�_ & yH__Q*y & XAV u Z V)w�[ u Z y }*T�[b[)QH[	[b]RS2VZ SP[AV & �H__T�[8�*T�_d__T�[�]\S�V'QaS*T;}*Q*X)wUT;}*T �?Z TzV	X 7�[ u ]RQaXAV	T o C _v__T�[ & y*y & X &eZ ['[AT5S2VS_v]RXb[9}*T u ]-_d_ Z [ Z ]\SH[KwUS*T5X yvRwZV Z_^ Q*T�[ n TZVI[AT;}*w�[ Z S2V87UvRX)TUS�V V	X 7�['X & y Z }*T [ TUS2V o &BT�[ y & X�V Z u QH_]T�[9w�__w [ T5S2V &eZ XAT�[�[AV & �H_]T�[\[']RS2V

e−, neutrinos , γ

__T�[ ^ Q & X � [
q
TUV\_]T�['v-__QP]RSH[

g
S � Tc� Z [�V	T5S2V y & [�( _ � wUV & V Z S*} Z���Z }*QaT�_ o

w�: �S: F p�BEA } > N?<?�#FMRIU#BEA F8Y)� } Y�A?OEBEA
& & X Z u uaT�['[AT<TUV�_ & } Z�� TUX'[ Z V	w9}aT�_ & S & V	QaX)T ��Z TUS2V ^ Q*T u T�[.y & X�V Z u QH__T�[Fw�__w [ T5S2V &eZ XAT�[�[ � & ['[)T [ �H_]T5S2V

y^]RQ*X ! ]RX [ TUX<}*T�[;#0y & XAV Z u QP__T�[ u ] [ y8]-[Aw5T�["%zV)X 7�[ �/& X Z w5T�[ o

� u/q u! Ku#" r � 
 + k 
!p�*�
 0

__T�[ [ w�[']RSH[�[b]RS2V u ] [ y^]-[)w�[<}*T�}*T5Q/� ^ Q & X � [
qq

&�� T u }*T�['v-_]QH]RSH[ ^ Q Z __T�[ _ Z TUS2V o ; & X<Tc�`T [ yH_]T
__T [ w�[b]RS

Pi0
T�[AV Q*S*T [)Qay TUX)y^]-[ Z ]RS ^ Q & S2V Z_^ Q*T$�

π0 ≡
(
|dd > −|uu >

)

}*T [ & ['[AT
m = 140 MeV/c2

n }*T u u & XAvRT 0 o
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� u/q u! Ku! r � 
 j � � � p�*�
 0

&BT�[6� & X��-]RSH[�[b]RS2V u ] [ y8]-[Aw�[B}*T.V)X'] Z [ ^ Q & X � [
qqq

& � T u }*T�[ ve__QH]RSP[ ^ Q Z __T�[E_ Z TUS2V o ; & X6Tc�`T [ yH_]TA�
;.X']\V']RS

p : (uud) masse = 939MeV/c2, charge + 1k TUQaV	Xb]RS
n : (udd) masse = 940MeV/c2, charge 0

� u/q u! Ku�� � p � � m *�m � � k � � � �
i S SH]h� & Q S�Q u _]w &eZ X)T�T�[�V u ] [ y8]e[)w�}*T;y*Xb]\V�]RSP[ TZV S*T5QaV)X']RSP[ o ; & X T��`T [ yH__T

Helium4 : (ppnn)
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Ĥ0

n TZV^ Q*T
λĤ1
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E(1) =< n|Ĥ1|n > : u 
RX)XAT u V�
�
\S 1er

RXA}*X)T Z�� ′ T5S*TUX)v�
]T

TUV y�
RQ*X
n′ 6= n

]

< n′|ψ(1) >=
< n′|Ĥ1|n >
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Ĥ =
p̂2

2m
+

1

2
kx̂2 + λx̂4 �@b`o�? 




����� � 

� � ����� � �!� ��������
!*
��� �!
"�#��$����@
 �!
"�#��$!$��!� ����� d �-d
J 
\Q*X Z\y*y���
 ^ Q*T5X �/Z V * w�
RX�
]T�}*T�� yWT5XAV)Q*X)�GZ V�
�
RS�� u 
 �+}*T����AQ�� n 
RS y�
��)T
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j < n, i|Ĥ1|n, j ><
n, j|ψ(0) >

� E 
& �
�� �

ψi =< n, i|ψ(0) >



d ��D��������	��

��������� � 

������������� ���������� !�����!
"�#��$&%'� � �(��)+*,
"�#��$-�!�������.��� � �

��
&�U��
��[Z"�  $����
 ����
���� ����� � �� 
Hi,j =< n, i|Ĥ1|n, j >
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��&� Z ��
��	� �J� ���*��
& ���  �
 ��� ���OZ�� Z 
 �$�

H1
��
!���7Z 
 �$� ]

~FE = −−−→
grad (H1) = q ~E(~x0, t)

H1 (~x, t) = −q ~x. ~E(~x0, t) = − ~D. ~E(~x0, t)


�0 ~D = −q ~x ���� ��!� � 
�� ���   ��
���
�� Z�
!�$� ��� ���� �	
 � ���G�����%� Z" �
�� ��0 ���B��� ���� �	
�� �
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���
!���$��� �%� ��� ���� �	
�� ���.������
! ]

Ĥ = Ĥ0 + Ĥ1(t)

Z������
Ĥ0 =

p̂2

2m
− Ze2

(4πε0)
∣
∣
∣~̂x
∣
∣
∣

:
H9Z&� 
��! �
���
!��� � 
��B� ���� ����� �

Ĥ1(t) = −q ~̂x. ~E(t) :
�#���� $�����\Z% �
�
&�K����� �����\Z"�  Z���  ���U���

= Ŵ eiωt + Ŵ+e−iωt

Z������ ]
Ŵ = −1

2
q~̂x.~E~k,ωe

−i~k~x0

� - B 1�4 � > - H�3 ��� ������
 � Z% �
�
&�C��� ��� �	
�
�
����$��� �$�)�����,� �=,D�������	��
�
&�$���
Ĥ
0G�\Z&�� �
 � �����%� � ,����$���	��
�
��

��� � I ?�� j L ���� ���
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( F <A.
: ������
��	
���� � ��� 0 �,� 
 � �� +Z"�  

t = 0 � �,� Z" �
&� � �	
�
!  �GZ&��� ���K�� +Z% 

|ψ(t = 0) >= |ψa >
� ��
 ���� ���K�������� +Z% ����� [Z" �
�
����\Z�
!�$��� ��� ��� ���� $�$����
��������� ����

Ĥ0
]

Ĥ0|ψk >= Ek|ψk >
� � �$������
���� � ��� � �G� * Z"�U���)��� ���� �	
��CZ�
����  �
 � ��� I b��>D L Z����\Z"�[Z f! )��
&��� t > 0 � �� � ������
&�aZ��  �
�
������ 9Z������ � JcZ�
����!�(��
���� � �  $�[Z�
  ���)��
�� � � �����A�#���� $�����\Z% �
�
&� �
*,+.-)+.-,+0/ � > -0/ A>R D ? H

� 
 VG��� V V�4G����� V > � TUV�4�4G�SKMJ�NQV3��� PG� K!� 
�� �SKMJ�NQV'��� PG����� |ψ(t) > � K!
QT t > 0 	�

� V > � T � � V#T!N�� J54� � 	 � 4 V |ψk >k ���� J � � TG� � �G
 � �SV#T���� 
 VG��� V V�4G� � � � TUK 	 �
	 ��� ��� P�NQV�� T � J54G��� �SKMJ � V#T�4�
YJ ��
 � TUV PG����� |ψb > N�

4 � V��G� TUV N�� 4 �#TUVG���

Pa→b (t) = |< ψb|ψ(t) >|2 =?
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Ea

Eb

a,bP    (t)?

*,+.-)+.-,+.- � D N > A>R D ?IH
��
&��� �����/Z�
�� ������
��U��
���� |ψ(t) >

�\Z"����� Z��\Z����+����

�����G���
Ĥ0
]

|ψ(t) >=
∑

k

|ψk > e−iEkt/~

︸ ︷︷ ︸
ck (t)
︸ ︷︷ ︸

1 ��
�� �� �
�
�� �	
����
Ĥ0,

) 
 �=J 
!����
���� �

�0

ck(t) ∈ C
��
��  Z����� ��
��U��
��^Z&�  ����
!����
���� ����� �

M
t = 0


���Z
ck(t = 0) = δk,a

I b ��C L
� �aZhZ&� ����
 ]

1 = 〈ψ(t)|ψ(t)〉 =
∑

k

|ck(t)|2

�� 

Pa→b (t) = |< ψb|ψ(t) >|2 = |cb(t)|2

J 
����E��
&����
�
!�U��
����	
������$��� � �K� * Z&����� ~E
��
�� � ������� � ���� �����\Z" �
�
�� � 
�� �$�������/Z���� ~E

�\Z"�
~E =λ ~E0

�\Z&�����%� � ,D���$������
�
������
Ĥ � ZS�&��� λ ��� �GZ&�[Z&� .  $�$� �[Z&���	��
!� ������
�
�� � �� ~E0

����� * Z&���1 , � � � � ������
! Z"�����	

Ĥ1(t) = −q ~̂x. ~E0(t) �

�� 

Ĥ(t) = Ĥ0 + λĤ1(t)) ���/Z ��
����C� ����� �  ������� �&��� JcZ 
 �$�$�����C��� ������

��� ��� ���  �����
 � 
! �������
&���
λ → 0

� � ����� ������

��� �
Z���
����

ck(t) = c
(0)
k + λc

(1)
k + λ2c

(2)
k + . . .

�� ��%� ��� �GZ" �
�
��&��� :D� * �5HD��
!��
����
d|ψ(t) >

dt
=

(

− i

~
Ĥ(t)

)

|ψ(t) >
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∑

k

|ψk > e−i
Ekt

~

(

− i

~
Ekck +

dck
dt

)

= − i

~

(

Ĥ0 + λĤ1(t)
)
(
∑

k

|ψk > e−i
Ekt

~ ck

)

=
∑

k

e−i
Ekt

~ ck

(

− i

~
Ek|ψk > − i

~
λĤ1(t)|ψk >

)

��
�
! ���������  �
�����
/Z&�  �\Z"�
< ψb|

]
dcb(t)

dt
= −λ i

~

∑

k

ck(t) e
−iEkt

~ ei
Ebt

~ < ψb|Ĥ1(t)|ψk >
I b�� b L

� � ��
" ���^Z��,�.������� ���   ����� Z" $��
����(�����/Z��#���� �����\Z" �
�
�� ]

Hb,k(t) =< ψb|Ĥ1(t)|ψk >
�� ��/Z J ����� ���������+��� � 
 * � ]

ωb,k =
Eb − Ek

~/ � ��� �GZ" �
�
�� I b�� b L����� ��	
�
�
����$��� �$��� ���  A��� � 
�� Z�� ���  � 0 �%� ��� �GZ" �
�
�� ��� :D� * �ZH0��
 ��
&��� � � � � ���  
� Z�����������

���#�������B��� 
����^Z&�����������

λ
� ) ��� ZC��
������C]

λ0 :
dc

(0)
b

dt
= 0

λ1 :
dc

(1)
b

dt
= − i

~

∑

k

c
(0)
k (t) eiωb,ktHb,k(t)

���

/ Z ������
�� �� �
�
��  $���\Z&�  ���
&�U�� $�G��������
&����
! �
�
�� � 
 ��
  �
/Z�� ��� I b ��C L � ��
������h]

c
(0)
b (t) = δb,a

c
(1)
b (t) = − i

~

∫ t

0
eiωb,at

′
Hb,a(t

′) dt′

��
���� Z&�K������� 
 ��� 
��������h]

P
(1)
a→b(t) =

λ2

~2

∣
∣
∣
∣

∫ t

0

eiωb,at
′

Hb,a(t
′) dt′

∣
∣
∣
∣

2

, b 6= a

J 
���� �,� Z���� ��
��OZ" �
�
�� � ��
 ��
���� ��
������������ � λH1 (t) = Weiωt +W+e−iωt
�  ∫ t

0
eiωt

′
dt′ = eiωt−1

iω

�

�� 

�� �
 ���  ]

P
(1)
a→b(t) =

1

~2

∣
∣
∣
∣
∣
Wba

ei(ωb,a+ω)t − 1

ωb,a + ω
+W+

ba

ei(ωb,a−ω)t − 1

ωb,a − ω

∣
∣
∣
∣
∣

2
I b � j L
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P

(1)
a→b(t)

� J 
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1 � ωabt �
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I b � j L �	
��  ���
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!�4J �[Z"��
���
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���
�� � ��
�� �%� � �! �^Z���
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 Z" �
�
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����9ZS��
�
 � |ωb,at| � 1 � �  ��
����������A��
������������GZ&�[Z" �
�
�� ������ ����� ��� ������� I b�� j L �
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!����

P

(1)
a→b(t)

���� 
!�U��
��� +Z&�  � �����	
��,� ��� 
�� �,� Z&�� $�$� �����"������
�� 
 �GZ" ������� ���� ���	
D� * � ��� ������
 ���� ���� �0C��
!�$���	

ωb,a ' ±ω � �� 9Z���
&��� ]

P
(1)
a→b(t) '

|Wba|2
~2

F (t, ωba ± w)
I b�� i L

Z������
F (t,Ω) =

{
4 sin2(Ωt

2 )
Ω2 :

�	

Ω 6= 0

t2 :
��


Ω = 0

I b � � L
�� 

Ω = ωba ± ω :
�����[Z�����
����B��� J ����� �����������

X 
�
 � 1 
����$��� b � j � b�� i � � 
&�  $�[Z&�  � Z ����
�
����[Z"����� ���
Pab(t)

�� �$��� 
�����
����/Z" �
�
���� ��
�
��<� ZZ�����^Z�����
����
��� J ����� ����������� �

� ��� Z"�$� ����� � ��� ∫
FdΩ = 2πt

�� 

F (t,Ω) −→ 2πtδ (Ω) ,
��
����

t→ ∞ I b��2d � L
��
�
!� 1 
������ I b�� i L �

*,+.-)+.-,+�� � ? A -<4 F24>9 A 1 A>R D ? 7:-0/�4>90/ D ? 1 ? 3
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ωb,a = ω
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����������

~ω
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abP   (t)

Ω2~1/

abΩ=ω−ω   = 0si

t

si Ω=ω−ω   = 0ab
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Ω = 0
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���A�����$��
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�

i

j

Ω

F
2

0 2π/ t

t  

���	��
 b�� i � � �[Z�� * ����� F (t,Ω)
0
t
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�
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∣
∣
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∣
∣
∣
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|Dba|2 cos2 θ
I b��2d�d L
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I

2ε0c
|Dba|2 cos2 θ
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<φµ|φµ>

�	
�
! �� 
 � 
 ����� �

?�� � �
����� . ��� Z���
&��� � ��� |φµ∗ > �����[Z������ ��
������ Z�������
7,�
 �CZ" �
�
��A��� �%� �  +Z" J 
����GZ&� ���  +Z�� |ψ0 >
!����
���� � � �� � ��� Eµ∗
�����[Z ��������
������ Z�������
7,�
 �CZ" �
�
��&������
&�B��������
�
 �

E0
�

E

E0

∗

Ε ∗

µ

µ

µ µ

���	��
 b��2d C��
� ���!���� $�$� �/Z
�U�  * 
0��� � Z&�	
 Z" �
�
���������� � ] J 
&�������� �
 � ��� E0 �

&� �$��� * ����� * � �!� � 
!��
 �
���

���
Eµ =< φµ|Ĥ|φµ > / < φµ|φµ >

��� J 
����  �
�
&�K���
µ
�

3 Z&� � ������
����������-,+���	

��� . � ��� 
 ����
&�� +Z"�  �� I �=, � �  * ��
&��
 �9� � ) � : � ��� � Z��$�����[Z���
��������  �
 ��
  ?��L:���� $ $�
���� * 
D��� ���� �
!�$��������� Z��OZ����!� � ) ��� �����\Z&�  �� ZF��
 �������  ?� ���� )���G� * 
�
��	
 � �/Z 5W��
������=89JcZ&� 
����!��� � �����[Z 

�$���Z����� ����
! . ����� � � Z&��
���� ���  ���� * � ��
!� ����� I ��
����Z��
!����Z������	
D� * ��� E0

L � �  Z"�����	
2���+�7Z��������/Z���
���
! ��I 
�� JcZ&��  ��
�����
�
 �)�OZ�������� ��� � Z � 
S���������SL � :�
����&���  �!��� �7Z ����� ��� �$� J 
��  �0 �,� 
���� 
 �\Z" $����� �
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*,+��)+0/1+�� � � - B F2NO- H P R �54>1 A>R D ? 1 ? �51�4 B D ?5R�� > - 7 V > ? 1 A D B - � � �	�
� � ������������� �,� �=, �������!� I b��@? L �\Z�
&� d � � � Z������

Ĥ =
p̂2

2m
+

1

2
kx̂2 + λx̂4

��
����
λ > 0 � 
��#���� �
 ����
����	
����!� ���A�7Z ����� � ���6Z"�\Z����  �
 � ����� ���  �%� �  +Z" J 
&���\Z&� ���  +Z � �J 
���� �/ZTJ 
&���� �
�
�� �J� 
��������J� �����^Z�
 � 
�� ���� �\Z" $���$��� ����� * 
�
��	
 �������hJ 
����  �
�
��8
 Z&���	��
 ������� ��
�� ��CZ���
������ � �����/Z&��
������ � Z&��
/Z����!� σ � ��
�
 � I d�� b L � �\Z@
�� d`i ]

< x|ψσ >=
1

(πσ2)1/4
exp

(

− x2

2σ2

)

� 1YN�3 > N"75-#NWVX9 ? -<4>; R - B D�� - ?E? - H

Eσ =< ψσ|Ĥ|ψσ >=

∫ +∞

−∞
dx

[

− ~2

2m

(
−1/σ2 + x2/σ4

)
+

1

2
kx2 + λx4

]
1

(πσ2)2 exp

(

−x
2

σ2

)

) � ���� �������
!�  ���
��^Z�� � � Z&� ����
!������� I ���<L � ��  � 
������ ]

Eσ = ~

√

k

m

(
w

4
+

1

4w
+

3

4
g

1

w2

)

Z������
w =

~

σ2
√
km

> 0

�� 

g =
~2λ

km
> 0

� -03 �5-<463��:-E7 > B Rc?2RcB > B 75-
Eσ

� � 

���$�����&� � ������
����
w → 0


��
+∞ � Z���
��	� Eσ → +∞ �) ���/Z�
 Z&�^Z&�  �
! �,� �=,�
��� �������A�J� ��� � 
!��
 �
��� ����� Z J 
����� �
�
��

E (w) � � �����%� 
��  $��
��D��� ��� ������
 � Z&�  ]

dE

dw
= 0

⇔ w3 − w − 6g = 0

) � ���� ������A��� �GZ" �
�
�� ���� $��
�
���
 . � �(����
&��� �
J 
��	
����

G = 35g2

M ��
���� �	

G > 1 � � Z��	
�� �� �
�
�� ���� 

w =
1√
3

(

α +
1

α

)

α =
√
G+

√
G− 1
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0 ≤ G ≤ 1
� Z ��
�� �� �
�
�� ���� 

w =
2√
3

cos
(ϕ

3

)

cosϕ =
√
G

� 90/ > N A 1 A / ? > B 9<4 R�� > -0/F- A D � /�-04SP�1 A>R D ? / � �&��
����
Evariat. = E (wmin)

� ) 
����\Z&�	
�����0 �/Z
��
�� �� �
�
�� � ,GZ@�� � I � �������	
 � ��� Z������

~ = 1 � m = 1 � k = 1
L �  $�[Z������ �$����� Z 1 
����$� b��@?��

λ 0 0.1 1 10 100

Eexact 0.5 0.55915 0.8038 1.5050 3.1314
Evariat. 0.5 0.5603 0.8125 1.53125 3.19244
δE 0 0.0012 0.0087 0.026 0.06

� � �$���CZ&��� ���
� ����� ��� �����$� �! +Z% �� �	
��  G��
���� � Z������ ����� JcZ�
���� �������$����� � �  G�J� Z&�� [Z&�  � ��
���� �������� ���
λ → 0

� ) ���/Z  �
!���  ���� JcZ�
! �� ��� �/Z�J 
����� �
�
�� � � 
������$�J� ���	�[Z�
 ���� � Z ��
��!�� �
�
�� � ,4Z��� $�E��
&���
λ = 0

�

� � -<463 R 3
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�
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������$� ��� � �� * 
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 Z% �
�
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 � ��
����� $�G��� ����
 � � � J :4Z � ���[Z 
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�� � ���B����
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 � ��� :�
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 * � ? �=� �M ������
7,C�\Z"�� �
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 * � ��
����GZ&�  � Z �����OZ&��
!� ���
���/Z����	
 � ��� �
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X �FY$� �J�[ZF�����/Y����  �V\��FY^]S�_\��FY"�F`aY����� ��Qb!�cY�� ���� $�$���J� ���dY����Fbe\
�Q���f]" �����gZhba]jik\_`aY �ml ]A���?\
���f`��� ��Y$�V`��n]&�  ��� �F`��/\&�������$���������Eo�\
� ���p]" $�����?Y �/Y�  $�fq/Y �� f`ab!�(�r\&���cbs]tY$�V`! � �

�+4vuew54 R 9yxS9 ze{ �
�}| 4 |�~ 4 � {}�)�E��{n� |��}���?�_� ��{ � 4 � { ��|��A� �?� |���~}� 4 Â �m�
B̂

�v�V�����5� � 
�� �

 � � � 4 � � � ��� � � {}� [Â, B̂] = 0 �����M� |�� 4 � � �������n����� 
���� �}� ��� ���_� � � �v�V����� 
�� � �_�
� �_���H�_� ��� �e� �m� �n� �2� � � 4 � � � ��� � � { � � � �?� � 4 � � { ~ �c¡ � � � ��� �¢�E� £_� � � ��{ � 4 |Vi > ¡ |�� � �_~}�{ ~ � 	 � 4 �h�E� H � � � � 4 � {}�

Â|Vi >= ai|Vi > et B̂|Vi >= bi|Vi >


k¤ � � i � 4 � { ~¥��~ � � � �2� � 4 � � � �W| { � |�~}�¦��~ { 4 � � |�~ � {e� � � 4 � � � �§� �¨� 4 � � � 4 � � � �c| { � |�~}�§��~ { ���© �ª| � ���§�«� � {}� � � ~}� � � �m� �m�«� � � �_�'� ���_� � �m� � �
Â
�y�	
¬� � 
�­	� ��� � 
¬���'� � � ��� � �m� �f��
 � �

B̂ � � �g��~ £_� � 4 � � � ~}� �® � { 4J¯ ��~����?� � � � � ~}�=|�~ � ��{ �°��~�|�~ � � � { ~ �±� ���_� �����m� �¥� ��� � � � � � �¢�O�V� � N �n� � ���e���_� �_�² � � �v�V�����5� � 
�� � �m����³ � �_��� �

´�µ4¶_·e¸V¶�¹»º �f¼O½ � � � ����	 � �E¾�¿�ÀvÁfÂÃ ��� ���
�yÄ�� ��� � � �ÆÅ � �}Ç �/È � ��� Å�� � �FÄ�� � ��	 Å � Â �&	 Å � � 	�� � ��� ��� 	�������	�ÂnÉ ��� � ��	 a �
	�� � �ËÊ}Ä���	 � ��	��»Ì � �
	 Å ������ � ����	�� ��	 Â Â Ã»Í �ÆÎ�Å 	gÌ � �
	 Å � ��� � ����	 � 	 Å � � Ì � � � Å�� 	 ��	���� � � � 	^Ï Å � ��� ��� �
��� ��Ä da ≥ 1 � 	�� �kÇ 	���� � ��	 ��� � ����	� � ����	���� ��� � � � � � � ��Ä Ha
	���� ��	�� �ÐÏ�	 � ��� ��� da ÂyÑ � � ��� ��� �yÄ�� � Ï � � ��	��

H =
⊕

a

Ha
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Ã ��� ���
�yÄ�� ��� � �kÇ � �FÄ�� � ��	 Å � B̂ Â-, � � � Å�� Ì 	�����	 Å � |ψ >∈ Ha
Â/. � � �yÄ10 � � ��� ��� � Â|ψ >= a|ψ > Â32 � � ��� �

|ψ′ >= B̂|ψ > � � � � ���

Â|ψ′ >= ÂB̂|ψ >= B̂Â|ψ >= aB̂|ψ >= a|ψ′ >

� ��� � |ψ′ >∈ Ha �/Å �&���kÂTÉ � � � � Î�Å 	�465Ë¶87«´/9;:v¶'´rµ
<E´�µ4¶ Ha = ¶ Â ¶87?>A@)4B<)C39D4a¶8E�¶8F'>HGIFV¸;9yµJGK9DF'>2´39yµ465L<E´�MnµN9O>«¶_·	µ B̂ ÂEÉ � � 	 Å � � � � ��� � Í 	���� Í 	�� �
	���� 	�������	���	 B̂ � � � � � Í �ÆÎ�Å 	��kÇ 	���� � ��	 Ha
ÂOP � ��	��}Ì 	�����	 Å ���� � ����	 |Vi > ÌvÄ����Q0 	�� � � ��� � B̂|Vi >= bi|Vi > 	�� Â|Vi >= a|Vi > � � � � |Vi >∈ Ha

Â
�

;=<?>@<SR TVU�U�WYX (rS�Z X�[ I]\MDFC)(/2MC�D (/2MC*KMG U U C)(^ZTDVCNKMC
Ĥ

l � ]����Fba`��Æ]" f`a\��`_F]��F`! $���/b b �(�������� � �A���f\����f`��� ?���4Y� Qbs]tY��F`��n]&�  �ba

c `
Â

�4Y� �����\
�Q���p]% �����+�F\&�  b � Y�� ���  �$� �/Y� ��/\&��� � � �  Y?`^b%�[\�� ] [Â, Ĥ] = 0 � ]_ba\��?Y bs]
���f\����f`��� ?�G�4`edH���/Y?Y$�FY��#���$� ��  ��� Y?` ���Fba`ef ���^bs]��$���?_������?_��F����Y��#���� ���+���

Ĥ
�hg bOY$�	�  Aa

Ó ��i _������?_����Jb!�/Y �/Y��}]����4YZ���f\
�����/Y Ha
��� b%�[\
�Q���f]" �����

ÂÒ ��i _������?_����Jb!�jY�� ���� $�$�����
Ĥ
�}]&�FY �?_}]&� �����/Y��}]����+���?\
����� Ha

�

� ��]�� � � ���hbs]��D� �F]&�¢`!� ���A

�������������F]&�
Ĥ

�4Y� Q` �  $���$���2ZC�?_}]"� ��� �4Y��}]���� Ha
�

� � -kj w2NO-D/�/ R j w2N�-0/ l@\m`��/`=���/Y ��o �����Fb �4Y I Yf` ���Fb!�/Ynm \��$�&�����p]F���4Y ��o ���U�Fb!�/Y"�Fb �FY"�/\����Fb ` � ���/Y
�Fb!�FY°ba\m`!� � � \��  �f]&�  cb,� ` �  ?����'   ��� bs]����� o_V\D����L �
Ó ��p \����������G�F]&�� f`����Vb �Mb `������ �}]"�FY

(x, y, z) � \���] Ĥ = ~p2

2m
� �   �F\���� [~p, Ĥ] = 0 � ��� �/Y� QZ��F` ���

Â1 = p̂x �
�� 
Â2 = p̂y �

�  
Â3 = p̂z

��l � �/Y��F]����)���?\
����� �/\&� �����F��� �_]nb �����2���?\
�����
(px, py, pz)�4\��$���/Y��	\�����Z �����-\������C�Fbs]"��� |px, py, pz >

I g b �4Y� ����C�F`!� ���FYf` \�� Ó L �qp ]"�G�/\��FY���� �����  2b �4Y
�  ª]" fY����f\
�����/Y ���

Ĥ
Yf\��  ����4YJ\������/Y �Fba]&���/Y �

Ò ��p \���� �����	�}]"�� p`����Fb!�tZ �����	�F`!� ���FYf` \�� � �}]&�FY����8�F\&���Fb �F���F`! fYG���C�	\& ���  f` �4b 4+r � ���¦�«� � {e� �
Ĥ = p̂2

2m
+ V (x) � �/\&�FYf`������?\��FY�N!V uew 9<4>1VxS-ks54$75-�w21�4 R xS9 P̂ ���+f �F`��}]"�Aa

P̂ : ψ(x) → ψ(−x)
i � �/Y� ��� \
�Q���f]" ����� ���F`! p]_` ��� ��t ��] P̂2 = Id � �� ��F\&����Y$�/Y	�n]_b �����fY	���?\
�����/Y-Yf\��  ±1

�
l � �/Y��F]����	���?\
���$�-]nYfYf\0�/`��¨Z'bs]��_]nb �����(���f\����$�

+1
�4Y� A�/\&�FY� f`! ���C�}]&�  f\��� �4Yjb �4YMik\����  p`a\&�FY

�}]n` �$�4Y � H+
�7l � �4Y��}]@���&���?\
���$�d]_YfY?\D�4`��¢Z�bs]&�n]_b ���������f\
���$� −1

�4Y� C�4\��FY� p`! $���$�F]&�� f\��� $�/Y
b!�/YMik\����� p` \��FYJ` ���}]_` ���/Y � H−

��i �tY?\��  A���/Y �4Y��}]����/YA�����V` � ���FY?`a\�� `!�'f �F`!� � �� jb%�[\&�¥] H =
L2 (R) = H+ ⊕H−

�
t �¢] [

Ĥ, P̂
]

= 0
I �����f`ef ���?L � �� ^bs]G���?\
���?`��� �� �/`edH���/Y?Y$�FY � � ����� �  ���Z�?_������?_����Wb!�/Y�ik\����  p`a\&�FY

�J� \������/YgY� ª]% p`a\&���}]_`!�$�/Y I Y�� ���  ���Z���
Ĥ
L � �}]&���¢`Fb!�/Y�ik\����  p` \��FY �}]_`!�$�4Y ���F`aY@`!�U�}]n` �$�4Y � �4i ��u �
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;=<?>@< � � [(X KMC ( [ IMUEC�D��»S�Z X�[ I C/Z���D [ G U C KMC U	��
 R/ZED X CNK��°IMS

 X�� GJC

c �����	\mY?\��FY �����4\��$��� ��� [
Ĥ, Â

]

= 0 � �� � ��� Â Yf\m`  ��� |��}���f�_� ��{ � � { ��|��A� �?� |���~}� �� ]@���#�4ba\��VY � ���tb%�[\
�Q���f]" �����±]"�� p\8d�]����?\m`!�  
Â
�#���� jY�� ` �  $���������� $���(�4\�� � ���� p]&�  �����tu �2/�-<4 �

P�1 � NO-�w � � / R�� s5- � \�� �����4\��$���/\�� � � b!�	;Q9��:9<461TxS-ks54 7 VKs�� ;Q4vu s5w - T s��*w51�4>1 j �yxS4>- 75-
xS4>1��5/ # u=4 j 1Vx R u��2/ a

Ĝ(λ) = exp

(

− i

~
Âλ

)

u ����'�� �G�r\����°b,� \
� ���p]" $�����
Ĥ

� �F`�

���Fq����2b!�/Y°\
�Q���f]" �����fY ���V`! ª]n` �$�4Y)�J�.���m\_b �� f`a\�� a

Û (t) = exp

(

− i

~
Ĥt

)

l �/Y � �}]" $�$���$�4bs]" f`a\��FY=Y$�F` �_]"�  $�/YQYf\��  J]_b \��fY � � { � £ � � � ~}� � 4 a
[

Ĥ, Â
]

= 0
[

Û(t), Â
]

= 0
[

Ĥ, Ĝ (t)
]

= 0
[

Û (t) , Ĝ (t)
]

= 0

	 � 	fÊ�	�� � � � � 	���	pÏ ���
	 ��� [Ĥ, Â] = 0 � ]_b \��fY [Û(t), Â
]

=
[

exp
(

−iĤt/~
)

, Â
]

=
[
∑

n
1
n!

(

−iĤt/~
)n
, Â
]

=

0 � � �
[

Ĥn, Â
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Â
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Ĥ, Ĝ(λ)

]

= 0
� \
���#�% ��	�! 2Yf`
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(
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(
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� ]����- 4b�aFb� /�	\��� ����p`  /b i \��Fb \
� � `  ��>�'�����;�}] ������]��f\
�  '�! ;�?_}])�F
� 

+Z
 4Y��

V (r) = −(eZ)e

4πε0

1

r
l  '�	\��� ����p`  /b
�'�������}] �Obs]WY����������#�!�% ��� 
)�Fba` q"�� �
� ](�p\
�  /Y  4Y��7bs]WY%���- '���	\mYf`0�p` \
� �! �" 4Y �	\��� ����p`  /baY`��#�F`D�E`����! /b Y

	
�_\m`�� f$
��!�� 032 � 2

p \����&��� �/b� ������f\
� �}]��VY)b� �	\��# ����p`� 4b'�
� ��� ]��p\��  ���f`aYd`��$�F`��E`��!�! 4bab  ��  ����
	
b� �Y��� �������  /Y��

�F` Y��"�% �� @ �/\
�%�  Mb��[]��p\
�  H B 2 l  /Y ���ª]��fYQY��ª]��f`a\
���}]_`��% /Y @ \�� � `��ª]nb� /Y=]��p\��¢`����� /Y B=Y?\
��� > u 03;=>E2�R I �?R��
A ]_` YWZ��/])�FY% '�! ±ba]2YF *�%�����f`� C�}])� �f\��p]��p` \
�  ��-���)Y��F`��

	
b� /Y �F`D�) Æ])�Eo'Y?\
��� @ �	�}]nYf`�B���� 
������'���/Y 2
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������� 032 � #
� ]����- 4b�a��	\��!�cb��[]��p\��  GNb  /Y �F`��� Æ] �To)�
� ���! '��
m`  Yf\
���

En = −ε1Z
2

n2

] �� ��
ε1 = me4/(2~2) = 13, 6 eV.

 ��  ��VY��F`0�# �b� 4Y-])���#�% /Y=�F\
� � �� 4Y����F]����p`��	�! 4Y¢Y?\
���
0 ≤

l ≤ n − 1 	 l ≤ m ≤ l 	 spin = ±1/2
2 t ��]����� /b b� ���ª]��fY

s, p, d, f, ..
�	\��!� �� /Y��- ����f`D�� ��  ����

l = 0, 1, 2, 3, .. � �!�p\��p]_b�a
\�� � `��ª]nb� /Y Ó Y Ò Y Ò � � Y � �

�F\
� � �� �! ;�F`��� Æ] �To Ò Ò � Ò �

t �hY+�[`����2�"�% /Y?Y� '�d]_`����# ��F]����5Z ��� I x ; x MQ2ER 03.1� x M u���� I w�u s .7> H ; x�u j � R � s > � �Æ] � @ � 	 b 	 � 	 Y��F`���� ±1/2
B

fVo$�/Y 2
# c `�� ; x�u j �?R `��� ����p`����� /Y �_\m`aY?`��FY a l  /Yd\�� � `0�ª]_b  /Y ]��f\
�¢`��	�! /Y Yf\
���&�����}] ���p`  /Y¢Y��!�¢b� /Y Ò
]��f\
�  /Y @ b `s]����� +d�]����f`ed ba`s]����� CB(�F\
���}]���� 2

�F`D�) Æ])�To�Y��"�%���/Y
# c `
	 ; xÆu3j � R `��! ����f`��	�! 4Y�a \
�)] �! 
�����  � �F`D�) Æ])�EodY��"�%���/Y 2 �?_F]��	�! jik\
�����f`a\
�  /Y�� �����}])���p`  
Y%�!�cb� /YB���f\m` Yc]��p\��  4Y 2

# c `
N
]��f\
�  /Y `��! ����p`��	�! 4Y @ �r\)�!� ���! %�¢\mb  	 N ≈ 1023.

B
	
`ab  �])���p]

N
�V`D�� /])�To�Y��"�����/Y ≈�Q; � MQ�PM H I � �/.<JK2��  ������! jik\
�����p` \
�)�
�[\��$�! Y��p]��p` \
���}]_` ��  4Y��������}])���p`� jY%�!�B�p\)���Qb� +�'�f`aY��ª]_b; w7w �?> I � u�� MQ� MQ�
�*> u 0�� �

l@\m` � f=
��!�% 032���2
l ] >L;$.<JK� s . M!� >L;��Q; � M!� ������ ��$� �!� �� ��/\�� �3�% ��  ����P�! 4Y�\�� � `��p]_b� 4Y�]��p\
� `��	�! 4Y 2 u \����

�Q; � M!�?R I x . u 2 x � R w�u s . b� /�V`D�� /])� Ó Y� �� � ]��#�! /YC�Fb��VY°bs])�F
� /Yc])�)�! 4YfY%�FY 2
��0�� I j ; w ;$.1>�; �rx .
p ])�-bE�[`��d] 
_`��}]��f`a\
�

	
\
� .<�?R R��/.<� >L� R ; x�u j �?R�� �F`aY��ª]����' )`����# '�Yd�]��p\
�  /Y

a : ∞ → 0
B 2 l  /Y\�� � `��p]_b� 4Y=Y� �% ��4\��#���� ������! /�Vb��FY  ��>�Fb��VY

	
]_b \��fY^b� 4Y � ]��$�� /Y@�}]_Y?Y� ������! jba])��
) "�!�

0 @ ���+

�����"���4Y B°Z
�#�?q/Ycbs] ��
� 4Y @ �Æ] ���% ��4\��#���� ��  ���� Bp ])�  �o a c \?�F`���� ���V`�] ÓmÓ �4b� ����#�?\
�FY �}])�j]��f\
�  

	
 �� ��� ���Æ] ���  ����#�� -](�p\
�  /Y

a = 3, 7 	
�m\_`��

f=
����� /Y 032 � 2 l  �� ��"�Vba`aY?Yp] 
) �! /Y �F`��� Æ] �To!�}])�cb  /Y@�/b  ����#�f\��FY%�F\
���! ba] f$
��!�� 032 � 2
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�  ��!�� ��F\
�FY �d]n`����# ��}]����cb� ;�!�?\ � baq��  /�	�F`� /Y�� �� .�/]_b��'�Fb� '�cb� Y��� ����#�� �! hb�� \
���"�p](�# "��� 032��

	
 ��

���f`aba` Yp]����°b  /Y°Y  $�%�����f`  /Y%�!�D�!�f\ � baq��  2
l  � ���  /Y�� �� '� \
���#�% "�-�	�! @b  /YOYF *�%�����f`� 4Y �}])�-�#�f]��FY?bs]��f`a\
�FYrYf\
������ 4Y��	\
�FYf] � b� 4Y!�! @bs]WY����������#�!�% 

 �� � ]��#�! ��!��Y��- ������� 2
i \
�FY?`����'�f\
�FYQb� 4YB�#�?\m`aY°\
���"�f]��# '�!�fY%�! /���p]��FY?bs]��f`a\
�VY-�
� ���! ;�d]n`abab  
�4b����  ����p]_`��% 

	 T̂1, T̂2, T̂3
a

T̂1 = exp

(

−i ~̂p.
~l1
~

)

, etc...

l ]�� �'�f`a\?�F`��/`���� �!�D�	\��# ����f`� 4bOY� /�#�f] �!�F`0�@�}])�cb� 4Y �� 4bs]��f`a\
�FY:�! ;�/\
�%� ���p]��p` \
�FY�a
[

Ĥ, T̂i

]

= 0, i = 1, 2, 3

t ��]-])�VYfYf`�a
[

T̂i, T̂j

]

= 0, ∀i, j = 1, 2, 3

A \
�����p]���� ���� ����
	����F�F�
���������}���m���������������e��� ² � �'� ���¬�!���m�d�"�#�������$�	���f�����%�����'&��)(m�*�m�+�e�
�,�m�-�.�e�
/0�m� ² � �1&324�_�_� �
�5	��v�V�F�
�6&v�F�����5�7�e�"�98;:
´�µ4¶_·e¸V¶=<?>A@CBJ¹�DFEHG�I*DFE#J?KML.N [T̂i, T̂j] = 0 O ÄQPQL Å DMI O I [p̂i, p̂j ] = 0 ºRPSE#G3DMIQT L.UFÄ*G"E#J?KML.N'T O I O Ä*G?KÐÌ.E#J?KML.N

PQLÆÏjÏ Å J�I*NVJ?ÁfÂ).�L Å GgÏWL.NVJ?G�I*G [Ĥ, T̂i] = 0 X K9De¼YE Å J Å J?K9D9KMT�I*G!Z

~̂x T̂i = T̂i

(

~̂x+~li

) º$[_Â ÀvÁ
Ã I*DFE O ÄQPQL Å DMI O I ~̂x|x >= ~x|~x > X I*J T̂i|~x >= |~x+~li > X L.\-J�I*N Å I*N!I Î Ânº�¾mÂ9],]�ÁfÂ/Ñ^K9N'T?K�U�L Å G_J�L Å J�Ä*J"E#J |~x > XL.N%E ~̂x T̂i|~x >= ~̂x|~x + ~li >=

(

~x+~li

)

|~x + ~li >
Â�`
J O I±ÏWapÏWI T̂i (~̂x+~li

)

|~x >=
(

~x+~li

)

T̂i|~x >=
(

~x+~li

)

|~x + ~li >
ÂcbdL.N'P ~̂x T̂i = T̂i

(

~̂x+~li

) Â�É^N O Ä OmÅ K9JeU-G�L.f,G�IQT�T�KÐÌ)IpÏWI*N�J XOÎnÅ IgPQI*DFE
IQT?JhE Å T"T?K»Ì�G"E#KU�L Å GiJ�L Å J�IW¼RL.N'P*J?KML.N V (x) X º O ÇjE#\�L.G O T Å GiDMIQT�ÏWL.N'kÆÏWIQT X U Å KMTlU�L.D9m�N'kÆÏWIQT X ÂÐÂÐÂ Á�P�ÇnIQT?Jlo O K9G�IWZ
V
(

~̂x
)

T̂i = T̂i V
(

~̂x+~li

)

O E#N'TiN'L.J?G�IpPSE.T X V
(

~̂x+~li

)

= V
(

~̂x
) q U;E#GlE#K9D9DMI Å G�T [T̂i, ~̂p] = 0 O L.N'P

[

Ĥ, T̂i

]

= 0 Â
�
Â+ �FY��F`0�# 

	
�
� ]��!�fq4Yjbs]<�!�?\
�!�f`������ �! � ]_Y% =�}] 
� ÒTÓ �

	
]8f�� �8�?���#�$�F`  "�±b  ¨Y��� ����#��  �� ���! "�F
m`� &�! 

Ĥ 	 ���r&�st�u�,&Vsv�w�H2x�	�n���#�y���_��­��)&y�*�_�
�_�-� ���_�3�,�m�z&v�V�����
���{�|�
T̂1, T̂2, T̂3

:
i  /Y:���f\m` Y^\�� �'�p]��� "�!�?YWYf\
��� ���F`��p]_`��% /Y

	
 ��-�F\����Mb  "�!� �_]nb� "���fY'�!�f\
���� /Y=Yf\
���-�� /YB�F\�� � �� 4Y:�4\
�bd

�Fb  �o3 /Y%�! ;� \ �!�Vb� Ó
	
�	�! bE�[\
�!�� "�����F\����;���"�?`��% jYf\��FYQbs] ik\)���  

e−iϕk , k = 1, 2, 3
2

+ �$ �8- ���Y?`
T̂1|ψ >= λ|ψ > 	

]_b \��fY |ψ >= T̂−1
1 T̂1|ψ >= T̂+

1 T̂1|ψ >= λλ|ψ > 	
�V\
��� |λ| = 1

2
t �,�F\��# ba
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��%$ � ���%	'��	*���
	J�( �
���	�� $%&�"���&�����& ��$H	�
(&b	*��
( 

T̂k|ψ >= e−iϕk |ψ >, k = 1, 2, 3

 ��)bE�  4Y��}]��" 5�� PGJ` b �  "�����! 4Y �� ����# '�!�fY>���f\
�!�% /Y<�4\
�%� ���FY"�! 
T̂1, T̂2, T̂3 	

�! ��n]_b� '�!� �!�?\
�!�% 
�� 4Y��� ����p`D�) /Y

(e−iϕ1 , e−iϕ3 , e−iϕ3)
Y% "�p]=�F\���� H (ϕ1, ϕ2, ϕ3)

2 i �  4Y��MZ*�F`��% 
|ψ〉 ∈ H (ϕ1, ϕ2, ϕ3) ⇔ T̂k|ψ >= e−iϕk |ψ >, k = 1, 2, 3

i  ����# ��! '���F` q"�� ;�����F]��p` \
�  4Y��C���	�F`��n]_b� ����� Z�a

ψ(~x +~lk) = eiϕk ψ(~x), k = 1, 2, 3 @ 032 � B
+ �  �8  ��

	Q@ �_\m`��c] �FYfY?`� �� 2 Ò 2 6 B�a
ψ(~x−~l1) = 〈~x−~l1|ψ〉 = 〈x|T̂1|ψ〉 = e−iϕ1 < ~x|ψ >

= e−iϕ1 ψ(~x)

� `��FYf` 	 Z ~ϕ = (ϕ1, ϕ2, ϕ3) ∈ [0, 2π[3
fTo��4Y

	
ba]�ik\
�����p` \
� �
� \
�$�� 

ψ
 4Y�� �����# "���¢`����" "�}])�tYf]

�n]_b� '�!�@�	�
�  /bab  /�!�� ��$���}]��FY����! .�" 4bab �Fb� '���,�'�f`aY��ª]_b
	
�_\m`�� f=
)�!�� @ 0�2 Ò B 2l �?�����F]��p` \
� @ 032 � B  /Y�� ]����- 4b��' 0 u-� MQ2 x 2 u�� R)M!� �*> u 0 � 	 � \
���#�f]����;����  ba]'ik\
�����f`a\
�P�8�[\
�#�! 

|ψ >  /Y��C� �'�f`a\?�F`����� jZ ���! ;�h_}]_Y% .���fq/Y 2
� �! /�� /bab  ±ik\
�����p`a\����
�[\��$�! * /Y��J]����- 4b��" ju�� MQ� MQ�
�*> u 0�� 2

, � � � � ��� � w � 0 x .1�6� � � ; � M!� R
p \����

~ϕ = (ϕ1, ϕ2, ϕ3) ∈ [0, 2π[3
fTo��4Y

	
� �  4Y��gZ �F`��% -�}]��VY�b��  /Y��F]��" ��! %GQ`ab �  '��� H (~ϕ) 	

`abEY����=�
 ��VY��F`0�# ��! ���4Yf\��$���� hb�� ���	�}]��f`a\
���! c �?_����?�F`��$
) "�

Ĥψ~ϕ,n = E~ϕ,nψ~ϕ,n @ 0�2 0 B
l ]$���/Y?\mb��$�p`a\����! ;�" ����# .���	�}]��f`a\
�

	
�F\
���� .�	\��!�

~ϕ
fVo$�
	
����Y��- ����#�% ��
�?���! "�F
m`� ��F` Y��'�� ��Aa

E~ϕ,n, n = 0, 1, 2 . . .

 ��
ψ~ϕ,n

 /Y�� ���! jik\
�����p` \
���
� \
�$�! ��
�'�f`efe]����Qb� /Y@�4\
�$�F`0�p` \
�FY-�! ��=b \$�?_ @ 032 � B 2� \��� "���	�! �
���	��" �Z ba] ���"�f` \ �V`��/`0�2�
	
] ��ba`� '� �! ���/Yf\)�$�!�� �bE�?�����F]��p` \
�	�! c �?_����?�F`��$
) "� �}]��FY

�p\)���jb� 9�"�f` Y��p]_b
	
\
�  /Y�� �p]��  ����-Z'ba] ���4Yf\��#�!�� �}]��VY ���! ��" 4bab �Fb� 2Y� "�Vb� ��  ���� 2 c `¬` b �
�  ¥]>�}]_Y �! 

YF *�%�����f`� ¨Y%�����Fb����  ����ª]n`��� 
	
\
� �! =�- '��� �f`  �� �F` �� *�! =�Fb �FY 2 l  -Y��� ����#��  4Y�� �F`aY��"�% ��* ��  �8- ��.�Æ] �

���! 9�" /b b��Fb   4Y��/�4\
�"�F]����� @ �4\
�"�  *��� �!�F`0�pY'�! 9�r\��� ����p`  /b B 2 l@\m`��J])��
)���  ���� �! tba] f=
����� Ó 2 Ò�� 2
@ l  4Y1�/\
�#�F`��f`a\
�FY �! "� �'�f`a\?�F`��/`����=�- '�#�� ����-Y+�[`����# "���!�����# '�  �� �F` Yp]����9���� 
��
	��" 'Z�bs],���"�?`a\?�F`��4`���� 	b��  /Y��}]��' �� .�4\
�'f=
)�!�p]��f`a\
�( 4Y����! +�) ��	� ���!�p\)�� 

T3 B 2
� n

fVo$�
	
 ����	\��!� �F`�8 �"�% ����

~ϕ 	
bs]��n]_b� '�!�

E~ϕ,n
�}])���/\��!��� ���  ��VY� �� � b� "�
�?���! "�F
m`� 4Y ]����- 4b��' 

�Q; � M!� M H�I � �/.1JK2L� 2 i _}]��	�! � ]��$�� * 4Y��J`��$�V`����' /�}])�°ba]&�_]nb� "�����! 
n
2

l ]bf=
)�!�� 032 0
	
� \
���#�% jb��[]_bab �!�� 7�! /Y � ]��#�! /Y��
� ���! '��
m`  2]n`��FY?`�\ � �� ��	�! /Y 2

� ��`����# '�F�n]_b b� '�
� ���� "��
_`� ;�
�[]����}])���# ��}]����JZ ] ���"���� � ]��$�!  /Y��M]����- 4b�� �Q; � MQ� 2 �rx �/.1M 2 x � 2
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p1

ϕ1

E

E

E

ϕ,3

ϕ,2

ϕ,1

0 π−π

Ε

0 1h/(2l )

Bande d’énergie

recouvrement

Bande interdite

projection

������� 0�2 0 # � b b��!�% �!��Y��� ����#�% �
� ���! '��
m`  �
� ��� �4b� ����#�?\
� �F]��FY ��� �	\��# ����f`� 4b ���"�?`a\?�F`��	�! 2 t � ]�� ��!���4Y� ������ Y% "�Fb  ��  ����Qbs] �����- ��$�}]����'  ��
ϕ1 ∈ [−π, π]

2

� � j ;$.1O s � . t �)���+f �F`5b� '�) ����# "���
~p = (p1, p2, p3)

�}])� a

~p.~lk = ~ϕk, k = 1, 2, 3

i \
�%�  
~ϕ 	
b� �� ����# '�!�

~p = (p1, p2, p3)
�% ��!���/Y� ����# -])�FY?Yf`����! 1�h_F]_Y� 2 c `»b� /Y��� ����# '�!�fY ~lk ���p]_`� ����\����o_F\
�V\����%�/Y

	 ~ϕk
Y% "�p]n`��cb� 4Y@�/\
�%�	\mYp]����� /Y%�! 

~p
�}]��FYcbs] � ]_Y� ~lk 2t �,�� "���C���"�f` �� jba]¨ik\������f`a\
���
� \
�$�� hY?\��FYQbs] ik\����  a

ψ(~x) = ei
~p.~x
~ u~p(~x)

] �� ��
up (~x)

�	�F`  4Y��C� �'�f` \ �F`��	�! @ ���"�?`a\?�F`��4`��2�7�!� ���/Y% Æ])�  ��QYf]��FY �h_}]_Y% CB
	
�/])� a

up

(

~x +~l1

)

= ψ
(

~x +~l1

)

e−i
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~ e−i
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T̂k|ψ >= exp

(

−i ~̂p.
~lk
~

)

|ψ >= exp

(

−i~p.
~lk
~

)

|ψ >, k = 1, 2, 3
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E E

Isolant Conducteur

excitation
peu probable

Niveau de Fermi
Excitations possibles
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R̂~u (α) , Ĥ
]

= 0, ∀~u, α @ 032 � B
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R̂~u (α) , Û(t)
]

= 0, ∀~u, α
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R̂~u (α)
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+ V (r), H = L2
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R

3
)

i �  /Y��Wb� C�Æ]_YB�F])�  «o3 ��%�Fb� �r\����=b��[]��f\
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V (r) = − e2

4πε0 r
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 ��
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2 t �6�n]
�?_! '���?_! '�Mb��  �o$�!�% /Y?Yf`a\��6�! 4Yc\
� �'�p]��� "�!�?Y��f\��p]��p` \
�& ����! Y� 4Y7
������'�p]��� "�!�?Y 2
l ] �?\��ª](�p`a\�� �! °bs]Qik\
�����f`a\
�*�8�[\
�#�! c])���f\��!�(�! cbE� ]�o3 �°Y+�  «o$�!�f`��   ��%�4\T\)���F\
�����" 4Y�Y��h_��'�f`����� /Y

(r, θ, ϕ)
�}])� a

ψ′ (r, θ, ϕ) =
(

R̂z (α)ψ
)

(r, θ, ϕ) = ψ (r, θ, ϕ− α)
�m\m` � f=
��!�% 032 6 2

x

y

z

α

ϕ

ϕ−α

������� 032 6 # � \��ª]��f`a\
� �
� ��� ]��$
mb  
α
])���p\)�!� �! 

z 	
�¢\������p]���� �	�! 

ψ′ (r, θ, ϕ) =
(

R̂z (α)ψ
)

(r, θ, ϕ) = ψ (r, θ, ϕ− α)
2

t �C�F])�����Nf��F`��f`a\
���!��

�����"�f]��# '�!�
L̂z
\
���F\m`��°]C�_\m`�� a

R̂z (α) = exp

(

−i L̂z
~
α

)

\
�!�� "��� �#�?\��#�) "�J]_ba\��?Y
L̂z

 ��6���'�f`��_]���� �F])���p]����	\����cZ
α @  ��C�	\mYp]���� α = 0

B�a
(

−i L̂z
~
ψ

)

= −∂ψ
∂ϕ

�F\
���}]����Aa
L̂z =

~

i

∂

∂ϕ�� ��d] ���	�! "�D�	�! �" ���/Y%�Fb��p]��  /Y��¥]��}]nba\3
��� Z
p̂x = ~

i
∂
∂x

\ � �� ��	� f=
)�!�� Ò 2 Ó
	


�����"�p](�# "���6�! 4Y

�#�f]��FY?bs]��f`a\
�FY 2
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, � 	 ��� ��� � 03.12 x s .<� � �?0 x�u . 2L�?>E>L�)2 � M I w � � M!; �rx � M!�?R�0 u�u .1M u���� I � R

p �f\
�!�?`����2�
� � 
 ¯ ��~����f�_� ��{ � 
 �E� 
 �p|�� �_�¦� |�~ 
 � �_~ 
 Hespace = L2 (R3)

	 ~�|���� ~̂L =
(

L̂x, L̂y, L̂z

) � 
 �� |�~}~��&�V�_���

~̂L = ~̂r ∧ ~̂p =

∣
∣
∣
∣
∣
∣

x
y
z

∧

∣
∣
∣
∣
∣
∣

−i~∂/∂x
−i~∂/∂y
−i~∂/∂z

=







Lx = −i~ (y∂z − z∂y)
Ly = −i~ (z∂x − x∂z)
Lz = −i~ (x∂y − y∂x)

� � |f�}���f�_� ��{ � �E� �p|�� �_�§� |�~ � � { ~ �M¡ |�~ ���§� |�~ � � |�~ �E��� � { ~ �_~ ¯ � � α � { ��| { � �E� ��� � �T� ~u � 
 �� |�~}~��&�V�_�
R̂~u (α) = exp

(

−i
~̂L.~u

~
α

)

´�µ4¶_·e¸V¶�¹
U;E#G DMIHPSE#DMP Å D X Pf¼ Ã L Í I*N��°ÂuU������mÂ
.
G�I Å Ì)IAf,G"E#U Í K Î�Å I Z'L.N E Å G"E#K9J L̂z =

(

~̂L
)

z
=
(

~̂r ∧ ~̂p
)

z
= ρ.p̂ϕ X Ì)L.K9G�0'f Å G�I![_Â9]«¿ X E«Ì)IQP ρ = r sin θ X

I*J p̂ϕ = ~

i
d
du X I*J du = ρdϕ X�O L.N-N;E#NVJp\-KMI*N L̂z = ~

i
∂
∂ϕ
Â
	_E�G�I*DFE#J?KML.N�Ì,E#DFE#\-DMI!U�L Å GHDkÇjE'�-I z IQT?JHI*N'¼$E#K9JÌ,E#DFE#\-DMIHU�L Å GiJ�L Å J�I O K9G�IQP*J?KML.N X PSE#G K9D�NeÇ m EeU;E.T O I O K9G�IQP*J?KML.N U-G?KÐÌVK9D Ä*f,K ÄQI�Â

Lz

Lz

pϕ

x

y

z

r

L

ϕ

ρ

θ

p
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�_\m`�� i \ _! ���� i �����)� 2 �
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�!�% /Y?Yf`a\��,� \
���#�% /�/\
�%�  ](���# ��$�!�D�	�! bs]&�n])�f`a] � b  
r
�
� `����# '�F�E`� ���� �F]_Y 2

# � �! �f\��p]��p` \
� �! 
2π

�
� ���! ¨ik\
�����p` \
�P�
� \
�$�! -ba]'bs]_` YfY� `����?_}]��$

�" 
	
�F\
���

	�@ �4\
���#�f]_`��% ��  ����])� �f\��ª]��f`a\
�FY��!��Y��F`��
1/2

�}]��FYhb��  /Y��}]��' Hspin
B
	
\�� ]D�r\����hb  /Y �f\��ª]��f`a\
� �}]��VY2bE�  4Y��}]��' 

R
3 a

R̂~u (2π) = Id @ 032 6 B
g �4`��	\��!�gbs] �f\��ª]��f`a\
� �! Qbs]jik\
�����p`a\��"�
� \
�$�� JY��}]��p`a]_b� 

	
���! ��f\��p]��p` \
���}]��FYgb��  /Y��}]��" 

(x, y, z) 4Y��B�/])�p]����2�'�f` Y��" �}])�
���! �d]����f`��" 
3× 3 	

t ���o_F\ 
m\
�}]_b  
	
�! 7������ "���¢`��}]���� Ó @ �F`0�# c �����/`a]_b� B

	
`ab�Y+� ] 
m`����V\
�����!��
��f\����- �! .�¢]��#�?`��" 4Y �5uex I ��� � 	 4

	
�m\_`�� c ]CB	�!�f]_` � Ó���6 2

� ]����� /b�a l  7
��?\����� 7�� �f\��ª]��f`a\
� �!�'Y��F`��  /Y��W`��� ����p`ef �Q])� 
��?\����� ��� � � 4
	
�m\m` � �F] 
� Ó � �

	 ������"�?`Kfe]_`0� 2
R̂~u (2π) = −Id 2

, � 	 ��� � � � �?>L; x 2 u-� R M!�P0 u j j s5x ; x 2 u-� R
t ��]

[Lx, Ly] = i~Lz

[Ly, Lz] = i~Lx

[Lz, Lx] = i~Ly

´�µ4¶_·e¸V¶�<?>p@CB¨¹tPQIQT G�I*DFE#J?KML.N'TpL.NVJ O Ä
	�o Ä*J�ÄePSE#DMP Å D ÄQIQTHU�L Å GdDMI!f,G�L Å U�I O IhG�L.J"E#J?KML.N OmÅ T?U-K9N X Ì)L.K9GI Î Â � Â
�mÂ�`
D9DMI J?G"E OmÅ KMT�I*NVJpDFE�N'L.N%PQLÆÏjÏ Å J"E#J?KÐÌ�K9J�Ä OmÅ f,G�L Å U�I O IeG�L.J"E#J?KML.NeÂ��+E#KMTHL.N�U�I Å JHDMIQTpPSE#DMP Å DMI*G!oN'L Å Ì)ISE Å
O K9G�IQP*J�IpÏWI*NVJlKMP*KvZ
[Lx, Ly] = [ypz − zpy, zpx − xpz]

= ypx [pz, z] + pyx [z, pz]

= i~ (xpy − ypx) = i~Lz

PSE#G [z, pz] = i~ Â
;=<��c<SR �][ 
 COI!Z�S@I �@G W S X DFC Z [ ZTS W C/Z �3[ IMUEC�D��»S�Z X�[ I

i \
�FY?`����'�f\
�FY ���'YF EY��pq��  +�	�! 4b��/\����	�! /�/\
�VY��p`0�#���7�! 
�Vb��FY?`� "���fY:�F])���f`��"�Vb� /Y^]  y]����@�?_F]��"���� ���Y��V`�� Ó	�mÒ \��D�F\
� 2
+ � 

�����"�p]nb

	
`ab �� "���� ¢]C�_\m`�� �! 4Y=`����� "�p]����p` \
�FY  ������� +�' /Y:�F])���f`��"�Vb� /Y
 ����! 4Y=`����� "�p]����p` \
�FY
 ����#�% 

b� @� \��#�) ��  ������! 4Y �}] ���p`��"�Fb  /Y  ��gb� "����Y��F`�� @  ��  �8- ��
���! �}] ���p`��"�Fb  B�?_}])�F

�" � ��"� \��#�) ��  ����'�"���' 
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�  ����/�¢] 

�����p`����� �! -Y��F`��AB
	
 ��h])�FY?Yf`,�� /Yh`����# '�p]����p`a\��FY  ������� 

b� 4Y°Y��F`��FY
	
�	\��!�cba]1�"���  �f]_`aY?\
� 2

i  ��� ��$�F]����d\
� Y������r\_Y� D���� �b  R 
!R x � j � x�u}x ;=> �?R x 2ER u > I
	
 ��%�}] ���/\
�FY����	�! ���� �	�
�[` b  /Y��2 ��� ;$.12L; �rx-w ;$. s�� �5. u}x ; x 2 u�� J > u � ;$>��5M s R 
!R x � j � 2

l@\m`��`f$
��!�� 032 ÓmÓ 2 u ]��FY �' ��  �o3 ��%�Fb� 
	
b��  /Y��}]��" �! GJ` b �  "���>�f\��ª]nb  /Y�� @  �� Y%�����	\mYp]�����b� 4Y

�}])���p`��"�Fb  /Y��F` Y��" '���}] � b� 4Y B

Htot = Hespace1 ⊗Hspin1 ⊗Hespace2 ⊗Hspin2

s1 s 2

1 2

s
1

s
2

1

2

Rotation
globale

������� 032 ÓmÓ # � �! �f\��ª]��f`a\
� 
_ba\ � ]nb� �Y+� ]����Fba`��	�! ¥Y��!�)ba] �r\_Yf`��f`a\
�  ���])�FY?Yf`jb� �Y��F`�� �� �?_}]��	�! 
�}])���p`��"�Fb  2

, � 	 � � ��� � � � j w >L� R*M!� x �/. j �?R*M H 2 �rx �/.<;=0 x 2 u�� 2 ��� ;#. 2L; �rx R w ;$. s�� � . u}x ; x 2 u�� JK> u �Q;=>L�
+ ������  b� =� \��#�� ��  ������8� ���� "�}] ���p`��"�Fb   ��*����Y��F`�� `ab �� "���� ] �m\_`�� b� ��4\����Fba] 
� *�F`0�
3 R w 2 � �

u . � 2 x � 4 a
Ĥspin−orbite = A ~S1.~L1\��

A
 /Y�� ���! ��4\
�FY��ª]����# h] �� ��2ba] � \
���! ��F`��  ��FY?`a\
� 2

+ ������ �! "�Eo�Y��F`��FY
	
` b �� "���% �] �m\_`�� ���D�/\����Fbs] 
) �! /�  $�� 
3 R w 2 � � R w 2 � 4 a

Ĥspin−spin = B ~S1.~S2

, � 	 � � � � � u j � �rx ; � J s >L;=2�.<� x�u}x ;=>
l �[\
���"�f]��# '�!�%�! �f\��p]��p` \
���!��YF EY��fq��  .�f\��ª]nb8�
� ��� ]��$
mb� 

α
])���p\)�!�%�! b��[]�o3 

~u
 4Y��Aa

R̂tot,~u (α) = exp

(

− i

~

~L1.~u α

)

exp

(

− i

~

~S1.~uα

)

exp

(

− i

~

~L2.~u α

)

exp

(

− i

~

~S2.~uα

)

= exp

(

− i

~

~Ltot.~uα

)
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] �� ��
~̂Ltot = ~L1 + ~S1 + ~L2 + ~S2 :

�¢\
�  ����c]��$
��Fba]_`��% 
�p\��p]_b
A \
���#�f]���� �	�! Wb  j u j � �rx ; � J s >L;=2L.<� x�u}x ;=>$�?R x >L� J I � I .<; x � s .�MQ�?R�. u}x ; x 2 u�� JK> u �Q;=>L�?RM s R 
!R x � j � �
+ �7�8� ]����fq/YQb�� `����n])�?`s]����' 
�}] ���?\��ª](�p`a\���
mba\ � ]_b� 7�!��Y  EY��pq��  

	
`ab-�4\
�"� ���# j] �) ��

Ĥ
a

[

Ĥ, ~̂Ltot

]

= 0

l ] b \m`8�! ;�4\
�FY� '�F�n]��f`a\
�!�	�F`  ��������4\��Fb   /Y��Jbs]1�4\
�FY% "�F�n]��f`a\
�)�!�D� \
�  ����Q]��$
��Fba]_`��% �f\��ª]_b a
〈

~̂Ltot

〉

(t) = constante/t

t ��]-])�FY?Yf`5bs] �% /ba]��p` \
�
∀~u, α,

[

Ĥ, R̂tot,~u (α)
]

= 0,

�	�F`=Y+�[`����� "���!�fq��#  ��	�F`aYf]����1�	�! ¢b� /Y �?R w ;$03� R w . u	w .<�?RPMQ�
Ĥ

R u��rx 2 ��� ;#. 2L; �rx R w ;$.	>L�?R
. u}x ; x 2 u�� R JK> u �Q;=>L�?R��
;=<��c< � � U U S � C KMC�DVC U DVROUTCOI�ZTS�Z X�[ I DFROKJG � Z X � W C C/Z X DVDVROKMG � Z X � W C�K��¦GJI ��D [ G U C

+ � �# '���  /Y;�¢]��o_����d](�p`��	�! 4Y
	
���  4Y��}]��" "�) ����p\��?`� /b�`����_] �f`s]����+�}])� b� 4Y+�#�p]��FY?ik\����d](�p`a\��FY'�
� ���


��?\����� �
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 /Y��M]����- 4b�� �?R w ;=03�PM!� .<� w . I R � �rx ; x 2 u�� M s JA. u s5w � 2

p ])�  «o3 ��%�Fb� 
	
�/` d �! 4YfY%�FY

	
b  /Y  4Y��}]��' /Y �!�?\
�!�� 4Y%�! 

Ĥ
Yf\����%�� /Y� /Y��}]��" 4Y%�! �� ��!���4Y� ����p]��p` \
�)�!�


��?\����� �! �f\��p]��p` \
� 2

��I�� � 2 x 2 u�� � ~ � 
 �V� � �J£_� ����|��«� � � H �/{ � � 
 � � 
 �V� � �±�E� � � �	�ª� 
 � ~}� �_�¦� |�~ � � { ~ ¯ �ª| { � �h� 
 �� ��� �,�,�}� &m�"�A�-��� 
 ��� � 
 � � �f�ª|K	��}| 
 � �
H = H1 ⊕H2

|�� H1
� � H2 
 |�~}� �E� 
 � 
 �V� � � 
 ��~ £ �_�«�¦�_~}� 
 �V�_� � � ¯ �p| { � � �z ��~�|�~ 	 |�~ � ��� �/{e� H � 
 � { ~ � 
 �V� � �h�E� � � �	�p� 
 � ~}� �_�¦� |�~ �?���,�.�e� &m���A�'��� �_{ ¯ �p| { � � �

p \����d`ab b��FY��#�% "�¨Yf`��"�Vb� ��  ����%�" �����  �F\��f`a\
�
	
�/\
�FY?`����'�f\
�VYdb� �
��?\����� 6�! �f\��p]��p` \
� ])���f\��!���! 

b��[]�o3 
z 	
�	�F`W] 
m`��&�}]��FY¨bE�  4Y��}]��" @ �� &�� ������/Y% ����ª](�p`a\��AB

R3
2 t � \ � Y� '�F�� !�	�! �b� �Fbs]��

(x, y)
 4Y��

`����n])�?`s]����  �� �! 9�"���  ��r\����Mb��[]�o3 
z
Y% "�Fb 2 � `��FY?` �	\��!�+�' 
��?\����� &�! �?\��ª](�p`a\�� 	 b��  /Y��F]��" R3  /Y��

���+�!�����p` � b� a
R

3 = R
2
plan x,y ⊕ Raxe z

A ]_` Y°b� /�Fba]��
(x, y)

 ��cb��[]�o3 
z
Yf\����� '�To�`��%���+�!�����f` � b  /Y 2 l@\m`���f=
��!�% 0�2 ÓvÒ 2
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t ��Y � `������"�� 4YfY% t`��4`5Z��! 4YM\
���"�f]��# '�!�fY��! *�f\��p]��p` \
�FY �	�F`7] 
m` YfY� ���� �}]��FY ���  /Y��}]��' &�! &GJ`ab �  '���

�F\
����� H 2 t ��Y+�[`������"�% /YfY% &�
�[] � \�����])�Eo)

�����"�p](�# "���fY��! /Y��f\��ª]��f`a\
�FYc] 
m`aY?Yp]����%�}]��VYC�' ��� /Y��}]��' 2
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� . uew . 2 I x I z |�� � ~}� �E� 
 |f�}���?�_� ��{ � 
 Ĵx, Ĵy, Ĵz 	»£ ���«� �^�_~}� ��� � � ¯ ���/� �M�E� � � �±�_{ ¯ �p| { � �±�E��p|�� �_�¦� |�~ � [

Ĵx, Ĵy

]

= i~Ĵz, etc...

� � |�� 
 � � 
 �E��{_� |f�}���f�_� ��{ � 
/
 { � £ �_~}�&�ª|K	:	 { � � ~}� �
[

~̂J2, Ĵz

]

= 0

� � � � 
 � � ���§� � �ª|K	:	 { ~ �E� 
 |f�}���?�_� ��{ � 
 Ĵz � � Ĵ2 � 
 �

Ĵ2|j,m >= ~
2j(j + 1)|j,m > @ 032 Ó � B

Ĵz|j,m >= m~|j,m > @ 032 ÓmÓ B
| { j � 
 � � ~}�§� � � | {��E� 	¨��� � ~}�¦� � ��� j = 0, 1

2
, 1, 3

2
, 2, . . . � � �

m = −j,−j + 1, . . . ,+j : �	� � ~ � (2j + 1)
£ � � ��{ � 


� j � � � 	 � � 
 £_� ��� ��{ � 
 |j,m >
¡ |��V	 � ~}� � |�~ � { ~ � �ª� 
 � |��«� 
}|�~�|��V	d� �¨� � { ~ � 
 �V� � � ~�|����

Hj
	^�E� � �
	 � ~ 
 � |�~ (2j + 1)

�
� ~ � � � 
 |f�}���?�_� ��{ � 
 � � �f��
 � ��� �

Ĵ+ = Ĵx + iĴy

Ĵ− = Ĵx − iĴy

� ~�|�� � � �/{}� (Ĵ−
)+

= Ĵ+ � 	g£ ���«� �^�_~}� �
[

Ĵ+, Ĵ−

]

= 2~Ĵz
[

Ĵz, Ĵ±

]

= ±~Ĵ±
[

Ĵ2, Ĵ±

]

= 0

� � �
Ĵ+|j,m >= [(j −m) (j +m+ 1)]1/2 ~|j,m+ 1 >

Ĵ−|j,m >= [(j +m) (j −m+ 1)]1/2 ~|j,m− 1 >
� |����	� ¯ { � ��
 � 4
� �
Hj
� 
 � { ~ � 
 �V� � �2�E� � � �	�p� 
 � ~}� �_�§� |�~ �?�V�)�.�}� &y���A�'� ���_{ ¯ �ª| { � �2�E� �p|�� �_�§� |�~ �� | { � � 
 �V� � � �E� � � �	�p� 
 � ~}� �_�¦� |�~ �_{ ¯ �p| { � �h�E� 
 �ª|�� �_�¦� |�~ 
 � ��{ � 
 �h� �f�ª|K	��}| 
 � �*�ª|K	:	 � � �


 |K	:	 �2� � � 
 �V� � � 
 ���«�p� �_{ ���§��� � � 
 �
H = Hj1 ⊕Hj2 ⊕ . . .
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	J �
!� � $H	h��	*�+$%&��A
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 � $ ��
(&b	`��& � �� -������
 Ò��6�

:H0

:H1/2

:H1

:H3/2

:H2

j=0

j=1/2

j=1

j=3/2

m3/211/20−3/2 −1 −1/2

j=2

etc...
j

J+ J+ J−

������� 0�2 Ó�� # c �?_����¢]��� /Y��) ����# "���fYB�!�?\
�!�% /Y:�4\
�%� ���FY��! Ĵz  �� Ĵ2 	
�F\��2�4Y |j,m > 	

 ��W]����p` \
�"�� /Y
\
���"�f]��# '�!�fY-�8�?���?_! /b b� 

Ĵ±
2 l  /Y-�) ����# "���fY |j,m〉 �! ±ba]2ba`D

�! j 	 ] �� �� m = −j → +j 	

ik\)���  ���� ���� � ]_Y% ��! b��  /Y��F]��" Hj

2
´�µ4¶_·e¸V¶ <?>p@CB'¹�2 L.J�I*G ÎnÅ IWDFE T?K9J Å E#J?KML.N�IQT�JAJ?G��QThT?KÐÏ K9DFE#K9G�I�E Å T?U�IQP*J?G�I O IWDkÇnL,T"P*K9D9DFE#J�I Å G��dE#G�ÏWL��N-K ÎnÅ I X E«Ì)IQP DMIQTeL.UFÄ*G"E#J�I Å G a, a+, N̂ X Ì)L.K9GhU;E#f)I0[ �mÂ 	_E U-G�I Å Ì)IgIQT�JeE Å T�T�K3T?KÐÏ K9DFE#K9G�I�Â Ã LÆÏjÏWI ~J2 I*J ~JzPQLÆÏjÏ Å J?J�I*NVJ X K9DMTgU�L,T�T�� O I*N�J Å N'I \;E.T�I O I¢Ì)IQP*J�I Å G�TgU-G�L.U-G�IQT PQLÆÏjÏ Å N'T«Â�2^L.J�L.N'T |a,m > Å N�Ì)IQP*J�I Å GU-G�L.U-G�IpPQLÆÏjÏ Å N O IQTlL.UFÄ*G"E#J�I Å G�T Ĵ2 I*J Ĵz Z

Ĵ2|a,m >= ~
2a|a,m >

Ĵz|a,m >= ~m|a,m >

2 L.J�I*G Î�Å I
[J+, J−] =

[(

Ĵx + iĴy

)

,
(

Ĵx − iĴy

)]

= −i
[

Ĵx, Ĵy

]

+ i
[

Ĵy, Ĵx

]

= 2~Ĵz

I*J
[

Ĵz, Ĵ±
]

=
[

Ĵz, Ĵx ± iĴy

]

= i~Ĵy ± i
(

−i~Ĵx
)

= ±~Ĵ±
I*J

[

Ĵ2, Ĵ±
]

= 0

� IpÏ E#G ÎnÅ I Z 	�IQTiJ?G�L.KMTifvÄ*N Ä*G"E#J�I Å G�T Ĵx, Ĵy, Ĵz ¼YL.G�ÏWI*N�J Å N'Id\;E.T�I O IdDkÇjE#D9f��*\-G�I O I 	�KMI ºRIQT�U;E.PQI°Ì)IQP*J�L.G?KMI*D
O I O KÐÏWI*N'T?KML.NeJ?G�L.KMT?Á X O K9J�IiE#D9f��*\-G�I O I 	�KMI3T"L º
	vÁ�L Å T Å º�¾vÁfÂ 	�IQT�J?G�L.KMT�fvÄ*N Ä*G"E#J�I Å G�T Ĵz, Ĵ+, Ĵ−

¼YL.G�ÏWI*N�J Å N'IE Å J?G�I!\;E.T�I O IhPQI*J?J�IJÏWapÏWIhE#D9f��*\-G�I XFÎnÅ K�IQT?J^U-D Å T K9N�J�Ä*G�IQT�T"E#NVJ�I X U�L Å G DMIQTlG�I*DFE#J?KML.N'T O I!PQLÆÏjÏ Å J"E#J?KML.N'T«ÂÃ I*J?J�IH\;E.T�IHT�ÇjE#U-U�I*D9DMIHDFE = M : <'E�´�<)7+GK>+GK<'F = ¶���9yµN> 9DF O IdDkÇjE#D9f��*\-G�IAT Å º�¾vÁfÂÉ^N
E0Z
Ĵz

(

Ĵ±|a,m >
)

=
(

±~Ĵ± + Ĵ±Ĵz
)

|a,m >

= ~ (±1 +m)
(

Ĵ±|a,m >
)

I*J
Ĵ2
(

Ĵ±|a,m >
)

= Ĵ±Ĵ
2|a,m >= ~

2a
(

Ĵ±|a,m >
)
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O L.N'PpL.N U�L,T�I Z
|a,m′ = m± 1 >=

1

c±

(

Ĵ±|a,m >
)

L�� c± IQT?J Å N'IpPQL.N'T?J"E#NVJ�IpG�ÄQI*D9DMIHU�L,T?K9J?KÐÌ)I X-O IHN'L.G�Ï E#D9KMT7E#J?KML.N X o O Ä*J�I*G�Ï K9N'I*G«ÂÑ^K9N'T?K'o U;E#G?J?K9G OmÅ Ì)IQP*J�I Å G |a,m > X L.N PQL.N'T?J?G Å K9J Å N±Ì)IQP*J�I Å G |a,m±1 > X I*J�P�ÂÐÂÐÂÐÂ Ã I*J?J�I�PQL.N'T?J?G Å P*J?KML.NT«ÇjE#G?G�a*J�IHDML.G�T Î�Å IdDMI°Ì)IQP*J�I Å G (Ĵ±|a,m >
) IQT?JiN Å DkÂÉ^N
E

a−m2 =< a,m|Ĵ2 − Ĵ2
z |j,m >

=
1

2
< a,m|Ĵ+Ĵ− + Ĵ−Ĵ+|a,m >

=
1

2

(∥
∥
∥Ĵ−|a,m >

∥
∥
∥

2
+
∥
∥
∥Ĵ+|a,m >

∥
∥
∥

2
)

≥ 0

ºRL.N
E Å J?K9D9KMT�Ä Ĵ2 = Ĵ2
x + Ĵ2

y + Ĵ2
z = 1

2

(

Ĵ+Ĵ− + Ĵ+Ĵ−
)

+ Ĵ2
z
Á

O L.N'P
a ≥ m2

O L.N'PHDFEePQL.N'T?J?G Å P*J?KML.NCP*K � O IQT�T Å T T�ÇjE#G?G�a*J�IW¼RL.G�PªÄpÏWI*NVJ o O KMT"L.N'T mmin ≤ m ≤ mmax X P�ÇnIQT?J^o O K9G�IWZ
Ĵ+|a,mmax >= 0,

Ĵ−|a,mmin >= 0.

I*J mmax
I*J mmin

T�L.N�J^T�Ä*U;E#G�ÄQT U;E#G Å N I*NVJ?KMI*G!Z
mmax = mmin + n, n ∈ N

É^N
E
Ĵ2 = Ĵ2

x + Ĵ2
y + Ĵ2

z = Ĵ2
z +

1

2

(

Ĵ+Ĵ− + Ĵ+Ĵ−
)

= Ĵ2
z + Ĵ+Ĵ− − ~Ĵz

= Ĵ2
z + Ĵ−Ĵ+ + ~Ĵz

X-O L.N'PAE#U-U-D9K ÎnÅ ÄAo |a,mmax >
I*J |a,mmin >

L.N L.\-J?KMI*NVJ!Z

a = m2
max +mmax

a = m2
min +mmin

O L.N-N;E#N�JhZ

(mmin + n)2 + (mmin + n) = m2
min +mmin

⇔ n2 + 2nmmin +mmin + n+mmin = 0

⇔ n(n+ 1) + 2mmin (n+ 1) = 0

⇔ mmin = −n
2
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bdL.N'P mmax = mmin + n = n
2 X I*J L.N U�L,T"I

j = mmax =
n

2
: I*N�J?KMI*GlL Å
O IpÏ K − I*N�J?KMI*G

E#DML.G�T
a = j (j + 1)

I*J
m = −j, . . . ,+j : (2j + 1) Ì.E#DMI Å G�T

2 L.G�Ï E#D9KMT"E#J?KML.N X P Í L.K � O I c± Z
T?K |j,m > IQT?J N'L.G�Ï E#D9KMT�Ä X L.NCE

|c+,jm|2 ‖|j,m+ 1 >‖2 =< j,m|Ĵ−Ĵ+|j,m >

=< j,m|Ĵ2 − Ĵ2
z − ~Ĵz|j,m >

= ~
2 (j(j + 1) −m(m+ 1))

I*J O I°ÏWapÏWIHU�L Å G c− Âb±ÇjE#U-G��QT�P*K � O IQT�T Å T X P Í E Î�Å I IQT?U;E.PQI Hj
IQT�J O I O KÐÏWI*N'T?KML.N (2j + 1) X I*J+DMIQT+L.UVÄ*G"E#J�I Å G�T Ĵ±, ĴzE#f,KMT�T�I*NVJhE DkÇ K9N�J�Ä*G?KMI Å G O I P Í E Î�Å I�IQT?U;E.PQI Hj
Â���DvI*N{IQT?J O IhÏWapÏWIWU;E#G!PQL.N'TAÄ Î�Å I*N'PQI X U�L Å G!DMIQTAL.UFÄ*G"E �

J�I Å G�T (Ĵx, Ĵy, Ĵz) ÎnÅ KcT«ÇnL.\-J?KMI*N-N'I*NVJ U;E#G PQLÆÏA\-K9N;E#KMT�L.N'TdD9K9N ÄSE#K9G�IQT X I*JlU�L Å GlDMIQT L.UFÄ*G"E#J�I Å G�T O IAG�L.J"E#J?KML.N
R̂x (α) = exp

(

−iĴxα/~
)

X R̂y, R̂z ÂcbdL.N'P0P Í E ÎnÅ I0IQT?U;E.PQI Hj
IQT?J!K9NnÌ.E#G?KFE#NVJeU;E#GhDMIgf,G�L Å U�I O IgG�L.J"E �J?KML.N Z-P�ÇnIQT?J Å N X L Å IQT?U;E.PQI O IdG�I*U-G�ÄQT�I*N�J"E#J?KML.N OmÅ f,G�L Å U�I O IdG�L.J"E#J?KML.NeÂ Ã»Í E Î�Å IpIQT�U;E.PQI Hj

N'IdU�I Å J T�I
O ÄQPQLÆÏ U�L,T�I*G I*N+T�LÆÏjÏWI O I O I Å � IQT?U;E.PQIQT K9NnÌ.E#G?KFE#NVJ�TdU;E#GlDMI!f,G�L Å U�I O IpG�L.J"E#J?KML.N º KkÂnI�Â Hj 6= H1 ⊕H2 XEªÌ)IQP H1

I*J H2
K9NnÌ.E#G?KFE#NVJ�T?ÁfÂ5É^N%DMI O IpÌVK9N'IgI*N�IfÊ�I*J X PSE#Gho U;E#G?J?K9G O I J�L Å JQÌ)IQP*J�I Å G |j,m > X L.N�U�I Å JL.\-J�I*N-K9G |j,m′ > U;E#G E.P*J?KML.N'TiG�Ä*UFÄ*J�ÄQIQT O I Ĵ± Âub L.N'P Hj

IQT?J Å N IQT?U;E.PQI O I G�I*U-G�ÄQT�I*N�J"E#J?KML.N
K9G?G�Ä OmÅ P*J?K9\-DMI
OmÅ f,G�L Å U�I O IHG�L.J"E#J?KML.NeÂ

�

� � w . I R � �rx ; x 2 u-� R&2L.<. I M s 0 x 2 � >L� R M!� R�JK. u s5w � R*M!�). uex ; x 2 u-� � � � 	 4 � � u}x ; x 2 u�� MQ��> H �?R �
w ;=03� 4 � x � � � � 4 � � u}x ; x 2 u�� M s R w 2 �,4 � t ��]

R̂z (2π) |j,m >= exp

(

−i L̂z
~

2π

)

|j,m >= exp (−im 2π) |j,m >

=

{
|j,m >

Yf`
m

 ����p`  "�
−|j,m >

Yf`
m
�! �� ` −  ����f`� '�

�}])�@�4\
�FY����	�! ���� a
# p \��!� ���z	��v�V�F�
� �|� �v�F���e���f���������	��


	
`ab¬i¦] ���.���� 

R̂(2π) = Î 	 @ �_\m`�� 032 6 B 	  ����F\
��� `abi¦])�$� ���� 
j @  ����F\���� m B=Yf\m`0�� ����p`  "� 2 u ]��FY �" .�Æ]_Y 	 \
�!�F\��� a

l = j = 0, 1, 2, 3, . . .

l  /Y  /Y��F]��" 4Y �! �% ��!���/Y� ����ª]��f`a\
�FYM`������ �!�����p` � b� 4Y �!�5
��f\����- c t @ � BcYf\
���'�V\
��� Hl
�/])�p]����2� d

�?`aY��' /Y �}])�°bE�  ����p`� '�
l
2

� \��# '�@���� Hl
 /Y����! ��F`��  ��FYf` \
�)`��%�}]_` �� 

(2l + 1)
2
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# p \��!�l���g	����F�F�
�
��� ���}�7�e�"�f��� �}� ���3�?������� �"	����F�F�
� ��� ��� 
 

	
`abmi¦])���&�	�! 

R̂(4π) = Id 	 ��7�V\
���/�p\��$�# /Ycb  /Y-�n]_b� '�!�fY%�! 
j
Yf\
���C�- '��� `aY% /Y a
j = 0,

1

2
, 1,

3

2
, 2 . . .

l  /Y� 4Y��}]��' /Y%�! �� ��!���4Y� ����p]��p` \
�FYc`��%���+�!�����f` � b  /Y-����
)�f\����� c � @ Ò B=Y?\
���%�F\
��� Hj 	
�/])�p]����2� d

�?`aY��' /Y �}])�°bE�  ����p`� '�°\����! �� `ed  ����p`  "�
j
2

� � j ;$.1O s �?R
# u  bs] �% /ba]��p` \
� [ ~J2, ~J

]

= 0 	
\
�5��� �!�V`��+�	�! [ ~J2, R̂

]

= 0
�	\��!� �p\����M\
���"�p](�# "��� �! �?\��ª] d

�f`a\
�
R̂~u,θ = exp

(

−i ~J.~uθ/~
) 2 t � �F`0�^]_ba\��?Y �	�! ~J2  4Y�� s���uew I .1; x � s . M!�
	�;=R 2 j 2�. �!�


��?\����� &�! $�?\��ª](�p`a\�� 2 g b  �� ���/Y%�Fb��� 1�	�! tb� 4Y  /Y��}]��' /Y��! �% ��!���/Y� ����ª]��f`a\
�FYj` ����� �!�����p` � b� 4Y HjY?\
���7�� /Y� /Y��F]��" 4Y �!�?\
�!�% /Y��! ~J2 @ �m\_`�� �}] 
� ÒEÓ�� B 	 �/\
�%�  jb  /�¢\������� bs] �% /ba]��p` \
� @ 032 Ó � B�aba] �n]_b  "�!�'�!�?\
�!�� J]_Y?Yf\*�/`��'  4Y��
~2j(j+1)

2 l  /Y  /Y��}]��" 4YW`��%���+�!�����f` � b  /Y Hj
Yf\
�����F\
���C�Æ] �p]�� d

���"�f` Y��4Y @  ��'�/ba]_YfY?`Kf �4Y B)�}])�@bs]'�n]_b  "�!���!�?\
�!�� ~2j(j+1)
�! ~J2 @ �F` �� ����# ��  ���� �% /b `��cZ b�� `��$�F`��" 

j
B 2 i �  /Y��cb  
��f]��$�)`������"�F���-�� /Y°\
���"�f]��# '�!�fY-�� i ]_Yf`��¢` � 2 i  4bs]tY� 

�����'�p]_b `aY% 
�	\��!�:�8� ])�$�#�� 4Y
��?\����� /Y 2 l@\m`��B�F])�  �o3 ��%�Fb  .�F] 
� Ò��yÒ

	
�r\)�!�cb� 
��?\����� �! p \m`����Æ])���  �� �� /ba]��p`��E`��2� 2

# l  /Y%�� ����� "�!�?Y |j,m > 	 m = −j, . . . + j
ik\)���  ��������! � ]_Y� ��! hb��  /Y��}]��' Hj

2 i  /Y7�) ����# "���fY
Y?\
���7�) ����� "�!�?Y
�!�?\
�!�% /Y��! 

Ĵz 	
 ��Jb� /�?_F\_` o��! ;�" ����� � ]nY� ������ ��$�6�F\
��� �!�D�?_F\m` o��! b��[]�o3 

z
2

� � � j w >L� R*M I���
 .<� � 0 u-�	x . I R M H � R w ;=03�?R"2�.<. I M s 0 x 2 � >L�?R HjÓ 2 � u s .�M I 03.12�.<��>L� R w 2 � ��� �
	
bE�  4Y��}]��' Hspin

�� ,�F`��  ��FY?`a\
� Ò  ��5b� /YO\�� �'�p]��� "�!�?Y ~̂S `����#�?\ ���F`��Z�bs] Y� ����p` \
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Y+�[`D�! ����p`ef� ] �) ���bE�  4Y��}]��" H1/2

�r\)�!�
j = 1/2 	

 ��d])�To \�� �'�p]��� "�!�?Y ~̂J`������f\?�!�F`0�pYW`��/` 2
Ò 2�� H � R w ;=03� u .1MQ2 � ;=2L.<�

R3  4Y��;�}](�#�!�% /bab  ��  ���� ���  4Y��}]��' �! $�� ��!���4Y� ����p]��p` \
� `������ �!�����p` � b� 
�!��
��?\����� ��� �?\��ª]��f`a\
� c t @ � B 2 t �"�! +�E`��� J]nba\��?Y'�	�! R3 R H 2�M!� �	x 2 � � 
 > H �?R w ;=03� Hl=1

2 g b
�% /Y��� hZ-`D�! ����f`Kf� '�°b� /Y � �) ����� "�!�?Y7�� � ]_Y� |l = 1, m = −1, 0,+1 > 	

�}]��FY �" /�Æ]nY
	
Z��}])���p`��

�! 4Y � �) ����� "�!�?Y7�� � ]nY� ��! 
R3 	
�F\��2�4Y |x〉, |y〉, |z〉 2

@ ]3B p �% �� `aq"�% ����p]��- a�\
� Y� ��� "���  ����� ��/\
�FY?`����'�� '� �! /Y �� ����� "�!�?Y Z>�/\��"�	\mYp]����� /Y/�4\
�bd
�Vb� �o3 4Y

	
�/\��"�  |V 〉 = α|x〉 + β|y〉 + γ|z〉, α, β, ϕ ∈ C

2 t � �4\
�FY?`��Fq'�� *�F\
���
C3

@ b�� �?R w ;$03�P0 u j w > I � 2 � I �! R3 B 2
@ � B u � ]����fq/Y5bE�?���#�$�! ,�� /Y�_}])���¢\
�V`��	�! /Y�Y��h_��'�f`����� /Y 	 i¦]_`0�# �Fb��FYOb \m`�� 	 �_\m`�� �p] � b  Æ])� @ 032 � 2 � 2�� B 	` bO]����F])�p]_`0�@�	�! 

|l = 1, m = 1〉 = Y1,1 ∝ sin θeiϕ ∝ |x〉 + i|y〉 @ 032 Ó�Ò B
|l = 1, m = 0〉 = Y1,0 ∝ cos θ ∝ |z〉

|l = 1, m = −1〉 = Y1,−1 ∝ sin θe−iϕ ∝ |x〉 − i|y〉
@ u  @i¦]��/\
�.�Fb �FY �!�����/` Y� 	 ` b_i¦])�$�!�f]_`��
�F`��% ���� Hl=1

Y � `��! ����f`Kf� gZ°b��  /Y��}]��' ��! 4YOik\
�����f`a\
�VY
b `����/]_`��% /YWY%�!�

R3 	
���V`� 4Y��Qb��  /Y��}]��' ���}]_b��! 
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021*35476�398�: KtDMIQTAL.U	;*G"E#J�I"<-G�T O IWf,G�L=<-U�IQT Ĝ1, Ĝ2 . . . > L=<�f�;*N?;*G"E#J�I"<-G�T O)@ <-N%f,G�L=<-U�IWPQL=ABAC<-J"E#J?KED-FG ;*G?KEH;I*N�J [Ĝi, Ĝj
]
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� � �! � � ���&���

� � &  B#��%� � ���"!���� 	 �=!)�2# & �- '���  ��C!)��T& *'��	!��" (' Hj
�
�Q! � � #������! ��	#��  ��	'-# � �U'���� �'�-#� '�!�� WVU. 2

XZY��2Y\[ ]_^�^�`ba�� �dc a�e��gf � � `��K�
`h���i��^j� � c �	�k���l�	e c��dc �
�C�m��a � a����
n �po 'q! � � �	'"��#��=� & o '�� ���=� o	r 
ps
	�� r ! o Tt'  $�%���-s-# r ' �
� o � ��s � � &vu � r 	 #��*# & �w#��/�5!Rsx#J!���� r �)!5ss � �+!��-# � �

	
# & ���+!R#0�@� & o 'C!R#y'�� � r �=! & � o & r s & r '�� r ���-s r �
� ��� r s�
p# rRz{ s r*|��p| '%�)! | '@� r �)!Rs-! 
ps"!��	} rR~ & � r T r*��� & r �
� o	|���� ���)&p�
� �{���"��� ��� �b�?� �{��� 	��"�|��/ � � � � �7�7�

�*�p�
����� 	��"�|� � @�� | #y� |	� s r #y�(# & r ' ���Ro��pr(��r(|?���	rj� #y��s"! � # �p| ' �	r & ! ��� &v� � o & r �=!Rs �p| � �p| '-# � u s r� o�� # & '�' �p|��2� s �R� sx#y�p# �	r ' B z���r*o &
& rB���po��pr*��r*|��C�	r s �5� ! � # �p|U�	r & ! ��� &v� � o & r�r ' � � �R| '-# � � s � z

M1

M2

G

µ

G

r0

axe de rotation

��������� z . �¡  � �+} � � ! ���wo�|	rU��� &y� � o & r�� #y! �"�p� # � o	r s-#v�p# ��rR~¢r(�£��r & � � � o # � ! & r*| � rq� !5s o	|�� !R'-' r
s � �	o # �"r µ = M1M2

M1+M2

z P rU���po��Rr*��r*|����	r & ! � !Rs � #v� o & r s � �	o # �-r¤r ' � ' o s o	|	r ' � } u s r¤�	r s-!O¥ �p|
r0 = |~r1 − ~r2| z

@ s r $ ��s"! | ' �	r*|¡��¦ � ¦�~7§Z� } r(|¨� � ¦ � B z
© � 	 �vª ��� � H%« R*�Q;)¬ « M «/­¨®°¯ � «?±�� M « R I?�=²�� R O�³ ²)´���® O�³ « R

P r
���po��Rr*��r*|��Z��r & ! � !Rs � #y� o & r s � �	o # �"r2r ' � ' o s & !B' � } u s r S2 ~?�R� #ys¶µ	� o s r�· � z . ��¸ ~�r(� & �wr ' � !R� r� o ! |�� # � o	r¹�	rWº # & � r s ��r ' �
�	�p| �
H = L2

(
S2
)

� �R| ' � # �"o � � !5s & r '¹$ �p| � � # �p| ' ���»�p|	��r ψ (θ, ϕ)
� � �7r*|	� ! |?�����»o	|¼�7� # |��

(θ, ϕ)
' o s & !¤' � } u s rRz P !' � } u s rjr ' �Cr*|¡r(½�r(� ¯�¾%« R*� ² ¬ « M « ¬p� ´ �À¿ ³ ±Á²���® � ´ z
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� |¨|	�5�"r¹� !Rs-,
|θ, ϕ >

& !/. $ �p| � � # �R|U���w�R|	�	r+0B�	r¹��� 'x# � # �p| · � #y' � s-#v� o�� # �p| ��r21 #vs"!R� ¸ & � �=! & #y' � r ! o¨�7� # |�� (θ, ϕ)
z

P !�s r & ! � # �R| �	r $ r s ��r �"o s rWr(|¨�7� 'x# � # �p|�· ' o s & !£' � } u s r ¸ ' � � �(s-# � ! & � sx'-,

Î =

∫ π

0

dθ

∫ 2π

0

sin(θ) dϕ |θ, ϕ >< θ, ϕ| · � z .�3 ¸
· n �R�"r s � o�r dΩ = dθ sin(θ) dϕ

r ' � & � �(&y� ��r(|?�2�K� ! | � & r ' � & # �	r ¸ z
© � 	 �vª � � � ¾ ����4 ±�²��O« ³ ±U­¨²659®°¯�� � ´ ® «�´

§ & !R'x'-# � o�r*��r*|�� & � � |	r s-�p# r�· �*# | � � # � o	r ¸ �	r & ! ��� &y� � o & r�r ' �

H =
1

2
µv2 =

1

2
µr2

0ω
2 =

L2

2I! �pr � & r����p��r*|������ # |	r s � # r I = µr2
0

~�r(� & r����p��r(|�� ! | � o & !R#ys r L = r0p = r0µv0 = r0µr0ω = Iω
z

n �po 'C� �p| 'x# � � s �p| ' �	�p| � & �w�R� � s"! �-r*o s º ! � # & �-�p| # r*| ,

Ĥ =
~̂L2

2I� �
~̂L2 = L̂2

x + L̂2
y + L̂2

zn �Ro '2�+} r sx�+} �p| ' & r ' �7r � � s rj��� � |�r s-�R# rB� #v'-�*s r(�C�	r Ĥ z
© � 	 �vª � 	 �K� « ¬ �=±Á«�7 «

Ĥ
· � $ §Z� } r(|¨� � ¦98 ¸ z
� | ! [

Ĥ, L̂x

]

= 0
~ [
Ĥ, L̂y

]

= 0
~ [
Ĥ, L̂y

]

= 0
~ � !R#v'

[Lx, Ly] = i~Lz 6= 0
~¢�	�R| � �p| |	r

�7r*o��C� !R'2�+} r s-�+} r s & r ' �pr � �-r*o sx' � s �p� s r '2� �p��� o	| ' ��r Lx r(� Ly z{ !RsC� �R|?� s r
[L2, Lz] = 0

���p| �
Ĥ, L̂2, L̂z

' �p|���� s � #y' �R� � s"! �-r*o sx' � o #¢� �p��� o��-r*|��Cr*|�� s r�r(o T z
� |£��r(o����	�p| ��! �	� & # � o	r s & ! � s �p� sx# � � � � !R� rO¦ .�3 ~Rr � ' � # |�� � s r '-' r s ! o T �pr � �"r(o s-' � s �p� s r 'd� �p��� o	| '�	r
L̂2 r � Lz z: & ' � !R�p# � #v�*# ��o �ps �po	�7rW� � · 3 ¸ ~)r(� � r ' �pr � �-r*o sx' � s �p� s r '
� �p��� o	| ' ~ ' �p|���;xo ' �-r*��r*|��
�	�p|	| � '� !Rs & ! � s �p� s-# � � � � !5� r � z 3 z � ~ ! �Rr � l = j

z7§Zr ' �pr � �"r(o s-'
' �p|��C|	�R� � '/,
|l, m >, l = 0, 1, 2, . . . m = −l, . . . ,+l

r(� ! ����r &y� ' ­¡²	±<5 � ´ ®>= ³ «@?A? � ��4 ±5®>= ³ «@? z
� |¨� � � # r(|�� !R# | 'x# & r ' ��r � � s rW�	o s �R� ! �"r*o s�s-#y�R# �	r ,

Ĥ|l, m >= El|l, m > , l = 0, 1, 2, . . . m = −l, . . . ,+l
El =

1

2I
~

2l (l + 1)
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 ¦ � .
P � � �=!Rs �
r(|�� s rW| # �pr ! o T r ' �C�	�p| � �	r & �»� s � s r

∆E =
~2

2I
= 1, 3 10−3eV

P ! � ! & r*o s |?o	� � s-# � o	r¨r ' �q�	�p|	| � r �7�po s & ! ��� &y� � o & r¤º�§ & ~����p|�� s-! |�� � o	r & r ' � �=!Rs � 'q� � s-s r ' ��7�p|	�	r(|?� V �	r ' � s"! | 'x# � # �p| ' � ! | ' & � # | $ s"! � s �po � rRz
� � #ys,µ	� o s r � z . 8�z

El=0

l=1E

El=2

0

El=3

1 2 3−1−2−3 m

E

etc...

� �����K� z . 8   ����r � � s r
El = 1

2I
~2l (l + 1)

�	o s �5� ! �-r*o s�sx#y�p# �	rRz

� «@59²	±<= ³ «@?
  §Z�p����r ! �-�"r(|	�	o¨� ! | ' & r �=!R'
� � | � s"! & ~ · µ	� o s r � z . ¸ ~ �+})! � o�r r ' � !R� rj� s �R� s rj��� � |	r sx�p# r E ~r ' �Co	|¡r ' � !R� r # |�� !Rs-#y! |���� !Rs & r �ps �Ro	��r¹�	r s �R� ! � # �p|K~ #y�(# Hl

z  P r $\!R# � � o	r & r �ps �po���r¹�	r s �R� ! � # �p| ' � # �
|��p| � �p����o�� ! � #v$ ��r s ��r(� � o	r & r ' r ' � !R� r ' �	r s r �� s � ' r*|�� ! � # �p| '¶#ysxs � ��o � � #y� & r 'À' � # r(|��d�	r,� # ��r(| '-# �p| ' o	� � s-# r*o s r V . ~Ár(�d�	�R| � � o	r & r ' r ' � !R� r '� s �p� s r '2' � # r*|��C�	r¹� # ��r*| '-# �R| ' o	� � sx# r*o s r VU. z
� # | 'x# & ! � � � � | � s r '-� r*| � r��	o ' �7r � � s r2�	o s �R� ! �-r*o sdsx#y�p# �	r,r ' �����»o	|	r2� !Rs ���	o	r V������
	���

�������
� ������������������� ~�r(���K� ! o�� s rj� !Rs ���	o�r V������ ���"!#������$%�������'&(�'�)
+*%�#�,���������������-� z · � |¨�Rr sxs"! & !� s �p� sx# � � � � � | � s"! & r �*# � �	r '-' �po ' ~�� !5� rW¦ � �?¸ z  � � #vs & r '£� �p| ' � � o	r(| � r ' r T � � sx# ��r*|�� ! & r ' � �	' r s � !R� & r ' �	o ' �7r � � s r¡�	o s �5� ! �-r*o s£sx#y�p# �	rR~ �($
§Z� } r*|¡� � ¦�.�z
· � 1 � ¸

© � 	 �vª �0/ � « ?�­¨²�± 5 � ´ ®>= ³ «@? ? � ��4 ±Á®>= ³ « ?
�($ §Z� } r*| � z)�2131�.�z: & |	�po 'Bs r ' �"r V � � �-r s � # |�r s & !q$ �R| � � # �p|/���»�p|	��r���r �+}	! � o	r � � ! � ' � ! � # �R|	| !R#vs r })!5s ���p| # � o	r' � } � sx# � o	r |l, m〉 zP !h$ �p| � � # �p|U���»�p|	�	r¹�	r & � })!5s ���p| # � o	r ' � } � s-# � o�r |l, m〉 r ' �C|	�5� � r ,

Yl,m (θ, ϕ) =< θ, ϕ|l, m >
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P r*o sx' � s �p� sx# � � � ' � � � �po & r*|��W� #ys r � �"r*��r*|��W�	r & � � �-o	�	r � � | � s-! & rh�	r ' �Rr � �-r*o sx' |j,m >
~ $\!R# �-r

� !R� r � z 3 z � ,
�W± ��� ±Á® 4 � 4 ?

  P !£s r & ! � # �p|U�	r $ r s ��r(�"o s r�· � z .�3 ¸ ~	�	�R|	|	r & !£s r & ! � # �p|q�	r¹|	� s � ! & #y'"! � # �R| ,
∫ π

0

dθ

∫ 2π

0

sin(θ) dϕ |Yl,m(θ, ϕ)|2 = 1

  � | ! · �Zs"! | ' �	r(|¨�)¦�1 8 ¸

Yl,m=l (θ, ϕ) = (−1)l
[
2l + 1

4π

(2l)!

22l(l!)2

]1/2

sinl (θ) eilϕ

r(|¨r ½Kr �=~)�p|U� � s-#%µ r , L̂z Yl,l = ~l Yl,l
r �
L̂+Yl,l = 0

z  P �»r T � s r '-'x# �p| ! | ! & ¥ � # � o	rh�	r '�! o�� s r 'W$ �R| � � # �p| ' Yl,m (θ, ϕ)
' �w� � � # r*|���� !RsW! �	� & #y�=! � # �R|S�	r

& �w�p� � s-! �"r(o s L̂−
' o s

Yl,l
z � � #vs � !R� & r ! o�~�r � µ	� o s r � z . 1�z

& � º !Rs ���p| # � o�r ' � } � s-# � o	r Yl,m (θ, ϕ)

0 0 Y0,0 = 1

(4π)1/2

1 0 Y1,0 =
(

3
4π

)1/2
cos (θ)

±1 Y1,±1 = ∓
(

3
8π

)1/2
sin θ e±iϕ

2 0 Y2,0 =
(

5
16π

)1/2
(3 cos2 θ − 1)

±1 Y2,±1 = ∓
(

15
8π

)1/2
sin θ cos θe±iϕ

±2 Y2,±2 =
(

15
32π

)1/2
sin2 θe±2iϕ

P r '�$ �p| � � # �p| '
Yl,m (θ, ϕ)

$ � s ��r(|�� �	# r*|¼o	|�r �)!R' r �	r & �wr ' � !R� r �	rUº # & � r s � L2 (S2)
~ �*!Rs�� r

' �R|?� & r ' �pr � �"r(o s-' � s �p� s r '
� �p��� o	| ' �	r ~L2 r(� Lz z

© � 	 �vª ��� ��²	±Á®�� 4 7 «@? � ²�± 5 � ´ ®>= ³ «@?A? � �*4 ±Á® = ³ «@?
s r(� !Rs � o	�p| '¤#y�(# o	|	r 'b¥ � � � s-# r � o�r �7� '-' u �	r & r 'U})!Rs ���p| # � o	r 'U' � } � s-# � o	r ' Ylm (θ, ϕ)

� !Rs
s"! �	��� s � V & ! � s-! | 'b$ � s � ! � # �p| � !5s � ²	±Á®�� 4 �Ro¡� !Rs ®°´��7«?±<?=® � ´ ,

P : ~x ∈ R
2 7−→ (−~x) :

� !Rs-# � � · �po # |��pr s-'-# �p| ¸
� � s-s r ' �7�p|	� ! |?� ! o �ps �po	�7r

Z2 = {I,−I} z� | � ��� s �	�p|	| � r 'C' � } � sx# � o	r ' ~ '-# ~x ≡ (r, θ, ϕ)
~ ! & � sx' (−~x) ≡ (r, π − θ, ϕ+ π)

z � | ! ���p| �
(PYlm) (θ, ϕ) = Ylm (π − θ, ϕ+ π) = (−1)l Ylm (θ, ϕ)

· � z . ��¸
·\�7�po s & ! �	r s | # u s r � ��! & # � � ~��p� #vs � � § .�� � ��zQ¦�1 8�~	� !Rs r T r*��� & r ¸ z 1
�p| � Ylm «@?(� 7¢« � ²�±5®�� 4

(−1)l�x� ²)® ±Á«�? ?=®
l
«@?(� � ²)® ±�«�� �
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� ������� z . 1   1�r 'x'-# | r*|¡�7� & !R#vs r
�	r ' � #y' � sx#y� o�� # �p| ' �	r¹� s � �)!R�	# & # � � ' |Ylm (θ, ϕ)|2 z
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: & s r '-' � s �¡�	r ' � �"o��	r ' � s � � � �	r*|��-r ' ~Co	|	r/� s �p� sx# � � � � � | � s-! & rS� s u ' o�� # & r � ! | ' & � � �-o	�	r/�	r '' �7r � � s r ' ��� � |	r sx�p# r¹�	r '
'b¥�' � u ��r ' � o ! |?� # � o	r ' ,

XZY �CY#" $S�	ed^���ab� c � � e��
� �&% �
� c�� `b��f�`b� c �
�
ed�(' % �k�
�*) a � �
���

+ ��4?� ± � 59«�7 «-, ® ¿7´ «?±�. · � � #vs � º � � ~ �+})! ��z � ¸
/ � � �10 �����'� � ���2���
�

Ĥ
��$%��� � �#!
����� *�� �(!
���
� 	 �
�A�_� � �p���
�l�32V� � ���������54����¤�
� 	�� � �(4
�

�H2j�?��6������"���l&)� ������� � �b��� �87 *�� �(!
�#�
� ��$ !#���2���'�2$ 	 ! � * �
�
[

Ĥ, Ĝ
]

= 0, ∀Ĝ ∈ 9
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  P ! � s �p� s-# � � � ���p|�� s r � o	r .�'-! o $��*!R' r T�� r(��� # �p|	|	r & 0+~ ³ ´¢« 7 4 ¿ 4 ´ 4 ±Á«@? ¬ «�´ ¬ « 7¢²)´*? ³ ´
? � « ¬ �O±�« �O±�²67 ³ ®���¯ ² � ± 4 ?*«�´ ¬ « 7�¾ ³ ´¢«%?���5 4 �=±5® « ~dr(�q� & o ' � s � �*#v' � ��r(|?� & ! � s � ' r*| � r���»o	| �ps �Ro	��rB��r 'b¥ � � � s-# r¹|	�p| � �p��� o�� ! � #%$ z  §Zr �-�"rh� s �p� sx# � � � r ' �j� s u ' o�� # & r r*| � }�¥�'-# � o	r���� &y� � o & !R#ys rj� !5s r T r*��� & r5~ �=!Rs¹� �p|	| !R#v'-'-! |��
& r '£s r(� s � ' r(|?� ! � # �p| '�#ysxs � ��o � � #y� & r ' �	r ' � # ½ � s r(|�� 'h�ps �Ro	��r ' · # & ¥�! ¦ 3A�S�ps �po	�7r '£µ | #v' �	r
& �wr ' � !R� rZ�"�Ro '¶�=! � ! & � � o � ' r(�¶� �	' r s � � ' � ! | ' & ! | ! �"o s rR~Á�p� #vs�� ���"r �@�@�	� !R� r�� . ¸ ~Ár(�d� �	' r s � ! |��
& r ' �7r � � s rW���»o	|	r¹��� &y� � o & r5~	�p|¤� � �	o # � & r �ps �po���rB��� # |�� !Rsx#J! | � rR~	r � !R# | 'x# �p|¡��r(o��C� � ��o #ys r
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& !�$ � s ��r � � �R� � � s-# � o	rB�	r & ! ��� &y� � o & r ,	K� « ¬ �O±�« ⇒ 
 ± �7³ � « 7¢« ?�� 5 4 �O±Á®\« ⇒ � � ±<59« 7 «S¯\² 5 � ¯ 4�¬�³ ¯ «§Zr & ! ���R|?� s r & � # ���7� s � ! | � r��	r '
s r*� s � ' r(|�� ! � # �p| 'C#ysxs � �	o � � #y� & r ' ��r �Rs �po	�7r ' r(|¨� }�¥�'-# � o	rRz  1 ! | ' & � � |��p| � � �	r & ! � s �p� s-# � � � ~ & rC�"r s ��r ¿ 4 ´ 4 ±Á® = ³ « '-#v� | #vµ r .�'-! o $ r T�� r*��� # �p| ' 0+z�· : & ! o	|' r*| ' � ! � } � � ! � # � o	r�� s � �(#y' ~)r*|¤�"r s ��rB��rW��r ' o s r ' ¸ z� # & �»r ' � !R� rU� s �p� s r ��� � |	r s-�p# r r ' � s � �	o � � #y� & rR~ � r & !S'-#v� | #%µ r s-!R# � � o	r & �»�p| ! � ! & # �	r(|�� #vµ �
& r �ps �po���r��	r 'x¥ � � � sx# r5z : & ¥ ! o s"!R# �Bo	|	r 'x¥ � � � s-# r ' o	�	� &v� ��r*|�� !R#vs rh�po � & # � rR~�r �����p| � o	|�ps �po	�7r
�h��� & o '2# ���7� s � ! |��,�7�po s & r � o	r &
& �wr ' � !R� r¹� s �p� s r¹r ' � ��# r*| #vs-s � �	o � � #y� & rRz§��»r ' � & r �=!R' �	o ' �7r � � s r¹�	r & � ! �-�p��rBº ¥ � s � � u |�rj� !5s r T r*��� & r5~ �($ �*# � �	r '-' �Ro ' z� # �p|Sr ' �B� ! | ' o�| �"r & �=!5' ~7r(� 'x# & �w�p| s"! ;x�Ro��"rjo	|S�7r s �-o s-�	! � # �p| V Ĥ � o # � s � ' r s �Rr ' r(o & r ���r*|�� & ! 'b¥ � � � s-# r/�	r��h~ ! & � s-' & ! 'x¥ � � � sx# r ' o	�	� &v� ��r*|�� !R#vs r ' r s"!5# � �	sx#y' � rR~�r � & r �ps � 'r ' � !R� rj� s �p� s r ' rW� � � �p���7� ' r s"!5# �2r*|¡r ' � !R� r '�#vs-s � �	o � � #v� & r ' �	r��h~	�K� � |	r sx�p# r ' � # ½ � s r(|?�-r ' ~� �p| $ � s � � ��r(|?� V & ! � s �p� s-# � � � �*# � �	r '-' o ' z §��»r ' � & r �=!R' ��r '¹� � sxs r � � # �p| 'Bs r & ! � # � #v' �"r ' � ! | '
& r ' �7r � � s rW�	r & � ! �"�R��r�ºjz ���� « 5 � ¯ « 7 ³ 7 �7³�� ¯ « � ³ ®�� ? ?���5 4 �O±Á® = ³ « 
���� . # & ¥S! & � # |�� !Rs-#y! | � rj� !Rs � !Rs-# � � � o #r ' �Co	| �ps �po���r � �p����o�� ! � #v$ z P r ' ��r � � s rWr ' � �	# r*|¡|	�p|¤� � � � | � s � z ���� « 5 � ¯ « 7�¾ ³ ´¢« � ²	±O��® ¬�³ ¯ « 7¢²)´*? ³ ´ �d� �O«�´���® «�¯ ��4 ±5® � 7 ® = ³ «���P r �ps �Ro	��r��	r 'b¥ � � � s-# rr ' � � r & o # �	r ' � s-! | ' & ! � # �p| ' z 1 ! | '¶� r �=!R' & r ' ��r � � s r,r(| �)! |	�	r '�! �	r ' � � � � | � s r 'x� r(| � r ' � !R#y'� o #
' �p|��
��o	r 'CV & � !R' �7r � � � �p|�� # |?o¨��o ' ��r � � s rRz P ! � s �R� s-# � � � �(# � �	r 'x' o ' ��� & �»�p| !£' o	����� ' �' ��r � � s rj��r

Ĥ
� #v'-�(s r(�*~)|	r ' � ! �	� & # � o	rB� & o ' z

XZY��CY! "$#�� % ^�`���f�%,^j�'& c ��� ��� `�( �¶c e % � �)(+*-,��
��e/.&'
�
�
{ �po sZ# &v& o ' � s r s & ! � s �p� sx# � � � � � | � s"! & r
� s � � � �	r(|��"rR~ � �p| '-# � � s �R| ' & r �*!R' � s u 'Z� �p|	|?oq�	r & � ! �"�R��r��� }�¥ � s � � u |	rRz

© � / �102��� � ² � � «�¯ ? 7 ³ ? � « ¬ �O±�« .
P rjº ! � # & �-�p| # r*|q� � �*sx# � ! |�� & ! � ¥ | ! � # � o�rW��r & � ! �"�p��rBº ·\� !Rs � #y� o & r s � �	o # �"r ¸ r ' �

Ĥ =
p̂2

2m
− e2

4πε0

1
∣
∣
∣~̂r
∣
∣
∣

· � z . 8 ¸

· 1 ! | '
� r¹� !Rs"!5�ps"! � } rB�p|¡|	r¹� !Rs & r�� !R' �	o ' � # | .43 ¦ �	r ' � s �R�"�R| ' r(� �*& r � � s �p| ' z ¸
: & ¥¡!�# |�� !Rs-#y! | � rW� !Rs
s �R� ! � # �R|�~ ' rW� s-! �	o #v'"! |��
� !Rs [Ĥ, ~̂L] = 0

z � | �*! & � o & r � o	r & r ' ��r � � s r�	r
Ĥ
r ' � ,

Ĥ|ψn,l,m >= En|ψn,l,m >

n = 1, 2, 3 . . .

l = 0, 1, . . . , n− 1

m = −l, . . . ,+l
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! �pr � & r ' �pr � �-r*o sx' � s �p� s r ' � o # ' �p|��W� s ���	o # �B���»o	|	r })!Rs ���p| # � o	r ' � } � sx# � o	r�r(�W���»o	|	r $ �p| � � # �R|s"! � #J! & r ,
< ~x|ψn,l,m >= Rn,l(r)Yl,m (θ, ϕ)

r(� & r ' | # �pr ! o T � |	r s-�p# r '-,
En = − ε1

n2

· � z . 1 ¸
! �pr �

ε1 =
me4

2~2
= 13, 6 eV.

� | s r*� !Rs � o	r � o	r & �»r ' � !R� r¹� s �p� s rW��r �+}	! � o	rj| # �pr ! o¡��� � |	r sx�p# r¹r ' �

Hn =

n−1⊕

l=0

Hl

§Zr(�Cr ' � !R� rjr ' �C� # ��r(| '-# �p|
n2 z§Zr£|��»r ' ��� !R' o	|/r ' � !5� rh�	r s r*� s � ' r(|�� ! � # �p| #vs-s � �	o � � #y� & rW�	o �ps �Ro	��r��	r s �5� ! � # �p|�~��	o #y' � o�� # &' r¹� � � �p���7� ' r¹r*|¡r ' � !R� r '�#vs-s � �	o � � #v� & r ' Hl

z
� � #ys,µ	� o s r � z . � z

© � / �102�10 	 ��5 4 �O±Á®\«�? ³¢� � ¯ 4 59«�´��O²)® ±�« 7¢«���² ³ ¯\®�� «�� 7 4 ¿ 4 ´ 4 ±�« ? ¬ «�´ ¬ «/«�´
l

· � � #ys�� ���-r �@�@�¢�KzE¦��@�	z ¸
P !�'x# �"o ! � # �p| ' r(� � & r � �p|�� s r*� #vs r & r�� } � � s u ��rB�	r�� #y� |�r s z
� | $\!5# ��|	�p|�~��	o	r V & !W$ � s ��r
� !Rs � #y� o & # u s rC�	oU�7�R�"r(|�� # r & � r*|�� s-! & r*| 1/r

~ # & ¥q! o	|	r 'b¥ � � � s-# r' o��	� &y� ��r(|�� !R#vs rR~
·\� � � �po��Rr s �"r�� !Rs { ! o & # r(| . �p¦98 ¸ ~��	�p|�� & r � � | � s-! �"r(o s r ' � ,

~̂A =
1

2m

(

~̂p ∧ ~̂L− ~̂L ∧ ~̂p
)

−mK
~̂x

|~x|
! �	�7r &v� �7« ¬ �=« ³ ± 7¢« � ³ ´¢¿7«¨«��	��«�´�
 ~ · ��� K = e2

4πε0

¸
� |¨�7r*o��2� � s-#%µ r s � o	r

[

~̂A, Ĥ
]

= 0

r(� � o	r & r �ps �po	�7r���r 'b¥ � � � s-# r£r ' �j� !R# |��"r(| ! |����
� ·°¦ ¸ × �
��·�¦ ¸ ~
r(� � o	r �+})! � o	rqr ' � !5� rq� s �p� s r
HE

r ' � #vs-s � �	o � � #v� & rB�7�po s�� r(�-�-r 'x¥ � � � sx# rRz·\r(|¨� !5s � #v� o & # r s �p|¤� � � # r*|�� !R# | '-# � #ys r � �-r*��r*|�� & r ' | # �pr ! o T �K� � |	r sx�p# r�· � z . 1 ¸-¸ z·�§Zr �-�"r 'b¥ � � � s-# r�r ' � ! o '-'-# � s-!R# r,r(|�� � �*! | # � o�r � & !5'-'-# � o	r�� ! | ' & r,� s � � &yu ��r,��r��Br(� & r s ~ ! �Rr �
& rh�7�R�"r(|�� # r & �ps"! � # � ! � # �p|	|	r & r*| 1/r

r*|�� s r��	r(o T � � s � ' ~¢r �jr ' � s r & # � ! o $\!R# � � o	r & r ' � s-��# �"r ' �	r�Br*� & r s�' �p|�� $ r s � � r ' ~ � r � o # |��»r ' �
� !R' � s-!R# r*| � � | � s-! & ���Ro s o	|¡���R�-r*|�� # r & � r*|�� s-! & ¸ z
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H0 H1 H2

−13,6

−3,4

−1.51

l=0

n=1

n=2

n=3

l=1 l=2

m=0 m=−1 , 0 , 1 m= −2,−1,0,1,2

etc...

0

E

1s

2s

3s

2p

3p 3d

�������K� z . �   ���7r � � s r¹�	r & � ! �-�p��rBºjz
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P !¹'b¥ � � � s-# r,� !Rs � #v� o & # u s rZ�	r��2o	| � r,r(� P r*|�� �(# � �	r 'x' o ' ~pr ' � �	s-#v' � r�� !Rs & ! ��� # |	� s r���r s �-o s-�)! �� # �p|�~ � o # �"�po�� r*| ��!Rs � ! |�� & � # |�� !Rsx#J! | � r�� !Rs s �R� ! � # �p|j��o � s � � &yu ��r ����� #%µ r & !�$ � s ��r�� !Rs � #y� o & # u s r�	o¨º ! � # & �"�p| # r*|�r � zy·�� N	��
 ¸ z§Z�p| 'x# � � s �p| ' � !5s r T r*��� & r & !S� � sxs r � � # �p| s r & ! � # � #y' �-rRz � | s r & ! � # � # � � ~ (E
c

)2 − ~p2 = (mc)2 ~
�	�p|�| ! |��

E = mc2
√

1 +
(

~p
mc

)2

' mc2 + p2

2m
− 1

8
p4

m3c2
+ o(p4)

zB· �p| ! o�� # & #y' � (1 + x)α =

1 + αx+ 1
2
α (α− 1)x2 + o(x2)

z ¸
� | s � �p# ��r $\!R#v� & r(��r(|�� s r & ! � # � #y' �"r5~ & � � |�r s-�R# r �*# | � � # � o	r p2/2m

! �	�R| � o	|¡�-r s ��r � � s-s r � � #v$�,

H
′

1 = − p̂4

8m3c2

P r ' | # �pr ! o T ��� � |	r s-�p# r En ~�r � z�· � z . 1 ¸ ' �p|�� ! & � sx' ����� #vµ � ' �	r ∆E � o #�' r �=! & � o & r2r*|�� } � � s-# r�	r ' �7r s �"o �)! � # �R| ' z � |¤� � � # r(|?� ,

∆E = −En
α2

n2

(
3

4
− n

l + 1/2

)

& ! � � �7r*|	� ! | � r£r(| l ���p|�� s r � o	r ¯ ²�7 4 ¿ 4 ´ 4 ±�«@? ¬ «�´ ¬ « «�´7�O±�« 7 ®
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Hl

« ? �q«�´_«���«�� ¯ « � 4 « � ¬p� ´�� � ±<5 4 59«�´��h² ³ ��� 4?� ±��@59«�7 « , ® ¿7´ «?±��
� # r(| '��	s & ! � � � � | � s r 'x� r(| � r & # � r V & � # |�� !Rsx#J! | � r�� !5s�s �R� ! � # �p| �	r(��r(o s r�· � r & ! ' r�� s"! �	o # ��� !5s

& r $\!5# � � o	rW�	r ' � � ! � '
! �Rr � m � # ½ � s r*|�� ' �R|?� & ! ���(��r � |	r sx�p# r ¸ z � � #vs,µ)� o s r � z . .�z
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P r ' �7r � � s r2�	r & � ! �-�p��r���� }?¥ � s � � u |	r2r ' � ! o '-'-#�� r & o # �7�po s �	r '�! �"�R��r '�V o	| �*& r � � s �p|�~ � �p����r
He+, Li2+

~
· '-! o $ � o�� # & $\! o�� s r*��� & !R� r s & ! �+})!5s-� r¡�	o_|�� ¥p! o � !5s
Ze

~�r(��o�� # & #y' r s o�|	r � !R'-' rs � �	o # �"r¹� # ½ � s r*|��"r ¸ z
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{ �po s �	r 'S! �-�p��r '¤V � & o 'x# r*o s-' �*& r � � s �p| ' ~ & r/� s � � &vu ��r r ' � �	# r(| � & o '¤� �R��� & # � o � z : & |�� ¥� !R' ��r ' � & o�� # �R| r T�!R� �-r��	o ' �7r � � s r5~C� !R#v' �	r ' � � � } ����r '¤! �	� s � �+} � r ' · � �p����r & ! � � � } ����r� !Rs-#y! � # �p|	|	r &y& rZ�po ! o�� s r ' ¸ ���p|	|	r(|?���	r '�s � ' o & � ! � ' � s u '�'-! � #v'x$\!R#v'"! |�� ' z � |q� !Rs � #y� o & # r s & ! � � � } ����r�	r �+})! ��� ' ��� ¥ r(|�~ � �p| 'x#y' �-r VW� �p| '-# � � s r s � o	r ¬ �¢²6= ³ « 4 ¯\« ¬ �O± � ´9«@?(��®°´*7 4?� «�´*7 ²)´7� ~�r � ' o �	# �o	| �d� �O«�´��O®\«�¯ 5 � �7«�´
V (r)

~ �*s �*� � !Rs �-�po��-r ' & r '�! o�� s r '��+})!Rsx� r ' · Ze �	o |	� ¥�! o�~�r � −(Z− 1)e�	r '£! o�� s r ' �*& r � � s �p| ' ¸ z¶§Zr �7�R�"r(|?� # r & ² ³ ´ « ?���5 5 4 �O±Á®\«�? � � 4 ±Á®>= ³ « ~ � o # r ' �£o�|	r 'b¥ � � � s-# rr T�!R� �"r
�	r & � ! �-�p��rR~p� !R#y' 7 ®
� �?±�«U¯ 4 ¿ �?±�«@59«�´�� 7 ³¼�d� �O«�´��O®\«�¯À«�´
1/r

z�§Zr(�x�"r
� # ½ � s r*| � r � ±5®>?*«7 � ´ ¬ ¯ ²�?���5 4 �O±Á® « ? ³¢� � ¯ 4 59«�´��O²)® ±�« 7¢«	��² ³ ¯\®���«?�j¯
� ��« 7 � ´ ¬ ¯ ²�7 4 ¿ 4 ´ 4 ±�«@? ¬ «�´ ¬ «U«�´��O±�«
4 �O²�� ?£² �7« ¬

l
7 ®
� 4 ±�«�´�� ? �

P �w� s � s r })!5�	# �-o	r & � � �"r(|�o¨r ' � ,

1s < 2s < 2p < 3s < 3p < 3d ' 4s < 4p < 5s ' 4d, etc...

� � #ys,µ	� o s r � z . .�z

l=0 l=1 l=2

m=0 m=−1 , 0 , 1 m= −2,−1,0,1,2

E

2s

1s

3s 3p

2p

3d

��������� z . .   ����r � � s rj�K�wo	| ! �-�p��r V � & o '-# r*o sx' �*& r � � s �p| ' · � s-��# � ! & r ',! �"�p� # � o	r ' ¸ z
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� # r(| � & o ' o	| �+})! ��� � !R� | � � # � o	r¨r T � � s-# r*o s ~B

r ' � ! �	� & # � o � ~ # & �	s-#v' r & !¼'x¥ � � � sx# rS� !5ss �5� ! � # �p|�~ �*!Rs # & � s-# � # &y� �p# rdo�|	rZ� #vs r � � # �p|W� !Rs � #y� o & # u s r
· � #ys r � � # �p|W�	r ~B ¸ z � # | '-# & ! � � � � | � s r 'x� r(| � rr*|
m
r ' � & r � � rR~�r(� ¯ « ? � « ¬ �O±�«¨« ? �q²)¯ � ±<?£´ � ´ 7 4 ¿ 4 ´ 4 ± 4 , §��»r ' � & � «���«����d«?«@59²)´ z� # & r �+}	! ���¤� !R� | � � # � o�rBr ' � � �p| ' � ! |�� ' r & �p| & � !ÁT r z ~ # & ' o �	'x#y' �"rWo	|	r 'x¥ � � � sx# rB�	r s �R� ! � # �p|! o��-�po s �	r & � !ÁT r z z§Zr*�7r*|	� ! |�� � r �-�-r 'b¥ � � � s-# r�|�r ' o��h��� !R'WV �	�R|	|	r s �	r ' � � � � | � s r '-� r*| � r ' � ! | ' & r ' �7r � � s r5~�=!5s ¯ «@? ± � �=²���® � ´*?£² ³ � �7³ ± 7 «

z
� � ±<59«�´�� ³ ´ ¿�± �7³ � « ¬p� 5 5 ³ �O²��O® � .

R̂z (α) R̂z (β) = R̂z (β) R̂z (α)
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s r $ , � s-! | ' ��r*|¡� 3 � � ~ 3 � 1�z�§Z� } r*|��Bz
P r ' �7r � � s rS�	r & � ! �-�p��r¡�K� }�¥ � s � � u |	r � � �(s-# � µ)� o s r · � z . � ¸ |K�wr ' �U� !5' �"�Ro�� V $\!R# � � � s-s r � �*z

� |¤r(½�r(� # & ¥U! �	rB|	�p� �	s r(o T r ½Kr � ' � }�¥�'-# � o	r ' � o	r & �w�p| ! | � � & #y� � r � � o # ����� #%µ r*|�� � r ' �7r � � s r5z1�r ' r T � � sx# r*| � r ' �	r ' ��r � � s � 'x� �p� # rZ�7r s ��r �-�"r(|�� �K�w� � �"r*| #ys & r ' | # �pr ! o T ��� � |	r s-�p# r ! �Rr � o�|	r �Rs"! |	��r� s � �*#v'-# �p|�~�r(� # & r ' �À�	�p| ��# ����� s � ! |?� �	r��"r*| #ys � �p�����"r��	r��-�po��-r '¶� r '¶� � s-s r � � # �p| ' zR§Zr '¶� � s-s r � � # �p| '' �R|?�C| ! �"o s r ' � # ½ � s r*|��"r ' z§Z�p����r # & ' � !R�p# �¡�	r��7r(� # �"r '¨� � s-s r � � # �R| ' ~ & ! � } � � s-# r��	r ' �7r s �"o sx�)! � # �p| ' r ' �¡�"�po�� V $\!R# �
! � ! ��� � rRz P r '�� � s-s r � � # �p| '
' r s �p|���� s u '�# | $ � s-# r*o s r '
V ε1 = 13, 6 eV

z�� !R#y'
� �p����r & r ' ��r � � s r��	r
& � ! �-�p��r H r ' ��� � � � | � s � ~ # & $\! o��do�� # & #y' r s & ! � } � � s-# r,�	r ' �7r s �"o sx�)! � # �p| ' ���po s | # �Rr ! o T � � � � | � s � ' z

	 �O± ³ ¬ � ³ ±�«��À´ « .
  �C|	r ¬p� ±�±�« ¬ ��® � ´¤±�«�¯ ²���® �¢®>?(�O« �7� s � ! |�� ' o s & � � |	r s-�p# r �*# | � � # � o	r�r(� ���R�-r*|�� # r &v& r¶�	r & � �*& r � � s �R|· � s �O�pr(| ! |��
�	r & � � � o ! � # �p|U�	r/1 #vs"!R� ¸ ,

Ĥ ′
1 = − p4

8m3c2
+

π~2

2 (mc)2

(
e2

4πε0

)

δ(~x)

 �� ´¢« ¬p� ±�±�« ¬ �O® � ´
	 ? � ®°´�� � ± � ® �=«�
 �	o	r V & � # |��-r s"!5� � # �p| r*|�� s r & r����Ro��pr(��r(|?��� s-��# � ! & �	r
& � �(& r � � s �p|Ur(� ' �R| ' � # | ,

Ĥ ′
2 =

1

2 (mc)2

1

r

dV

dr
~L.~S

n �5�"r s � o�r � r '2� � s-s r � � # �p| ',s r ' �7r � �-r*|�� & !�'b¥ � � � s-# r�� !RsZs �R� ! � # �p|q�	r & � ! �"�p��rRz P ! � � sxs r � � # �p| Ĥ ′
2� �Ro	� & r & ! �7� '-# � # �p| ! o ' � # |Kz { !5s�� �p| ' � � o	r(|�� ' r*o &À& r ���p��r*|�� ! | � o & !5#ys r¹�"�5� ! & ~J = ~L + ~S

r ' �
� �R| ' r s � � z � o s � ' o & � ! �*~ & r ' � ! & r(o s-' � s �p� s r ' � � �"r(|�o�r ' � � ��r(|	�	r(|?�,�	r n r(� j r(� l ~ � � sxs r ' ���R|	� ! |��! o T � ! & r*o sx' � s �p� s r ' �	r ' �p� � s"! �-r*o sx' ~̂ 2

L, ~̂
2
J � o #
� �p��� o��-�-r*|���r*|�� s r r*o T r � � o #C� �R��� o��-�"r(|��

! o 'x'-#¢! �pr �
Ĥ

·\�K� ! � s u ' ~L.~S = 1
2

(

~̂ 2
J − ~̂ 2

L− ~̂ 2
S

) ¸ z
P � � �=!Rs �
� � �"r(|�o¨r*|�� s r & r ' | # �pr ! o T ·°¦5� 3 3 ¦ � ¦5� . 3 ¦ ¸ r ' � ∆E ' 4.10−5eV

z

	 �O± ³ ¬ � ³ ±�« �[� � «�±��À´ « . : & � s �O� # r(|��j��o � �po	� & !R� r£r(|?� s r & r ' ���R��r(|?� ' � !5� | � � # � o	r 'B# |�� sx# | �' u � o	r ' �	o � s �R�"�R|¼r(�£��r & � �*& r � � s �p|Kz � � #vs o	|�r � �-o	�	r � !5� r¤¦98���~ �7�po s ' �p| r(½�r(� ' o s & � � � ! � .=' zP � � �=!Rs �C� � �"r(|?o¨r(|?� s r & r ' | # �Rr ! o T � . � � � ��r & � � � ! � .=' r ' � ∆E ' 4.10−6eV
�Cr $ , §Z� } r*|��Bz)� . ¦ � ��z �+})! ��� : : z

� 4?� ¯ ² ¬ «@59«�´���7¢« ��²65 � . : & � s �O� # r*|��¹�	o � �po	� & !R� r ��r & � �*& r � � s �p| ! �Rr � & r�� # �	r � o ! |�� # � o	r�	o �+})! ��� �*& r � � s �p� !R� | � � # � o�rR~ � o	rW|	�po 'C! �p�R| '2# |�� s ���	o # ��� !5� r�. � zP � � �=!Rs ��� � �-r*|?o r*|�� s r & r ' | # �pr ! o T ·�¦ '(.43 ¦ � ¦5� .43 ¦ ¸ r ' � ∆E ' 4.10−6eV
z � � #ys1� §���1 � ��.3.@�°z
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���� ��
�� �������B	�
��
XZY��,Y#" $ � � c a�&���`�� &Ke % ^je �����k���k���
� # ^ � � c a�&K��`��
�m���k�?^�a�� "��  

s � $ � s r(| � r '2,�� r ¥ |�� ! | . ¦ � . ~ . ¦ � ¦�~ . ¦ � 8�z§��wr ' �
� !Rs r T r(��� & r & rB|	� ¥p! o¨��r 1
r*o�� � s-# o	� � �R���7� ' � ��rW� s �R�-�p|¤r(�C|	r*o�� s �R| ,

Deutrium = (proton, neutron)

�po¡�	o¨� # �p|
π0

$ � s � � �	r¹�	r(o T � o !Rs��?' u ~ u z
� o µ | ! & r(��r(|?�2��r & � ! �"�p��r���� }�¥ � s � � u |	r $ � s � � �	r �*& r � � s �p| � � s �R�-�p|�z
P �wr ' � !R� rj��rjº # & � r s ���	o ' � # |¤�"�R� ! & r ' � ,

Htot = H1/2 ⊗H1/2

�
|	r �)!5' rW�	r Htot
r ' � $ � s � � rB� !Rs & r ' � o ! � s r¹�Rr � �"r*o s-'2,

| + + >, | + − >, | − + >, | − − >

��� & �»�p|U|	�R�-r | + + >= |+ >1 ⊗|+ >2
~)r(� � zvz%z

� # & r 'x¥�' � u ��r2�	r��	r(o T � !5s � #v� o & r ' r ' � #v' � &v� � ! | ' & �»r ' � !R� r5~ ! & � s-' # & r ' � # |?� !Rsx#J! |��À� !Rs¶s �R� ! � # �p|�	r & �»r*| ' r*� � & r5~	�	�p|�� & r � � | � s-! �"r(o s r ' � & rB���p��r*|�� ! | � o & !R#ys r��"�R� ! & ·��p� #vs��*# � �	r 'x' o ' ¸ ,

~̂S = ~̂S1 + ~̂S2

� � & r¹º ! � # & �"�p| # r*| � �p��� o��-r ! �pr � ~̂S ,
[

Ĥ, ~̂S
]

= 0

��²	±�« � «@5 � ¯ « .
Ĥ = K~̂S1. ~̂S2r ' � �	# r(| # |?� !Rsx#J! |���� !Rs�s �R� ! � # �p| � & � �)! & r��	r ' �	r(o T¡' � # | ' z

1 ! | 'C� r �Cr T r*��� & rB�R|¨�7r*o��2� � s-#%µ r s � #vs r � �"r(��r(|�� � o	r [Ĥ, ~̂S] = 0
~)r*| � �(s-# � ! |?� ,

~̂S2 =
(

~̂S1 + ~̂S2

)2

= ~̂S2
1 + ~̂S2

2 + 2 ~̂S1. ~̂S2

�	�p|�| ! |�� ,
Ĥ =

K

2

(

~̂S2 − ~̂S2
1 − ~̂S2

2

)

r(�Co�� # & #y'"! |?� [ ~̂S2, ~̂S
]

= 0
z
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1�r & � # |�� !Rs-#y! | � r
� !Rs2s �5� ! � # �p|�~��p|¤� � ��o # � ,

[

Ĥ, Ŝ2
]

= 0
[

Ĥ, Ŝz

]

= 0
[

Ŝ2, Ŝz

]

= 0

{ �Ro s � s �po��pr s & r ' ��r � � s rh�	r Ĥ ~K�R| �+} r s-�+} r��	�R| � ��� !R� � s � & r ' �pr � �"r(o s-' � s �p� s r '¹� �p��� o	| ' �	r
Ŝ2, Ŝz

z
1�� ! � s u ' · � z .H� ¸ ~ � r ' �pr � �-r*o sx' � s �p� s r ' ��r(o��pr(|?� �(� s r¹|	�R� � |J,M >

r(�2� � s-#%µ r*|�� ,
Ŝz|J,M >= M~|J,M >

~̂S2|J,M >= ~
2J(J + 1)|J,M >

r(� $ � s ��r(|?�jo	|	r �)!R' r�� s � } �R|	� s � � r��	r & �»r ' � !R� r Htot
z � | �pr(o�� & r*o s r T � s r 'x'-# �p| � ! | ' & !¤�)!R' r

|±,± >
z

�j± ��� ±5® 4 � 4 � ����!
� ��� *%
#!#��� � �(�
�'������� *%� � < �#� � �%!#� Htot
�
� &��#!
�)�
$%��� |J,M >

�������2��� ���BP
��
#���

Triplet :







|J = 1;M = +1 > = | + + >
|J = 1;M = 0 > = 1√

2
(| + − > +| − + >)

|J = 1;M = −1 > = | − − >

Singlet : |J = 0;M = 0 >=
1√
2

(| + − > −| − + >)

� ���2��� ���2�	� $ � � < �#� � �%!#� Htot = H1/2 ⊗H1/2
�(��*%
#!#��� � �(�(���
� �(������� *%�
$@M ��� � �#
#�(�
�2���@P

�������-� �'�
��
 *�$2!
����
 � �#� *�$;:�����$ � ��*%���#���������������

H1/2 ⊗H1/2 = HJ=1 ⊕HJ=0
· � z . � ¸


 �#�,*��'���
�-�
�����-��*%��!#�#�+�#� � �%!#�#� �(���2���

2 × 2 = 3 + 1

� �
� ����� $2�
��� $2��� �#��&���� �
$%��� *%�
J � �(�#�
��
 � �#��*%����� � ��������!
$%� ��!#��� � �(�(
#� �(���2� ��� �(�������

J =
∣
∣1
2

+ 1
2

∣
∣ = 1

�
� ��� *�� O 

���
� !#�
J =

∣
∣1
2
− 1

2

∣
∣ = 0

*%�#�,*%�
$�M � � �'�-� 1
2

�'� *��'&(��*�$ �
� ���

 �#� !#�(��� !
���
�2�'� *%�
&����2� � �#� 

�����'� |±,±〉 * ���-� � �#� � M � ���#�#�
�����-� *%�#� 

�����'� ����� � � �
� � �
� �
�'� :�� �
�
!
�QP *%�#�#�
$ ��� �=< � � � �
�'� �
�2� !#�(��� !
���
�2�'�,*%�������uCu2�� ����7 �"!$#&%(' �
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�j� ´�? 4 = ³ «�´ ¬ « � ? � « ¬ �O±�« 7¢«
Ĥ

. P r ' | # �Rr ! o T �K� � |	r sx�p# r��	r & ! � !Rs � #v� o & r � �p����� ' � r�r ' ��	�p|�| � rW� !Rs & r ' ��r � � s rW�	r Ĥ � o # �	�R| ��! �	r(o T | # �Rr ! o T ��� � |	r s-�p# rR~ EJ=0, EJ=1
�	r¹� o & � # � & #v�*# � �s r ' �7r � � # �Rr '

1, 3
z { �Ro s & �»r T r(��� & rR~ Ĥ = K ~̂S1. ~̂S2

~ �p|_� � � # r*|��
EJ = −K

2
~2
(
J(J + 1) − 3

2

) ~
' � # � ,

E0 = −3

2
K~

2

E1 = +
1

4
K~

2

� � #vsZµ)� o s r � z . ��z
1��p| � � ! | '�' �p| � � ! �2��� � |�r s-�R# r $ �p|	� ! ��r(|�� ! & rR~ & ! � !Rs � #v� o & r � �p���7� ' � rBr ' �2o�|	r¹� !Rs � #y� o & r
�	r���p��r(|�� ! | � o & !R#ys r # |�� s-# | ' u � o	r J = 0

z�1 ! | '�' �p| � � ! ��r T��*# � � r &v& r ! o	|t���p��r*|�� ! | � o & !5#ys r# |�� s-# | ' u � o	r J = 1
z

E1

E0

0

�������	� z . �   n # �Rr ! o T �K� � |	r sx�p# r2�	r Ĥ = +K ~̂S1. ~̂S2
z P rC| # �Rr ! o

E0
r ' �Z|	�p|�� � � � | � s � z P r
| # �pr ! o

E1
! o	|	rW� o & � # � & #v�*# � � 3 z
� 1(3R4�6�3������	�¹8` f G p�<uq�egige|htsYo�


~̂S1. ~̂S2 =
(

Ŝ1,xŜ2,x + Ŝ1,yŜ2,y + Ŝ1,zŜ2,z

)

=

(
1

2
Ŝ1,+Ŝ2,− +

1

2
Ŝ1,−Ŝ2,+ + Ŝ1,zŜ2,z

)

~̂S2 = ~̂S2
1 + ~̂S2

2 + 2 ~̂S1. ~̂S2

= ~̂S2
1 + ~̂S2

2 +
(

Ŝ1,+Ŝ2,− + Ŝ1,−Ŝ2,+ + 2Ŝ1,zŜ2,z

)

k f G p�p*<Khth�e)<uq�egige|htsYo�

Ŝ2

1 |− >= ~
2 3

4
|− >

Ŝ1,+|− >= ~|+ >

Ŝ1,−|− >= 0

Ŝ1,z|± >= ±~

2
|± >
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` f yBpri|y"<ui|s 


Ŝz| − − >= (−1)~| − − >

~̂S2| − − >= ~
2

(
3

4
+

3

4
+ 2

1

4

)

| − − >= 2~
2| − − >

� k fKy 

| − − >= |J = 1,M = −1 >

� fKh�<uegqtsH} k f�yYo�;xs |J = 1,M = 0 > m prowpnyYq�e k f �us Ŝ+



|J = 1,M = 0 >=
1

~
√

2
Ŝ+|J = 1;M = −1 >=

1

~
√

2

(

Ŝ1,+ + Ŝ2,+

)

| − − >

=
1√
2

(| + − > +| − + >)

sYq k f�yYo�;xs |J = 1,M = 1 > m pro&pnyYq�e k f���f k < G sBp*< �us Ŝ+



|J = 1,M = 1 >=
1

~
√

2
Ŝ+|J = 1;M = 0 >=

1

~
√

2

(

Ŝ1,+ + Ŝ2,+

) 1√
2

(| + − > +| − + >)

=
1

2
(| + + > +| + + >) = | + + >

` f5p�� k fKy k vuqtsYfÁ<5q�o k e|h G sxyYqts"<uoth |J = 1,M = −1, 0,+1 > �us i @ sxh m pnyxs Htot I <ueKiM<ue sxh�q��us&�AeMA
sYfKh�e k f� N
� s1y k A m i ;"A
sYf�q#pregots k o�q�� k � k f pri[sxh�q&�us��AeMA
sYfKhte k f �H}usYq sYfu� sYfK�Ao�; m pro&i|s G sxyYqts"<uo 


|ψ >=
1√
2

(| + − > −| − + >)

k f yBpri|y"<ui|s��us,A	�"A
s 

Ŝ2|ψ >= ... = 0

Ŝz|ψ >= 0

� k fKy |ψ >= |J = 0,M = 0 > N
� s1h m sxyYq�ots1�us Ĥ h @lk vuq�e|sYf�qwsYfh;xyYo�e G prf�q 


Ĥ =
K

2

(

~̂S2 − ~̂S2
1 − ~̂S2

2

)

�

� «@59²	±<= ³ « � |t��r(o��h���p|�� s r s � o	r & �w�R� � s"! �-r*o s Ĥ & rU� & o '£� � | � s"! & � ! | ' H1/2 ⊗ H1/2
� o #� �R��� o��"r ! �pr � & r '�s �5� ! � # �p| ' r ' �C�	r & !�$ � s ��r ,

Ĥ = A Î +B~̂S1
~̂S2

· s � $�� r ¥ |	� ! | . ¦ � 8�~ . ¦ � ¦j��¦ 3 � ¸ z
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© � � ��� ��� ��² ±�²)® « 7¢« 0'� ¬ 5 7¢«/¯�¾�� ��7 ± � ¿ ��´ «
s r $¶� �Ro s-' �	r P � ��~)��¦ 3 1�z
1 ! | ' & r �*!R' �	r & � ! �"�p��r���� }�¥ � s � � u |�rR~ & !¡µ)� o s r�· � z . � ¸ ~ ���R|?� s r � �p����r(|�� & � � � ! �U· .=' ¸ r ' �r*| $\!R# � $ � s � � �	r?� � � ! � ' �	o '¹V & � # |��-r s"!5� � # �p| r(|�� s r & r '�' � # | '£.43 ¦��	r & � �(& r � � s �p|Sr �¹�	o/� s �5�"�p|�zP � � �=!Rs �Cr*| � |	r s-�p# rBr ' �

∆E = E1 − E0 = 6.10−6eV
r(� ' � ! �	�7r &v& r ¯ ² ?(�O± ³ ¬ � ³ ±�« �[� � «?±��¶´¢« �	r & � � � ! � .=' z� # o	| ! �-�p��r���� }?¥ � s � � u |	r #v' � &v� r ' ��� ! | ' o�| � � ! �d�K� � |	r sx�p# r E1

~ # & |��»r ' � � !5'ds-#y� �po s r(o ' r(��r(|��' � ! � # �p|	| !5#ys r VC�=! o ' r,�	o � �po	� & !R� r ! �pr � & r �+})! ��� �*& r � � s �p� !R� | � � # � o	rRz : & ' r,� � ' r T��*# �-rZ�pr s-' & � � � ! �$ �p|	� ! ��r(|�� ! & E0
~	� !5s � � #v'-'x# �p| ' ���p|�� ! | � r ! �pr � o	|�rW��o s � rW��r¹� # rW��� ¥ r(|	|	rB� s u ' & �p| � o	r ,

τ ' 107 ! | '
P rU� } �R�-�p| !R# | '-# � s ���	o # �*~ �K� � |	r sx�p# r hν = ∆E

! o�|	r & �R| � o	r(o s ���»�p|	�	r λ = c
ν

= 21
� �

·\�R|	�	r s"! � # � ¸ z
P �wr ' � !R� r # |��"r s-' �"r &v& !R#vs r � �R|?� # r(|?� � r ! o � �po	�/��� ! �"�R��rjºj~7r(� � r 'x#y� | ! & r ' ��� �	' r s � !R� & rRz
§��»r ' �. & ! s-!R# r V ¦ .¨� � 0+z : & �7r s ��r �q�K� !R# &y& r*o sx' �	r ¬ ²	±O� � ¿�±Á² � � ®\«?±m´ � �O±�« 
 ²)¯ ² � ® « z 1 ! | ' & r ��! �# |��-r s-' �"r &y& !5#ys r5~ � �p| ' � # �-o � ���wº ¥ � s � � u |	r5~ & r 'C� � &y& #y'x# �p| ' r*|�� s r ! �"�p��r ' r ' � s r ' �7�p| '-!R� & rW�K�wo	|¤�"r(� �� � s"! �"o s r T = 100K

~ ' � # �
kT = 10−2eV

z §Zr 'j� � &v& #y'x# �p| ' r T��*# �"r*|�� & � � � ! � E1
~ � o #�' rq� � ' r �*# �-rr*| ' o # �"r¹� !Rs r(��� #y'x'-# �R| ' �7�p|�� ! | � rRz

© � � ��� �10 ­ � ±Á¯ � ¿�«@? ²�� � 5¼®>= ³ «@? «?� 59«@? ³ ±�« 7 ³ �O«@5 � ?
P ! � ! & r(o s �	r ∆E = ~ω

r ' � � �p|	|?o	r�r T � � s-# ��r(|?� ! & r(��r(|�� ! �Rr � o	|�r�� s � �(#y'-# �p| s r & ! � # �pr s r �� !Rs � o !R� & r , 10−13 z§Zr(�x�"r �ps"! |	�	r�� s � �*#v'-# �p| ' o s & ! � � s-# ���	r T = 2π/ω
�	r,� s"! | 'x# � # �p|£r(|?� s r & r ' | # �pr ! o T E0

r(�
E1r ' � V & �w� s-#y�R# |	rd�	r & ! � � µ | # � # �p| !5� �"o�r &y& r���r & !C' r � �p|	�	rB·\o	| # � � �	r��-r*��� ' ¸ z � | o�� # & #y' r & !
' � s o � �"o s r}�¥ ��r sxµ |	rW�	o § � 'x# o	� .�3 3£! �Rr �

∆E ' 3, 8 10−5eV
� & o����5� � o	r � r &v& r��	r & � }�¥ � s � � u |	r ,

� 4 �¶´ ® �O® � ´ � � �E2�� � � ' # � �#�
�
9192631770 �
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P r ' ��r ' o s r ' �	oh�"r*��� ' & r ' � & o ' � s � �*#y' r ' ' �p|�� !R# | '-#�$\!5# �"r '�! �pr � �	r ' ­�
�±5¯�
�¿�« ?�²��

 5¼® = ³ «@? z
P ! � s � �(#y'-# �p|¤r ' �C�-r &v& r � o	rW�p|U� � sx#vµ r & r ' r(½�r(� ' �	o �+})! ���¡�	r �ps"! � # � ! � # �p| �"r s-s r ' � s rW� s � � # � '� !Rs & !£s r & ! � # � # � � � � | � s"! & rR~ ' o s2� r 'C} � s & � � r '2! �"�p� # � o	r ' ~ ! �pr � o�|	r¹� s � �*#y'x# �p| s r & ! � # �RrB�	r 10−5 z

� «@59²	±<= ³ « . �C|	r ! | �*# r*|	|	r�� � µ | # � # �p|��	r & !U' r � �p|��	rq� s �O� # r*|��j�	r & ! � # � #y'x# �p|��	o ;x�po s ·\r ��	r & ! |?o # � ¸ r*| . ¦ } r*o s r ' ~
�	r & ! � # � #y'x# �p|¨���»o	|	r } r(o s r£r(| 1 � � # |�o��"r ' r(�¹���»o	|	r£� # |?o��-r�r(| 1 �
' r � �p|��	r ' z

{ �po s � o	� # ! �p� #vs��+} � #v'-#d. ¦ r(� 1 ���{ r(o�� �(� s r �7�po s ��r ' s-!R#y' �p| ' � s"! � # � o	r ' , � !Rs � # & r ' |	�R� �	s r ' r*| . r � .H�A� ~ & r '��+}�# ½ s r 'q. ¦r(� 1 �¤' �p|�� � r(o T � o # �p|�� s r & ! � # �Rr*��r*|�� & rh� & o ' �	r�� # � #v' r(o s-' z �C| �ps-! |	� |	�p� ��s r��	r�� # � #y' r*o sx'�7r s ��r(� !5# | 'x# �	r¹� # � #v' r s o�| ;x�po s �	rj� & o 'x# r*o s-' � ! | # u s r ' � # ½ � s r*|��"r '/,
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1/2 jour = 1 × 12h = 2 × 6h = 3 × 4h = 4 × 3h = 6 × 2h = 12 × 1h
� � #vsZµ)� o s r � zE¦ � z

i
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V
[i

]
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Nombre de diviseurs de i

12

24

36

60

48

��������� zE¦ �   n �p� �	s r¹�	rW� # � #v' r*o s-' ���wo�|¨r(|?� # r s
i
zK§Zr �-�-r � �po s-� r ;xo ' � #vµ r¹�7�po s � o	� # & r ' |	�p� �	s r '. ¦
r � 1 � �p| � � � �+} � #v'-#v' ���Ro s � # � #y' r s & r�;x�po s ·\r � & ! |?o # � ¸ r*| . ¦ } r*o s r ' ~Rr � & � } r*o s rZr(| 1 � � # |?o��-r ' ~r(� & ! � # |?o��-r£r*| 1 �¤' r � �p|	�	r ' z � | r ½Kr � # & ! �	� !5s"!�� � � o	r . ¦Ur �+1 � �R| � r ! o � �po	� �	r�� # � #v' r*o s-' z§Zr & ! �R½ s r & ! �7� '-'x#y�	# & # � � �	r¹� # � #y' r s & ! ;x�po s | � rW��rW� & o 'x# r*o s-' � ! | # u s r ' � # ½ � s r(|��"r ' z

� �Ro<;x�po sx'UV � s �p�7� ' �	r & ! � # � #y'x# �p|t�	o_�-r*��� ' ~ # & ¥m! � ;x�po sx' � ! | ' & !�' r(� !5# |	r5~ �*!Rs � u '
& � � �7� � o�r ! |�� # � o	r�· � !R��¥ & �R| # r(| ' ¸ ~�r � ' o s r(��r(|�� ! � ! |��=~?�p|q� �	' r s � !R# � � !R' � s r '�' rC� � � & !��*! |��Z� ! | '
& r �(# r & , P o	|	rR~ � !Rs-' ~ �¨r sx� o s rR~��Ro	� # �"r s ~ � r*|?o ' ~K� ! �"o s |	rR~7��� & r # & ~ � o # �p|��C�	�p|	| �W& r '�' r*����;x�po sx'�	r & ! ' r*� !R# |�rR~	r � ! o '-'x# & � # ���7� s � ! | � r�� !5s � #v� o & # u s r��	o �+}	# ½ s r � � ! | ' �"�po��"r ' & r '�� o & �"o s r ' z
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j1
r(�
j2
� o	r*# �*� | � o	r % ,

% ! �	r*o T � &Rs � !y� o(#yr %C�	rW� � ��r(|?� & | � o+# &�!ys r ! |?� s'! |+% u � o�r j1 r � j2 % � |���r(| ! |��-r s)&5� � !,� |¡� &Rs o	|
º & � ! #v� � | ! r(|

Ĥ
~�r ��% !�� r(�-�-r ! |?�-r s'&R� � !-� |�r %x� ! |�� &Rs'!-& |��"rC� &Rs s'� � & � !,� | � # �p�+& #yr2�	o.% ¥ %x� u ��r5~ & # �ps %#yr*%�| ! �Rr & o T ��� � |	r s-�"! rW��r Ĥ · ! z»rRz	�	r/# & � &Rs � !y� o+#yr �*� ��� � % � r ¸ � �psxs r %x� � |	�	r*|�� V �	r % s r(� s � %-r*|�� & �� !,� |+% !vs-s � �	o � � !y� #yr %���o �Rs'� o	�7r¹�	r s'� � & � !,� |�~�| � � � r HJ

z
� | s � %-o	� � #vr2� s'�p� # u ��r � � |(% ! %b�"r V % & � �"!ys ¬ 
 5 59«�´�0j¯�¾ « ?*1 ² ¬ « 7 «U­¨®°¯ � «?±20 Htot = Hj1 ⊗

Hj2

?*«�7 4�¬ 
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 ?*«S«�´ ±�«41 ± 4 ?*«�´�0O²�0�® 
7´*?h®\±�± 4 7 ³ ¬ 0�® � ¯ «@? HJ
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� r s � %xo+#v� & � � o !¢� � | � s)& # ! %xrh· � z�� � ¸ r*%x� ,

Hj1 ⊗Hj2 =

J=|j1+j2|⊕

J=|j1−j2|
HJ

��� «@531 ¯ « .
H1/2 ⊗H1/2 = HJ=0 ⊕HJ=1

H1 ⊗H1/2 = HJ=1/2 ⊕HJ=3/2

H1 ⊗H1 = HJ=0 ⊕HJ=1 ⊕HJ=2

� ���'� ��:�$ ����� � I G �

j2

j1

j2j1 j1

0

J:

+1

− +

�������7� zE¦��   § � ��� � % ! � !-� |q�	r¹�	r*o	�U� � ��r*|��'% � ! | � � ! � o	r % j1 ~ j2 z
� o�� s r(��r(|?��� ! �=~�� &Rs s)& �	� �Rs ��
 #°� � � & � ! |	� ! � ! �	o	r #��	r �+}+& � o	r�� &5s � !v� o+#vrR~�o	|�r � & %-rC�	r Htot

r %b�
|j1, m1 > ⊗|j2, m2 >, m1 = −j1, . . . ,+j1, m2 = −j2, . . . ,+j2.

· % �"! �
(2j1 + 1) × (2j2 + 1)

�Rr � �"r*o s % ¸ z
� &�! %B� &RsWs)& �	� �Rs ��
 # & � &Rs � !y� o+#yr �*� ��� � % � rR~¢o	|�r � & %-r��	r Htot

� o ! r %b� �*� ��� � % � r�� &Rs #yr*%
�pr � �-r*o s %�� s � � s r*%2�	r

Ĥ
~	r %b� ,

|J,M >, J = |j1 − j2| , . . . , |j1 + j2| , M = −J, . . . ,+J
� o !�
 �ps ��r & o(%'% ! o�|¨r(|+%-r(� � #yr¹�	r

(2j1 + 1) × (2j2 + 1)
�Rr � �-r*o s %*z

��� «?± ¬ ® ¬ « . � � s'!%µ r s � o	r/#yrB| � � �	s rW�K� � � & � |J,M >
r*%x� �+! r*|

(2j1 + 1) × (2j2 + 1)
z

� r %¨�Rr � �"r*o s %S�	r � & %xr |J,M >
%*�»r���� s'! ��r(|���
m� &Rs � !ys �	r*%¨�pr � �-r*o s %S�	r �+& %-r |j1, m1 >

⊗|j2, m2 >
� &Rs �	r % s r*# & � !-� |(%,� s � � ! %-r %(~ & �	�7r # � r % ±�«�¯\²(0O® 
7´*? 7 « � ¯ « � ? ¬ ��� 
 
7±<7¢²)´ .

|J,M〉 =
∑

m1,m2

C (J,M, j1, m1, j2, m2) |j1, m1 > ⊗|j2, m2 >
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� | � s'� o��pr � r % � � r � �*! r*|��'%*~	� &5s o	|	r��-r �+} | ! � o	r & | & # �p� o	r 
 � r*#-#vr�o�� ! # ! % � r�� � o s # & � s � � s'! � � �· � z 8�z�� ¸ z
� �"!y�*!�� r*% �*� r � � ! r(|��)%2�	r � ¯\« � ? ¬ ��� 
 
�±<7 ²)´ � ! %-� � % � %2� & |+% # & � &R� #vr � z �R~ � o � zE¦�z

� � 1 1 0 1
m1 m2

� � 1 0 0 −1

1/2 1/2 1

1/2 −1/2
√

1/2
√

1/2

−1/2 1/2
√

1/2 �
√

1/2
−1/2 −1/2 1

�����À��� z��   � &R� #vrB�	r %�§ � r � � ! r(|��)%C�	rj§ #yr � % �+} � � �ps � & |�~�� � o s H1/2 ⊗H1/2 = HJ=0 ⊕HJ=1

� � 3/2 3/2 1/2 3/2 1/2 3/2
m1 m2

� � 3/2 1/2 1/2 −1/2 −1/2 −3/2

1 1/2 1

1 −1/2
√

1/3
√

2/3

0 1/2
√

2/3 �
√

1/3

0 −1/2
√

2/3
√

1/3

−1 1/2
√

1/3 −
√

2/3
−1 −1/2 1

�����À��� zQ¦   � &R� #vrB�	r %�§ � r � � ! r(|��)%2�	rj§ #yr � % �+} � � �Rs � & |K~)� � o s H1 ⊗H1/2 = HJ=1/2 ⊕HJ=3/2

� «@59²	±<= ³ «@?�.
  n � �"r s � o	r�r���� � s'! ��r(|?� & #yr(��r(|��=~ � |9�7r*o�����r %xo s r s #vr�� � ��r*|�� & | � o+# &�!ys r ! |�� s ! |+% u � o	r J���»o	|	r¹� &5s � !v� o+#vr�r*| 
 &�! % & |��2� & % %-r s o�| 
 &�! % � r & o¤� & |(%�o	| & �	� &Rs r ! #K�	rW���"r s | �¹r s # &R�+} z : # ¥

& o s)& & # �Rs %
2J + 1


 &�! % � r & o	� 
�# & % �ps � ! r5z � 
 � s)& |(%-�	r(| � 3 � z
�	���
��� ]_^�^�`ba�& 
dc a�e�� f 	�, %T% � c �	a�� �)( a�	�e�	?^�a���
 � c 	 �'& c a�e���	 ��� & 
 & �
	 ���

�+� 
 & c a�e���	 * 
 ����e���a������
	
n � o(% & #-# � |+% ! #-#yo(%x� s r s #��»o�� ! # ! � � �	r % § � r � � ! r*|��)%¢�	r � ¯ « � ? ¬ � � 
 
�±<7¢²)´ � � � o s # & � � � � ��� � % ! � !,� | H1⊗

H1/2 = HJ=1/2 ⊕ HJ=3/2
~�r(| #�� & �	�+# ! � o & |��
| � |�� & % & o�� �ps � o	�7r �	r s'� � & � !-� | %x� & � ! & #°~�� &�! % 


# & ?���5 4 0O±Á®\« 7�¾v®>? 
 ? 1 ®°´ � r(| � }�¥ % ! � o	rj|?o � # � &�!ys rR~ � o !
�*�ps-s r %-� � |	� & o �ps'� o	��rW� � ·�¦ ¸ z
© � � ���2��� ��² ?�� 5 4 0O±Á®\«�7�¾v®>? 
 ? 1 ®°´

� ! % 
q� &Rs � #yr(o s��+}+&Rs-� r � #yr � � s'! � o	r�� ! ½ � s r*|��"r5~ #yrj� s'� � � |Sr � #yrj|	r*o�� s'� | � |����	r*%B� s'� � s'! � � � %� s u % %xr*� �+&R� #yr*%*z { &Rs r���r*���+#vr #yr(o s � & % %-r�r*%x��� �"! % ! |	r
mn = 940MeV

~
mp = 939MeV

~�r � ! #-%
%-r �*� ��� �ps �"r*|��2�	r 
 &��*� | % ! � ! # &�!ys r
� & |+% #yr*% ! |��"r s)&R� � !-� |U|�o � # � &�!ys r %(z
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� | � � 3@� ~¢º
r ! %-r(| � r s-� & � � ! �/#°� }�¥ � � � } u %-r5~ � o	r #yrh� s � � � | r � #vr�|�r*o�� s'� | � �psxs r*%-� � |	�	r(|?� 

o	|	r %-r(o+#yr � &Rs � !y� o(#yrR~ & �	��r*# � r ´ ³ ¬ ¯ 4 
7´ � � � |�� #yrW� s � � � |¨r(��|	r*o�� s'� | %-r s'&�! ���	r*o�� � � & �'% ! |��-r s |�r
� ! ½ � s r*|��*~	| � � � % |p〉 r(� |s〉 z � � � � & � ! |��"r s |	rB��o¡|?o � # � � | %-r s'&�! �,� � | � � � �*s ! �2� &Rs o	|U�pr � �"r(o s � & |+%o	| r*%-� &R� rU�	r � ! ��r(|+% !,� |9��r*o	�9| � � � Hj=1/2

~ & �	�7r # � r*%-� &R� r 7 ¾%®>? 
 ? 1 ®°´ � r(� &=¥ & |?� � � o s�� & %xr
|p〉, |n〉 ·\r(| & | & # �R�"! r & �Rr � #yr %x� ! | � 3 ¦ ¸ z

§ � ����r # & 
 �psx� r�|�o � # � &�!ys r�|�r 
 &�! �W� & % # & � ! ½ � s r*| � rqr*|�� s r #vrh� s'� � � |9r � #vrh|	r*o�� s'� |K~ÀºCr ! �
%-r(| � r s-� & � � %x�-o+# � � o�r�# & 
 �Rs-� r�|�o � # � &�!ys r�� � %'% u �	r£o�|	r�% ¥ � � � s ! rj� &Rs�s'& �	� �ps � & oS� � # & | � rW�	r� r*% �	r(o	� � � & �'%*~ & o�� s r*��r*|�� � ! � o�|	r ! |�� &Rs ! & | � r¨� &Rsqs'& �	� �ps � ² ³ ¿�± 
 ³ 1d« 	 ��� 0�� zZ§��wr*%x� # &
?���5 5 4 0O±Á®\«�7�¾v®>? 
 ? 1 ®°´ z

��r*o(#yr�# &�
 �psx� r � #yr � � s � � &R� | � � ! � o	r 
 &�! �$# & � ! ½ � s r(| � r�r(|�� s r � r %Z�	r*o	� � � & �)% ! |��"r s |	r*%*~�r � �	s ! %xr
� r �-�-r % ¥ � � � s'! rRz�§Zr*�7r*|	� & |�� #yr*% 
 �ps-� r % � #yr � � s'� � &R� | � � ! � o�r % � |�� � r & o � � o	� �+#vo+% 
 &�!y� #vr % � o	r #yr*%

 �psx� r %2|?o � # � &�!ys r*%*~)r � � r # & r ���+# ! � o�r # & ��r � ! �"rB� ! ½ � s r*| � r¹�	r¹� & %'%-r¹r(|?� s r/#yrB� s'� � � |¤r(�C|	r*o�� s'� |�z

{ &Rs r ��r(���(#yr¹� & |+% #°�wr*%-� &R� r H1/2
~ #�� � � � s)& �"r*o s �	r �+} &Rs-� r � #yr � � s ! � o	rBr*%x�

Q̂ ≡base(|p〉,|n〉)

(
1 0
0 0

)

� |q��� & o�� s r*%��"r s ��r %(~ # &¹� & %-r |p〉, |n〉 r %b�,o	|	r � & %xr
� &Rs � !y� o(# ! u s r��	r H1/2
� s ! � ! # � �"! � r,� &Rs # & 
 �ps-� r

� #vr � � s'� � &R� | � � ! � o	rRz1�� & o�� s r %�� &Rs � !y� o+#yr*%d|�o � # � &�!ys r % � |�� � � � � � � � o��Rr s �"r %��(#yr*%�� !-� |(%*~ π+, π0, π− ·\��r �+} &5s-� r � #vr � �� s ! � o	r s r %x��r � � ! �pr*% +e, 0,−e ¸ z � r*o s � & % %-r r*%x�
mπ+ = mπ− = 139, 6MeV

~
mπ0 = 135MeV

z
1�� & � s u % #°� }�¥ � � � } u %-r¨�	rSºCr ! %xr*| � r s-� ~ � r %�� s'�"! %h� &Rs � !y� o+#yr*% % � |�� r(| 
 &�! ��o�|	r %xr*o+#vr¨� &5s � !v� o+#vrR~
& �	�7r # � r/#yr 1 ®�
�´ � r �
� � % % � � & |���o	| � � & � ! |��"r s |	r¹� � �*s ! �2� &Rs o	|¤�pr � �-r*o s � & |+% #��»r %x� &R� r Hj=1

�	r
# & % ¥ � � � s ! r ��� ! % � %-� ! |�· s)& �	�7r # ,K� �wr*%x�Wo	|/r %x� &R� r£�	r s r(� s � %-r*|�� & � !,� | !ys-s � �	o � � !v� #yrW�	r��
��·�¦ ¸ ~Kr �
dimHj=1 = 2j + 1 = 3

¸ z � &�
 �Rs-� r � #vr � � s'� � &R� | � � ! � o	r¹|	r s r %-�7r � � & |��B� & % � r(�-�-r % ¥ � � � s'! r5~�r %x�s r*%-� � |+% &R� #yr£��o �+}(�"! � � &Rs � !y� o+# ! r s �	r�# &q�+& %-r |π±,0〉 r(�¹��r�#yr*o s � ! ½ � s r*| � r£�	r£� & %'%xrRz�· � � ����r
# & �+}+&Rs-� r � #vr � � s'! � o	r ! |�� � s)&R��! � & �pr � #°�wr(|�� !vs-s � |	r*��r*|��*~ � �»r %b��� � o sB� r # & � o	r # �ps %B���»o	|	rh��r*%-o s r
� r/% �"! �2�	r*% � � & �)%2� s'! � ! # � �"! � %*z � | & ����r*#-#yr � r # & o�|	r s u � #yrB�	r/%-o���r s � % � #vr � � !-� | ¸ z
© � � ���2�10 � 4 ² ¬ 0�®�
7´_´ ³ ¬ ¯ 4 ²	®\±�«@?£´ ³ ¬ ¯ 4 
7´ �'1 ® 
7´

§ � |+% ! � � s'� |+%/#vr % � � #-# ! % !,� |+%C|�o � # � &�!ys r %Br(|?� s rho	|�|?o � # � � | n r �jo�| � !-� |
π
z � | % �ps � ! r£�	r�# &

� � #-# ! % !,� |�~4#yr*%C� &Rs � !y� o(#yr %��7r*o��pr*|�� �(� s r¹� ! �Rr s %-r %(~�� &Rs r���r*���+#vr ,
p+ π− → n + π0

� &�µ)� o s r � zE¦R¦�� � |�� s r #yr*%�%xr � � !-� |+%�r � � &R� r*%B�	r�� ! ½�o+% !,� |
σ (N + π → N ′ + π′)

� � o s � ! �pr s %xr %
s � &R� � !-� |(%��	r � r¹� ¥ �7rRz

� & %-r � � !,� | r � � &R� r
σ (N + π → N ′ + π′)

r %x�h� s'� � �ps � !-� |�|	r #,#yr 
 # & � s'�R� &R�+! # ! � � �	r.# &¡s � �&R� � !-� |�~Kr �B� � | � & o/� � �	o+#vr � &5s-s � �K�wo	| � � � s'& �"r(o s �	r£� ! ½�o+% !,� | Û ~K� s ! %�r(|?� s r #�� � � & � ! | ! � ! & #¢r �
µ | & # ,

σ (N + π → N ′ + π′) =
∣
∣
∣〈N ′, π′|Û |N, π〉

∣
∣
∣

2

��� «?± ¬ ® ¬ « 0����	��
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π+ π+

π−

π− π−

 p +     −−> p + 

 p +     −−> p + 

 p +     −−> n + π0

Energie cinétique (MeV)
200100 300

100

200

Section
efficace
(mb)

��������� zQ¦p¦   ��� � � !,� |+%�� � � &R� � %2���B� ! ½��+% !-� |q� � ���,� ! ���	� %
� %�� � &R� � !,� |+%*z � �B� !y� ��� # & � � �	���
∆E '

100MeV
� � �
�
�*%-� � |	� 
���|��
� � % � |	| & | � �5z

G � � � 

���������2$ !
� 
#��� P � ������� |N, π〉 �(� *%
#!
�
�'� � ��� $ � &��#!
� �
$%� * ���-� � < �#� � �%!#� H(N,π) =
Hj=1/2 ⊗ Hj=1

� � �������
�2���(� *%
#!#��� � �(�(� !#�
���#� � �%!#� �
� ��� � �#
#�(�
�2����������� �'����
 *�$ !
����
 � �#�
*%����� �
	���

���
��� / � � I	� *�< � �(�(� � �'��� � ��
#!
� �(�
� � �#�,*��'���
�-�
�����-���

I � D � $ ���'� � � ���2� ������� 
 � ��� � � I	��*%�#��!#�(��� !
���
�2�'� *%� � � ��

�(!�� P 9 ��� * ���"� 
#!
���'�#�,� �#� 

����� *%� 
#���(�
|N, π〉 * ���-������
#���(�,*%�#� 

�����'� |J,M〉 � � � �#� � ����
#�5> !#�
��� � *%
#!#��� � �(�
�'�������&�

���
� < � � ���#� � < �%	 � ��� ���#�(��*%� � < �'�2&���������� !#��*%� ���\F ����!#� �2$2!
� 
 ���'��� � ��� � � � � ����� > ��� �
	���

�������

*�< � �(�(� � �'�"� �����2�����
� � $2� ���~F �������5:%

� 

� ��� � � $ � � ���
� *���� � ��������!#� *%� � < � � 

� ��� �
$ � Û � MAP
� ���'��
 * ���-� !#�
��� � 
#���(� *%�#� 

�����'� |J,M〉 � *%
 � �
� * *%� �(�
$%� �
���
�2� *%�
$@M���� � � �'��$ *%�#� A3/2, A1/2 ∈
C

�
� ��� � �
$ � � �(�(�
� � � $ ��!#�#� ��� � � �'��$-*%�#� A3/2, A1/2

� � � *%
 � �
� *%�
�2� � ��� *%��� < 

� �
�N:������ D M � ���'���
�
� �#��������� � �(�#!
�������-����� ! �%!#�#��*%����� ��:�$%�#��� � � IuI	� �
> � �������'� *%� A3/2, A1/2

� / �'� � � � � �
� !#�#�
� M � ���#�#�
�����-� * ���-� � �#� ! ��� � M3�����
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∣
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∣
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σ
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pπ+ → pπ+
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σ
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pπ− → nπ0

)
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σ
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pπ− → pπ−) = 23mb
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�
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|Dba|2 cos2 θ F (t, ωba ± w)
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∣
∣
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�<,*� 4 # O @\# �]E�PS#
�
n 4 2 4 50/�^ 0 7;/ 5 - 0T6o1'[�/ 〈

n′, l′, m′|~̂x|n, l,m
〉 /@?*0M28/ 1p6 
 7q:q1 0 ?R[ - 2 - 1Z6]/f/\^�0R6o/r28/ ��/�[��

0T/\:;6
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/ 0s28/ �t/\[�0T/\:;6 |n′, l′, m′〉 ∈ Hl′
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 � � � �
�*����� �#��� 3 � � ��� ���?� & �+% Hl=1

#;J ��� ��� # � %LK
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( � � ~̂J =
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� � �<,*%
�$�B� & � !,� � ! �
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 &�! #-# � � & # � �+# � �C���*%
,*#�, � �$�B�'%
��� � & ��� !�� � % 〈l′, m′|T̂l”,m”|l, m〉 ( � � |l′, m′〉 ∈ Hl′
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� � �<,*%
����� & � !,� �+% ! � �<,���� � � ! J+# � %����"� � � � � ������3 �"! � � & �<,�% � ��� � & � &i� �U, � ! %<,	�*%
� & �����	��� � ��� J��
�*%�K

m
�$�
s

4 ��� #V& � � ! �����	� � �<�S��� � ���=� � ,$� & ��� 2 - < - E E$/ �S� 28/ E*1e1Z^ ��� %
� & �c� !!� �+# � %., #!, � ����� &�! �
�*%�# O � �0I�,*# !!� ! �<, % !

m = 0
PQ# C �"! � � l\���.-@�@� � 0 �@� # + ��� , % �+#!� & �"��� � ! ����� �

� %c� � � �+% ! ��, �<, � ����� �*��� ��� % �<,*%
�+#b� & �'% � &0/ � ���
������� � �/% ! � � # ��#

X �*)'�,+'�87 � :
0T6]/�E�E��;< : 0T6o1Z/=E � 
�^�> - < /\^�0 - 28/=E F
1 � � % 
 � � � �*%`, #!, � ����� &�! �
�*% % � �B� � � � � !!� , � % � & ��# �*%C� � � � � �*%`���/� & ��� � % � O E�P O ��� ����# &�
 � � � �

,*# � � ��� � M 
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 � � � �f� � � #�, &�! �
� 
 � � �
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�+#b���
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�
�	� &h4 �	& ����� � & ��� !�� �)���Al
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M =

(
a b

−b a

)

,
&R3 � � |a|2 + |b|2 = 1.

� 
 l & � ��� &�! (7l\���$�BJ � �<� � E	��( &T3 � � #V& � J / �S�L��� 2 ! � &�� #


���� � ���.% �	��� 
 �'��� � � �J�"! �#!_���

��� /B6o[�1Z[�/ 0����M1 � :OE�1 
�^ ^*:q[�2 : 
�^��)1p1�
t^ 1 - Y7/ 0 5��2�
��# Hj=1 ⊗Hj=1/2 = Hj=1/2 ⊕Hj=3/2

(�� !�� ���+% !-� �+%
3 × 2 = 2 + 4 = 6

#
E�# m)� � J�� ! ����� K

|pπ+〉 = |3
2
;
3

2
〉

|pπ0〉 =
√

2/3|3
2
;
1

2
〉 −

√

1/3|1
2
;
1

2
〉

|pπ−〉 =
√

1/3|3
2
;−1

2
〉 −

√

2/3|1
2
;−1

2
〉

|nπ+〉 =
√

1/3|3
2
;
1

2
〉 +

√

2/3|1
2
;
1

2
〉

|nπ0〉 =
√

2/3|3
2
;
1

2
〉 +

√

1/3|1
2
;−1

2
〉

|nπ−〉 = |3
2
;−3

2
〉

0�# 2 & �+% ��� �*% � &�� �_��� � � � � , %
�$��� & � !-� � ! �
�<,$��� � � ! J(# ��(
Û

� �"! � & � ! � �*���=� � #V& ! ���$�B� ! �<, 
 �����
�*� �+% � & ����� �*����� # ����� � �<� % O � � ��� �s��� l�I ��� PQ# 2 � � � � & �+%�# & ��, �*����� � % ! � !,� � Hj=1/2 ⊕
Hj=3/2

K

Û ≡H3/2⊕H1/2

(
A3/2Î4 0

0 A1/2Î2

)

&R3 � �
A3/2, A1/2 ∈ C

#
��# m)� � J�� ! ����� K

σ
(
pπ+ → pπ+

)
=

∣
∣
∣〈p, π+|Û |p, π+〉

∣
∣
∣

2

=
∣
∣A3/2

∣
∣2

σ
(
pπ− → nπ0

)
=

∣
∣
∣〈n, π0|Û |p, π−〉

∣
∣
∣

2

=

∣
∣
∣
∣
∣

√
2

3
A3/2 −

√
2

3
A1/2

∣
∣
∣
∣
∣

2

σ
(
pπ− → pπ−) =

∣
∣
∣〈p, π−|Û |p, π−〉

∣
∣
∣

2

=

∣
∣
∣
∣

1

3
A3/2 +

2

3
A1/2

∣
∣
∣
∣

2
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∣A3/2

∣
∣ �

∣
∣A1/2

∣
∣
( & # � �'%

σ (pπ+ → pπ+) =
∣
∣A3/2

∣
∣
2 (
σ (pπ− → nπ0) ' 2

9

∣
∣A3/2

∣
∣
2 (

σ (pπ− → pπ−) ' 1
9

∣
∣A3/2

∣
∣2

#
O J P % ! ∣

∣A3/2

∣
∣ �

∣
∣A1/2

∣
∣
( & # � �'%

σ (pπ+ → pπ+) ' 0
(
σ (pπ− → nπ0) ' 2

9

∣
∣A1/2

∣
∣
2 (

σ (pπ− → pπ−) ' 4
9

∣
∣A1/2

∣
∣2

#
O � P % !

A3/2 = A1/2
( & # � � %

σ (pπ+ → pπ+) =
∣
∣A3/2

∣
∣2

(
σ (pπ− → nπ0) ' 0

(
σ (pπ− → pπ−) '

∣
∣A3/2

∣
∣2

#

� # � & ��� � , � ! ��� � �A� � ����� K
σ (pπ+ → pπ+)

σ (pπ− → nπ0)
= 4.33 ' 4.5

σ (pπ+ → pπ+)

σ (pπ− → pπ−)
= 8.47 ' 9

m)� � %c�H� � � �.� � �\� I��.���/# & % ! ��� & � !,� � ∣
∣A3/2

∣
∣�

∣
∣A1/2

∣
∣
#

)�# 2 ���<,	�r��� 3�! �
τ ' ~

∆E
= 6.510−24s.

� & � % � &�� �0�������$� �<, ! �B�
�	� �����*& ! % � % �+! � ��� � �$�<�
�
� & � � !!� �+# �

∆
� % � Hj=3/2

(q����� !!� �$�+% !,� �
2j + 1 = 4

# 2 & &�� � � % #V&W, � � ! �
���
� |j = 3/2, m =
3/2〉 = |p+, π+〉 ( �$� � #b#!# � � ��,$��� ! � 4 ��� |∆++〉 = |j = 3/2;m = 3/2〉 ( |∆+〉 = |j =
3/2;m = 1/2〉 ( |∆0〉 = |j = 3/2;m = −1/2〉 ( |∆−〉 = |j = 3/2;m = −3/2〉 #
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" #76 <�:q2Z/%$
∫ +∞

−∞
exp

(
−X2

)
dX =

√
π O'& #)(TP

*,+.-0/,12-4365�5

" #76 <�:q2Z/
7 l98;:!�

Q(x) = Ax2 +Bx + C

A,B,C ∈ C
�S� < (A) > 0

� 8 ����<>= � 8�� 3@?�A � ? � ��?
.

& <)8 ACB
∫ +∞

−∞
exp (−Q(x)) dx =

√
π

A
exp

(

−C +
B2

4A

)

O'& #dE�P
D +.-0/,12-4365�5

" #76 <�:q2Z/
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∫ +∞

−∞
Xne−X

2

dX = .. OF& # 0�P

� � � G ���.� � �$� � �IH'� !_�4J J % � � � ��� �

m)�
=DK

[q̂, p̂] = i~

E*) �



E*) ) �����%��� � � ���(��&����O#;���

[q̂, F (p̂)] = i~
dF (p̂)

dp̂

[F (q̂), p̂] = i~
dF (p̂)

dq̂
���
	���
�	�������� +���������� *� "!�#%$l9: < ? B 8 � , A =i� ?'& A B

A,B
3 , A : > ? ��� K

[A, [A,B]] = [B, [A,B]] = 0

=;<)8 ACB 8�� =�<>=)( #76B<�:p28/
>q/+*M2 - :-,5/B6

exp (A) exp (B) = exp ([A,B] /2) exp (A+B) OF& #�.BP
���
	���
�	�������� +���������� *� "!
/10 � /32546$7 /98 +.- *,+.-0/,12- 3 * �;: -0+ C = i [A,B] < 7>= � + : = - : 8 + ���?:6� *�@0+BA'8.-0/,+ : (A,B,C) 1C@0+ �ED -GFH8 =JI A =LKCMGN +.-PO,-Q -GR =ESUT - �?: -GF N -0+ KWVYX ��Z[Z - q̂, p̂, i~ \ 3

C = [A,B] , [A,C] = [B,C] = 0

� � F :]� O9@0+ � F : = - :5Z A'8 + � X - : 3

a =





0 1 0
0 0 0
0 0 0



 , b =





0 0 0
0 0 1
0 0 0



 , c =





0 0 1
0 0 0
0 0 0





^ / � 1C@0+ �ED -GFH8_A�/ :`:]� = A ZbaGZ -[A =LKCMGN +.-;$�c>F *,+ � XdM O,- X ��Z[Z -6O1A'F : = A : - X 8 �?� F�#%$e#%$�!�$ /10 � F 1C@0+ �ED - : /,+ = - :
Z A'8 + � X - : 3 × 3 ^ / - eaeb = ec/2ea+b �

$

� ��� � � �gfih'� � H'��� J � � � � !_��� H��kj � % � �
lnm =

(

~σ. ~A
)(

~σ. ~B
)

= ~A. ~B + i~σ.
(

~A ∧ ~B
) o

&gp ��q
r =;<>=Hs < ?ntvu't ? B : ~A, ~B B 8 m9w_x ? B 8%y{z A = w ?
& ACB p| :

~u r ?'} w ?
& A�& m : w =;: A ? K

exp (iϕ~σ.~u) = cosϕ+ i sinϕ~σ.~u
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